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RANDOM ATTRACTORS IN H! FOR STOCHASTIC TWO
DIMENSIONAL MICROPOLAR FLUID FLOWS WITH
SPATTIAL-VALUED NOISES

WENQIANG ZHAO

ABSTRACT. This work studies the long-time behavior of two-dimensional mi-
cropolar fluid flows perturbed by the generalized time derivative of the infinite
dimensional Wiener processes. Based on the omega-limit compactness argu-
ment as well as some new estimates of solutions, it is proved that the generated
random dynamical system admits an H'-random attractor which is compact
in H! space and attracts all tempered random subsets of L2 space in H! topol-
ogy. We also give a general abstract result which shows that the continuity
condition and absorption of the associated random dynamical system in H?!
space is not necessary for the existence of random attractor in H! space.

1. INTRODUCTION

The micropolar fluid model is a qualitative generalization of the well-known
Navier-Stokes model in the sense that it takes into account the microstructure of
fluid [23]. It was introduced by Eringen [I7] as an important model to describe
a class of non-Newtonian fluid motion with micro-rotational effects and inertia
involved.

Let O C R? be a smooth bounded domain. This paper is concerned with the
micropolar fluid flows driven by the time-space additive noises

V-v=0 onO xR,

d .
d—::—(u—l—/i)Av—Z‘iVXV+V7T+U.Vv:f+W1 on O x RT, (1.1)
av .
g AV 4+ 45V —2kV x v +0.VV =g+ W, on O x RT,
associated with the hard wall boundary condition

v=0 ondO xRt V=0 ondO xR, (1.2)
and the initial value condition

v(z,0) =vy, V(z,0) =V, (1.3)
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with a velocity vector field v = v(x,t) = (vi(x,t),v2(z,t)) € R?, a scalar microro-
tation field V = V/(z,t) € R, a scalar pressure 7 = 7(z,t) € R. In equations (L1,
the constants v > 0, kK > 0, v > 0 (v is usually called the Newtonian viscosity, -y
and k are the microrotation viscosity coefficients), and f(z) = (fi(z), f2(x)) and
g(x) denote the exterior body force and the moment, respectively. Moreover, W1 (¢)
and W (t) are independent two-sided real-valued Wiener processes with values in
appropriate function spaces specified later. In addition, A is the Laplacian on O
and

- 81)2 8’01 o 81}1 (91)2 o ov ov
VU= T Y VT o, e, VXV*(@:@’ axl)'

There is a large volume of literature on the mathematical theory of the au-
tonomous or non-autonomous micropolar fluid model; see, e.g., [20} 23] 24] 28] 29,
16l 8, [@]. Especially, for this two dimensional autonomous model, Lukaszewicz [23]
proved the existence of L?-global attractor in a bounded domain; Dong and Chen
[16] established the existence of L2-global attractor in some unbounded domains;
Chen et al [8] proved that the L?-global attractor was compact in the space H>
based on the notion of the so-called Kuratowski measure of noncompactness of a
bounded set [33]. As for the non-autonomous model, Zhao et al [29] proved the
existence of H'-uniform attractor in an unbounded Poincaré domains by utilizing
the energy method originated from [24]; Chen [10] considered the non-homogeneous
micropolar fluid flows and obtained the existence of L2-pullback attractor in a Lip-
schitz bounded domain by energy equation method; Chen et al [9] and Lukaszewicz
and Tarasinska [25] obtained the existence of H'-pullback attractors in a bounded
domain from a viewpoint of measuring noncompactness [33], respectively.

It is well known that the random attractor, which was initiated by [26] [I4], is an
appropriate notion to describe the long-time behavior of the solution of stochastic
partial differential equation. The applications cover a wide range of concrete differ-
ential equations; see, recently, [28 B0, 31} 22] 8] and the references cited there. Such
a attractor, which generalizes non-trivially the global attractors well developed (see,
e.g., [27, 2]), is a compact invariant random set which attracts every orbit in the
state space. It is uniquely determined by attracting deterministic compact sets of
phase space [13].

The goal of this article is to prove the existence of random attractors of the
micropolar fluid model f in H! space with irregular and spatially valued
noise. On account of the irregularity of solutions in H' space, the Sobolev com-
pact imbedding method is unavailable in the proof the compactness of the random
attractor. To achieve our study, we utilize the technique developed in [31} 32] to
surmount this obstacle. Specifically, the notion of omega-limits compactness, which
was initiated in [22] and [2I] in the framework of RDS, is successfully employed.
The main advantage of this technique is that we need not to estimate the solutions
in functional spaces of higher regularity to show the existence of compact random
absorbing set which does not work in this case [18].

To solve our problem, we first prove an abstract result. We show that for the bi-
space (X, Z) with a sequence uniqueness (see section 2 Hypothesis A), the random
attractor on the space X is a random attractor on the space Y only if the RDS
© possess omega-limit compactness on the space Y. The continuity (even quasi-
continuity [22]), absorption of the associated random dynamical systems on Z is
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not necessary, see Theorem [2.3] This result is new even in deterministic case, see
133, 22].

The outline of this article is as follows. Section 2 presents some basic facts
needed for further considerations, including some notions and an abstract result
about random attractors and the appropriate spaces and operators. In section 3
we recall the Ornstein-Uhlenbeck process and its regular hypothesis and then give
the main conclusion of this study. Section 4 is the proof of our main conclusion.

2. PRELIMINARIES

This section contains some background material which we will use in further
discussion.

2.1. Random dynamical systems and an abstract result. In this subsection,
we list some appropriate concepts and tools from the theory of random dynamical
systems (RDSs) and obtain a abstract result. For more details the readers may
refer to [1I [IT], 14].

Let (X,] - ||x) and (Z,] - ||z) be two completely separable Banach spaces with
Borel o-algebras B(X) and B(Z), respectively.

A random dynamical system on a Banach space X is a family of measurable
mappings ¢ incorporated a metric dynamical system (MDS) 6, where the metric
dynamical system 6 is a probability space (Q, F,P) with a group 6;,t € R, of mea-
sure preserving transformations of (2, F,P), and the family of measurable mappings
P RYxQx X — X; (t,w,r) — p(t,w)z satisfies the cocycle property

e(0,w) =id,  o(t +5,w) = @(t,0:w) 0 p(s,w),

for all s, € RT™. We will denote this RDS by the simple notation ¢. An RDS ¢ is
continuous in the meaning that the mappings ¢(t,w) : X — X are continuous in
X forallt € RT and .

A random set D = {D(w)},eq is a family of closed subsets of X indexed by
w € Q such that for every x € X, the mapping w +— dx(x, D(w)) is measurable
with respect to F, where for the nonempty sets A, B € 2%,

dx (A, B) = sup inf ||z — gy x,
tcAYEDB

and in particular dx (z, B) = dx ({z}, B).

A random variable R € R™ over a MDS 6 is tempered if
. 1 +
tl}gx i log™ R(6;w) =0, (2.1)
for P-a.e. w € €. Note that (2.1]) is equivalent to

t_lérinoo e MIR(Bw) =0 for any A >0,
see [19, [6]. A random set D = {D(w)},eq € 2% is called tempered if R(w) =
SUP,e p(w) [|7]x is a tempered random variable.
Let Dx and Dz denote the collection of all tempered random subsets of X and
Z, respectively. In addition, we assume that range ¢(X) C Z. In the following we
recall the basic concepts about bi-space random attractor; see [2] [30].



4 W. ZHAO EJDE-2014/246

Definition 2.1. (1) A random set Kz € Dy is called an (X, Z)-random absorbing
set for the RDS ¢ over a MDS 6 if for every D € Dx and P-a.e. w € €, there exists
an T =T (D,w) > 0 such that for all t > T,

o(t,0_w)D(0_tw) C Kz (w).

(2) A compact random set Az € 27 is said to be an (X, Z)-random attractor

for the RDS ¢ over a MDS 6 if the invariance property
o(t,w)Az(w) = Az (biw)
is satisfied for all ¢ > 0 and P-a.e. w € 2, and if in addition, the pullback attracting
property
tlim dz(p(t,0_w)D(0_4w), Az(w)) =0

holds for every D € Dx and P-a.e. w € €.

Definition 2.2. An RDS ¢ over an MDS 6 is said to be (X, Z)-omega-limit com-
pact if for every e > 0 and D € Dy, there exists T = T'(¢, D,w) such that for all
t>T,

k( Uit <p(t79,tw)D(9,tw)) <e, Pae we,

where k(B) is the Kuratowski measure of non-compactness of a bounded subset
B C Z defined by

k(B) = inf{d > 0 : B admits a finite cover by sets of diameter < d}.

Hypothesis (A1l). Assume that the bi-space (X, Z) satisfies the sequence limits
uniqueness, in the sense that for every bounded sequence {x,}, C X NZ such that
r, — x in X and =z, — ¥y in Z, respectively, then we have x = y. The nested
relation between X and Z is unknown except that o(X) C Z.

Theorem 2.3. Assume that the bi-space (X, Z) satisfies (Al), and ¢ is a contin-
uwous RDS on X over a MDS 0. If there exists an (X, X )-random absorbing set K
for ¢ and ¢ is (X, X )-omega-limit compact, then the random set Ax,

X
Ax (w) = Ng>oUrss(t, 0_iw)K(0_w) , weQ, (2.2)

is a unique (X, X )-random attractor for ¢ in X, where B denotes the closure of
B with respect to the X -norm.
Furthermore, if ¢ is (X, Z )-omega-limit compact then the random set Az,

z
AZ(W) = msZOUtZSQO(ta G,tw)K(Q,tw) , weE Qv (23)
is a unique (X, Z )-random attractor for ¢. In addition, Ax = Ay € Dx.

Proof. The first part is the same as [22, Theorem 4.1], so we omit the proof. We
prove the second result. First, makes sense by our assumption that ¢(¢,w)X C
Z. We show that A is a random attractor in the space Z, that is, Az satisfies the
compact, attracting and invariant property.

By [22], Lemma 2.5(v)] and the omega-limit compactness of ¢ in Z, we have

Z
k(UtZTcp(t,H_tw)K(H_tw) ) - k( Ust ot G_tw)K(H_tw)) —0 as T — .

z
At the same time, Ui>7¢(t, _w)K(6_,w)  is norm-closed in Z. Then thanks to
the nested property of the Kuratowski measure of non-compactness (see [22], Lemma
2.5 (iv)]), we know that Az is nonempty and compact as required.
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Furthermore by a similar argument as in [I4] [30, 22] we can show that Az
possesses (X, Z)-attracting property.

By the definitions of formula f and the omega-limit compactness of ¢
in X and Z, it is easy to show that Ax = Az. Thus Ay is invariant since Ay is
invariant. ([l

Remark 2.4. In applications, one can choose X = L? and Z = L? (p > 2) or H!
with bounded or unbounded spatial domain. Note that (L2, L?) and (L?, H') satisfy
(Al). Therefore, the (Al) is not restrictive in concrete problems. In particular, our
Theorem implies [30, Theorem 2.8].

2.2. Functional settings. In this subsection, we introduce some spaces and op-
erators stated as follows.

Let LP(O) and H*(O) be the usual Sobolev spaces. We set L? = (L?(0))? x
L?(0), endowed with the following scalar inner product

(., ) = (., ~)(L2(O))2 + (., ')LZ(O)v

and the norms in (L2(0))2, L?(0) and L? are together denoted by the same no-
tation |.|, without any confusion. We define a functional space ¥ integrated the
boundary and also the divergence free condition,

¥ = {(0,V) € (CZ(O0)? x C(O) : divo = 0}.

Define H! = (H'(0))? x HY(O), where H'(O) is the usual Sobolev space. Let H
be the closure of ¥ with respect to the L?-norm. The norm in H is still denoted by
|-|. Moreover, we let V be the closure of ¥ with respect to the H'-norm, possessing
the equivalent norm in V is denoted by || - || = |V - |. In addition, V' denotes the
dual space of V. Then we have V C H C V.

For V = (v, V), we define the operators

Aw=—(v+K)Av, AV = —AYV,
Bi(v,v) =v.Vv, By(v,V)=0v.VV,
AV = (A1v,A2V), B(v, V) = (Bi(v,v), Ba(v,V)),
Lu = (—2kV x V,=2kV x v +4kV), F=(f,9), [f€(L*(0))? geclL*O).

It is obvious that the operator A is a positive self-adjoint unbounded operator
and then A~! is also self-adjoint but compact operator in M, and we can utilize the
elementary spectral theory in a Hilbert space. We infer that there exists a compete
orthonormal family of H, {e; };‘;1 of eigenvectors of A. The corresponding spectrum
of A is discrete and denoted by {A;}32; which are positive, increasing and tend to
infinity as j — oo.

In particular, we also can use the spectrum theory to allow us to define the
operator A®, the power of A. For s > 0, the operator A® is also a strictly positive
and self-adjoint unbounded operator in H with a dense domain D(A®) C H. This
allows us to introduce the function spaces

o0 o0
D(A°) = {V =S (V,epes : [VIhay = S (V,e))?A% < +oo}.
Jj=1 J=1

This norm || - || p(as) on D(A?) is equivalent to the usual norm induced by H?*; see
Temam [27] for details. In particular, D(A%) = H and D(A'/?) = V. Furthermore,
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we have
min{v + &, 7}[V[[? < (AV, V) < A4V V], (2.4)

for all V = (v, V) € D(A), where \g > 0 satisfies the Poincaré inequality \o|V|? <
IvIZ.

Based on the orthonormal basis {e;}72; of eigenfunctions of A, we define the m-
dimensional subspace V,, = span{ey, es, ..., e} C V and the canonical orthogonal
projection Py, : V — V,, such that for every V € V| V has a unique decomposition:
V =P,V +V,,, where

PnV=> (V.ej)ej €V, Vp=(I-Pn)V= > (V,ee;€Vy; (25)
j=1 j=m-+1

that is, V = V,, & Vik.
According to the above notation, we write (1.1))—(1.3)) as the evolution equation

AV + AVdi + B(v,V)dt + LVdt = Fdt +dW, V(0) =V, € H, (2.6)
where V = (v, V) and W = (W, Wa).

3. EXISTENCE OF (H,V)-RANDOM ATTRACTOR FOR THE GENERATED RDS ¢

To obtain a priori estimate, we now use the method of Chueshov and Schmalfufl
[12] to transform the evolution equation to a deterministic partial differential
equation with a random parameter without white noise.

A standard model for a spatially correlated noise is the the generalized time
derivative of a two-sided Brownian motion w = w(x,t),z € R%. Let H be the
separable Hilbert space with norm |- | which is defined in section 2. As usual, we
introduce the spatially valued Brownian motion MDS 6 = (Q, F,P, (6;)1cr), where
Q2 ={w e Co(R,H) : w(0) = 0} with compact open topology. This topology is
metrizable by the complete metric

oo

w w w13w2)
1 2 E
’ ”1+d wl,w2)7

where d, (w1, w2) = max|y <, w1 — wy| for wy and wy in Q. F = B(Cp(R, H)) is the
Borel-o-algebra induced by the compact open topology of 2. Suppose the Wiener
process w has covariance operator ). Let P be the Wiener measure with respect to
Q. The Wiener shift is defined by

Osw(t) =w(t+s) —w(s), we, t,seR.

Then the measure P is ergodic and invariant with respect to the shift . Then 6 is
an ergodic MDS.

The associated probability space defines a canonical Wiener process W. We also
note that such a Wiener process W generates a filtration (F;);er,

Fr={W(r)|r <t} CF.
We introduce the following stochastic partial differential equation on O,

dZ + AZdt = dW. (3.1)
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Because A is a positive and self-adjoint operator, there exists a mild solution to
this stochastic equation with the form

t
Z(t) = Z(0) +/ e DAqW, ¢ >0,
0

which is called an Ornstein-Uhlenbeck process; see [I5]. For the Ornstein-Uhlenbeck
process we have the regularity hypothesis; see also [12].

Lemma 3.1. Suppose that the covariance operator @ of the Wiener process w has
a finite trace; i.e., Q) satisfies

trH(QA2871+6) _ tI"H(A571/2+6/2QA871/2+5/2) < +00, (32)
for some s > 0 and some (arbitrary small) 6 > 0, where try; denotes the trace of the
covariance. Then an Fo-measurable Gaussian variable Z = (z,Z) € D(A?®) exists,
and the process (t,w) — Z(6ww) is a continuous stationary solution to the stochastic

equation (3.1). Furthermore, the random variable ||Z(w)H%(AS) is tempered and the
expectation

1 I

Introducing a new variable U = V —Z(6,w), we can rewrite (2.6)) as the following
evolution equation with a random parameter w,

dU

— + AU+ Blu+ 2(60), U + Z(0w)) + L(U + Z(0w)) = F(2) (3.3)
U(O) = UO S H7

or the following functional form

(%, ) + (AU, ¢) + (B(u+ z(6iw), U + Z(0w)), @) + (L(U + Z(6,w)), ¢)
= (F(z),9),0p€V

where U = (u,U), u =v — z2(6w), U =V — Z(b1w).
From the analysis above, we obtain the existence of a weak solution for the
problem (3.3))—(3.4)) by the standard Galerkin approximation, see, e.g., [7].

Lemma 3.2. Let F = (f,g9) € H and Uy = (up,Up) € H. Then for P-a.e. w € Q,

the initial problem (3.3)—(3.4]) possesses a unique solution U(t,w, Uy(w)), where
U = (u,U) € L>(0,00; H) N L*(0,T; V) N C([0, 00; H).

Furthermore, the mapping Ug — U(t,w, Ug(w)) from H to H is continuous for all

t>0.

By a standard argument on the measurability we can show that the solution gen-
erates a continuous RDS ¢ in the space H given by ¢ (¢, w)Ug(w) = U(t,w, Up(w)).
Put V(t,w,Vo(w)) = U(t,w, Vo(w) — Z(w)) + Z(6iw). Then V(t,w,Vo(w)) or
briefly V(¢) is a solution to (2.6)) with initial value Vy(w) € H. Given

o(t,w)Vo(w) = V(t,w, Vo(w)) = U(t,w, Vo(w) — Z(w)) + Z(biw), we€Q,

then ¢ is also a continuous RDS on H for the original equation (2.6)), i.e., system

) @,

The main conclusion of this study reads as follows.
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Theorem 3.3. We suppose that (3.2) holds. Set
1
M(w) = C(1Z(@) 7 + 12()1F) - BT (3.4)

where C' is a positive constant depending only on the physical coefficients of the fluid
model, ¢ = min{v, v} and Ao is the same as in . Assume that the mathematical
expectation EM < 0. Then the RDS ¢ generated by f admits a unique
(H,V )-random attractor Ay. In addition, Ay = Ay, where Ay is the (H,H)-
random attractor.

4. PROOFS OF MAIN RESULTS

First we list some basic facts. By using the Young’s inequality and combination
with the divergence free condition, the operators A, L and B possess the following
relationships:

—(AU,U) — (LU, U) < —min{r,7}|U|]?, VU = (u,U) €V, (4.1)

—(LU, AU) = —2k(v + k)(V x U, Au) — 267(V x u, AU) — 4rv||U|?

1 (4.2)
< 5|AU|2 +26%|U|)%, VYU = (u,U) € D(A),

B(u,U,V)=-B(u,V,U), B(u,U,U)=0,
Y(u, U, V) € (H'(0))* x V x V. (4.3)
We recall the Agmon’s inequality; see [27],
lullpee < clul'?|A1ul'?, ¥V ue D(Ay). (4.4)
For the projector P, defined in Section 2, one can easily show that

| A1 Pouf? < Ay |AY Pl VU = (u,U) € D(A),
and hence by the classic Brezis-Gallouet’s inequality; see [4l [5], we have
| Ay Pul? )1/2

| Pl Lo < C\Al/szu| (1 +log ——————
' MIAY2P,u)?

(4.5)

bV, 1/2
§c||u\|(1+log /\Irl) , Yue D(4),

where the letter ¢ in (4.4) and (4.5) is a deterministic positive constant and A is
the first eigenvalue of the stokes operator A.

Lemma 4.1. There exist positive constants C' and ¢ depending only on the physical
coefficients of this model and the domain O such that

d
@\Ul2 +<[U[* < M(6,w)|U]* + G(6iw), (4.6)

%((V +8)l[ull® +AIUI?) < (v + m)llul® +AU*)g(t,w) + ht,w)  (4.7)

where ¢ = min{v,v} and
1
M(w) = C(lz@)I” + 1 2(@)l[72) = 55,

G(w) = c(llzW)II* + |2(@)* [ Z()lIF2 + 2(w)* + [ Z(w)[* + [F]),
g(t.w) = c(l[ull® + |UI1*)(luf* + |21,
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h(t,w) = 42 U[1° + clul(|2]1* + [ Z]|*) + H(w),

H(w) = c(llzl 32 + [2Pl=l* + [2P1Z1* + 1202 + 12012 + 12 + | F[?).

Proof We multiply by U and then integrate over O, along with and
, to yield

1d
2a V"
=—(AU,U) - (LU,U) = (B(u+2,U+Z),U) — (LZ,U) + (F,U)
< —¢||U|? = (B(u+ 2,U + Z),U) — (LZ,U) + (F,U) (4.8)
= —|U|? = (B(u+ z,%),U) — (LZ,U) + (F,U)
= —||U|I? = (By(u+ z,u + 2),u) — (Bz(u + 2, 2),U) — (LZ,U) + (F,U),

where

=2k(V X Z,u) + 2k(V X 2,U) — 4k(Z,U) + (F, U)
= 25(V X u, Z) + 26(V x U, 2) — 4x(Z,U) + (F, U) (4.9)
< SIUIP + el + 12 + |FP2).
By the Holder’s inequality and Gagliardo-Nirenberg’s inequality, we have
(Bi(u+ z,u+ 2),u) = (B1(u, z),u) + (B1(z, 2),u)
< cllullpe (|2 lJullzs + cllzl|zallz]| [Jull s
< clul [|2]] Ilull + ez Jul (4.10)
< Sl + Sl 2P + el
(Ba(u+2,2),U) < clu+ 2| |VZ||pa|U]| s
< clul | Z||g=|IU]| +cl2| |Z]|z=|U]|

(4.11)
< = |2+ Q|U|2 1Z1 3= + clz* 112117
=~ 16 2 w2 me:
Then from (4.8)—(4.11) it follows that
d 3
—|UP + Z¢||U|?
g 01"+ 3¢lvl (4.12)

< C(I21 + 1 Z1=) U P + c(llzll* + [ 1213 + |21 + 12 + |[FP?),
where ¢ and C' is the positive constants independent of t,u, U, z, Z. Further, the

Poincaré’s inequality implies

d
@\Ul2 +<[|U[* < M(6,w)|U]* + G(6iw), (4.13)

which shows that (4.6]) holds.
Multiplying (3.3)) by AU and then integrating over O, along with (4.2), gives

d
(v + Bl +A1U]%)

= —2|AU|? — 2(LU, AU) — 2(B(u + 2, U + Z), AU) — 2(LZ, AU) + 2(F, AU)

< —|AU]? +4x2||U||? = 2(B(u + 2, U + Z), AU) — 2(LZ, AU) + 2(F, AU),
(4.14)
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where
— (LZ,AU) + (F, AU)

=2k(v + k)(V X Z, Au) + 2kv(V x 2, AU) + 4ky(Z, AU) + (F, AU) (4.15)

< AU 4 e[z + 1217 + 2P + PP,
Consider that
(Blu+2,U+2Z),AU) = (B1(u+z,u+z2), Aju) + (B2(u+2, U+ Z), A2U). (4.16)
Then by we have
(Bi(u+ z,u+ z), Aju)
<l 2l zeeflu+ 2] [Avul
< cut 22 A (u+ 2)[V2[lu+ 2| |Aryl

1
< §|A1ul2 +clu+ 2| [Ar(u+ 2)] [Ju + 2]
(4.17)

IN

1
Sl + clu+ 2] -+ 2] | vl + clu + 2] Ju+ 2] | 4rz]

IA

1 1
§|Alu|2 + §|Alu|2 + clu + 2)?||u + 2|t + ¢| A1 2|2

1
< Al +elllul*ful® + flull 21 + [ul?ll21" + 2220+ [Aaz]),

(BQ(U+ZaU+Z)7A2U)
< w2l ||U + Z| [A2U]
clu+ z[V2[ A1 (u+ 2)|V? ||U + Z]|| | A2U|

IN

IN

1
g\A2U|2 +clu+ z| |A1(u+ 2)| ||U+Z||2

IN

1
514U +clut 2] U+ Z|*|Avu| + clu + 2| U + Z]1*|Ar2] (4.18)

IA

1 1
g\AQUF + §|A1u|2 +clu+ 2?||U + Z||* + | A1 2|2

IN

1 1

142U + clAvul® + clul(U]" + clul*| Z|1* + el
+ |21 Z||* + ] A12]?.

Therefore, from (4.14)—(4.18) it follows that

&+ )l +41012)
< clllull* + U1 (ul? + |22) + 457 [ + clul?(l=)* + 121
Fe([ A+ =PI +PIZI P + 1217 + 1217 + | FP)
< (v -+ mll + ATl + NIl + 1217) + el (=11 + 1211)
F 42U 4+ ellz13 + 22l + =PUZIE 4 =12 + 120 4+ 12 + | FP),
which proves .

Lemma 4.2. Assume that the expectation EM < 0, where M is in (3.4). Let
D € D. Then for P-a.e. w € Q, there exist tempered random radius Ry (w) and
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constant T = T(D,w) > 0 such that for allt > T, the solution U(t,w, Vo(w)—Z(w))
of the initial problem (3.3) with Vo € D satisfies that for everyl € [t,t + 1],

|U(l, G,tflw,VO(G,tflw) - Z(G,t,lw))\ S Rl (w), (419)
where D is the collection of all tempered random subsets of 'H.

Proof. Applying the Gronwall’s lemma (see [27]) to (4.6), we find that for every
>0,

l
UL, w, Vo(w) — Z(w))[? < elo MO 115 ()2 + ¢ / G(O,w)els MErw)dr g
0

in which we replace w with _;_jw and get that for | € [t,t + 1],
U1, 01w, Vo(0_s_1w) — Z(0_;_1w))|?

l
Sefol M(GT"*lw)dT\UO(H,t,lw)P+/ G(@s,tflw)efsl M(GT,t,lw)d'rdS
0

i l—t—1 e
—e itil M(GTw)dT‘UO<97t71w)‘2+/ G(st)efj 1M(07—w)d7—d8 (420)

—t—1

l—t—1
< 26/ MO (1 (6_,_1w)]? + |2(0-1-10))

0
+/ G(st)eﬁ_t_lM(QTw)des.

—t-1
By noting that for [ € [¢t,t+1],l—t—1 € [-1,0], we deduce that for s € [t —1, 0],

ST M(Brw)dT _ = hos(—t=1)+ S hocs , [1TI T CUIZ (05 w)I12 0 +]12(6w) 2 dr

e M5t 305 o [0 CUIZ(0-w) |12 +112(0-w)]|*)dr (4.21)

IN

e%xogeff M(0-w)dr

Then by and we obtain that for every [ € [t,t + 1],
U(1,0_¢ 1w, Vo(0_s_1w) — Z(0_;_1w))|?
< K (elHa MO vy (0 1w) 2 4 |2(0-11) )

0
+ / G(Osw)efso M(QT“)des),

—t—1

IA

where K = 2305, By the Birkhoff’s ergodic theorem and along with our assump-
tion that EM (w) < 0, it yields that
0

: 1 N
tl}gloo m s M(aTW)dT = ]EM(CL}) =K < O,

which implies
0
MO;w)dr = (t+1), ast— +oo.
—t—1

Since G(6;) is sub-exponential growth,

0
/ G(O,w)els MO qg « oo,
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Consider that ||Z(w)|/pa) is tempered. Then |Z(w)| is tempered, whence by the
initial data Vo(w) € D(w), there exists constant T = T'(D,w) > 0 such that for all
t>T with | € [t,t + 1],

U1, 60_y_1w, Vo(O_i_1w) — Z(0_;_1w))|?
0
g Rl(w)Q = K(l _|_/ G(esw)efqo M(QTUJ)deS>.

We can use the method in [6l Lemma 4.6] to show that the random variable R;(w)
is tempered. Indeed, for an arbitrary A > 0, and let ¢ < 0. We then have

e—2>\|t\R1(9tw)2
0
:Ke)\ZtJrKe)\t/ G(9‘9+tw)6)\t+f£M(97+tw)d7'ds'

0
_ Ke/\Qt + Ke)\t/ G(08+tw)6)\t+fso+t(M(wa)*ﬂ)d'r*fto(M(@-,—w)*ﬂ)d'r*ﬂsds'
B (4.22)
Let 0 < & < § min{—/, A}. Then using again the sub-exponential growth of G(6,),
there exists ¢; = t1(e,w) < 0 such that for all ¢ < ¢,
GOypy) < e, (4.23)

On the other hand, there exists to = t2(g,w) < 0 such that for all ¢ < ¢,

0 0
/H(M(GTw) —p)dr < —e(t+s); —/t (M(rw—f() < —e(t+s). (4.24)

Put tp = min{ty,%2}. Then it follows from (4.22)—(4.24]) that for all ¢ < to,

0
672)\|t\R1(9tw)2 < Ke)\Qt —|—K6)\t/ e)\thE(tJrs)fﬂst

— 00

0
< KeM 4 KeM / efH9)ds — 0

— 00

as t — —oo. Similarly, we can prove the convergence for t — +4oc0. O

Lemma 4.3. Assume that the expectation EM < 0, where M is in . Let
D € D. Then for P-a.e. w € Q, there exist random radius Ro(w) and constant
T =T(D,w) > 0 such that for allt > T, the solution U(t,w, Vo(w) — Z(w)) of the
initial problem with Vo € D satisfies that for every l € [t,t + 1],

1001w, Vo(0—t—1w) — Z(0—1—1w))|| < Ra(w),
where D is the collection of tempered random subsets of H.

Proof. Integrating (4.6]) from ¢ to t 4+ 1 yields

t+1
/t 1UGs,w, Volw) — Z(w))|%ds
t+1

<c t M(0,w)|U(s,w, Vo(w) — Z(w))|?ds

t+1
+ c/ G(O,w)ds + c|U(t,w, Vo(w) — Z(w))[2.
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Then by Lemma [4.2] we know that there exists a T = T(D,w) > 0 such that for
every t > T,

t+1
/ U (s,0__ 10, Vo(O_i_1w) — Z(6_,_1w))||*ds
t
t4+1 t4+1
< cRy(w)? / M(0s_4—qw)ds + c/ G(0s_t_1w)ds + cRy (w)? (4.25)
t t

0 0
= ¢(Ry(w)? /_1 M(Osw)ds + /_1 G(0sw)ds + Ry (w)?) := C1(w).

Using the classic Gronwall’s lemma to (4.7) on the interval [s,{] with ¢t < s <1 <
t 4+ 1, we obtain

U w, Vo(w) — Z(w))|? < cele ™ 90217 (U (s, 0, Vo (w) — Z(w))|?
t+1
—|—/t h(s,w)ds),

from which it follows that
||U(l, H_t_lw, Vo(a_t_lw) — Z(t‘)_t_lw)) ||

. 41
< celi T omo—w)dr 1U(s,0—1—1w, Vo(O—t—1w) — Z(0_1_1w))|[*ds
) (4.26)

t+1
+/ h(s,0_;_1w)ds).
¢

Note that by Lemma {4.1]and association with (4.25)), there exists T'= T(D,w) > 0
such that for all t > T,

41
/ g(7,0_t_w)dr
t

t+1
= 0/ (a1 + U2 (u(s)]? + [2(8s—1-1w)[*)ds
¢ (4.27)

t+1
< (R (w)” + _gﬂsa;éo{ldﬂw)\Q}/t (lu(s)I* + U (s)]1*)ds

< (R + max {[2(0w)HC1(w) = Calw)

t41
/ h(s,0_i_1w)ds
t

t+1 t+1
e[ Ot e [ ) Pl [+ 1200010 s

t

t+1 4.28

+ H(0s_;—1w)ds ( )
t

0
< C_Jgngazg)éo{HZ(9tW)||4 +Z(Ow)[*HC1(w) + Ri(w)?) +/_1H(95w)d8

= Cg(w).
Then by (4.26)—(4.28) it gives that for all t > T and I € [¢,¢ + 1],
U1, 01— 1w, Vo(_w) — Z(O_w))||> < 2@ (O (w) + C3(w)) := Ra(w)?.



14 W. ZHAO EJDE-2014/246

This completes the proof. ([

Lemma 4.4. Assume that the expectation EM < 0, where M is in . Let
D € D. Then for P-a.e. w € Q and every € > 0, there are N = N(e,w),K =
K(w), and T = T(e,D,w) > 0 such that for all t > T and m > N, the solution
U(t,w, Vo(w) — Z(w)) of the initial problem with Vo € D satisfies that

|1PnU(t, 01w, Vo(O_iw) — Z(0_w))|| < K,
(I = P)U(t,0_tw, Vo(0_w) — Z(0_sw))| < &,
where D is the collection of tempered random subsets of 'H.

Proof. Multiplying (3.3)) by AU,, and then integrating over O, we have

d
= (v + 8 Jumll* + 7 Un?) + 21AU |

dt
= —2(LU, AU,,) — 2(B(u+ 2, U + Z), AU,,) — 2(LZ, AU,,,) + 2(F, AU,,),
(4.29)
where
— (LU, AU,,)
= 2k(v 4+ K)(V x U, Aup) — 267(V x u, AU,,) — 47| Ul (4.30)
< SIAULP + 282U,
— (LZ,AU,,)
= 26+ K)(V X Z,Aup,) — 267(V X 2, AUy, ) + 467y(Z, AU,) (4.31)
1
< 57 AU +cll2lP + 1211 +12P),
1
2(F, AU,,) < E|AUm|2 + c|F)2. (4.32)
Then from (4.29)—(4.32)), we obtain
d
2 (F ®)um]® + T [*) + |AT
(4.33)

1
< —2(B(u+2,U+Z),AU,,) + 1—6|AUm|2
+ell U+l + 1217 + 121 + |[FI*).
Likewise, we have
AU 2 At A2 U 2 = Mgt (v 4 ) | + 1| U |?).- (4.34)
It remains to estimate the first term on the right hand side of (4.33)). To this end,

we rewrite

(B(u+ 2, U +2), AU,,)

4.35
= (Bi(u+z,u+2), Atup) + (B2(u+2,U + Z2), AoUp,) = [ + I, (4.35)
where
I = (Bi(u+2,u+ 2), Atuy), T2 = (Ba(u+2,U + Z), A2Up,).
To estimate I, we rewrite it as
I = (B1(u,u), Ajuy) + (B1(u, 2(0:w)), A1) (4.36)

+ (B1(2(6iw), 2(6:w)), A1um) + (B1(2(0:w), v), A1),
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where by (4.4) and (4.5, we calculate that
|(B1(u, u), Avum)|
S |(Bl(Pmu7 ’U,), Alum)| + |(B](Um, u)7 Alum)‘

< NPl oo ([l [Avum| + Juml|zoe o]l [Arum]

Amt1y1/2) 12 1/2 3/2 (4.37)
< ¢(1+log T) [[wll [Arwm | + cllwm |77 [ Avum 7= |ul]
1 A
< A ? + e(1 + log Z2E)ful|* + clul|[ull,
32 A1
|(B1(u, 2(6w)), A1tm,)|
< |(Bl(Pmu7 Z(etw))vAlumM + |(Bl(um7 Z(etw))7 Al“m)'
< [|Pmull Lo |2(0:w)[| [Artm] + [[uml Lo [[2(0:w) || [A1um|
(4.38)

Am
< oL+ log )2 Jull 1200 [Avem] + clum| 2| Avum 2| 2(000)

1 Am
< gl ® + (1 +1og =) [ul2(0)|* + elul’ 201
1
[(Bu((000), 2(01)), Avim)]| < ol Avtm? + ell2(0) e |02, (4.39)
1
[(Bu((00), ), Avn)| < ol Avtn * + cll2(00) 3= [ul®. (4.40)

Then it follows from (4.35)—(4.40) that

1 A
L < glAvum|* + o1 +log ’:\171“)(IIUIIQIIZ(@w)II2 + [lull)

el ul* + 200 gl + ul?[2(60) (4.41)

+ [2(0i0) 772 12(0w) 1)
Then we estimate I in (4.13]), by writing it as
Iy = (Bs(u, Z(6;w)), AoUp,) + (Ba(u, U), AsU,,)

+ (Ba(2(01w), Z(04w)), AsUp,) + (Ba(2(0w), U), AsUp), (4.42)

where
[(B2(u,U), A2Up, )|
< |(B2(Pru, U), AU )| + [(Ba(tm, U), A2Un)|
< NPl IUN| [A2Unm| + [[tm ||l [|U || |A2Un|

A

/\7 1
c|lull(1 + log /\”7:)1/2||UH | AU + clul' 2| Ay |V 2|U || [A2Um|  (4.43)

IN

1 Am
35 42Un[” + ¢(1 + log /\fl)IIUHZIIUHZ +clul |Ayun| U]

1 Am 1
< 252U+ (1 +log 5 [ull2[U | + 5| v+ clul2| U],

1 Am
|(Ba(u, Z(01)), AsUn)| < 25| AoUnm|* + ¢(1 + log A1“)||U||2||Z(9tw)||2

1
+ g5 [ Avum|* + clul?| Z(0)]",

(4.44)
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1
|(Ba(2(0:w), Z(6:)), AoUn)| < =5 |AsUn|” + ll2(0,0)[7:11 2 (007, (4.45)
1
|(Ba(2(6:w), U), AoUn)| < =5 |AsUnm|” + el|2(60) 72 | U1, (4.46)
Then it follows from (4.42)—(4.46[) that
1 1 Am
I < AU + g Avtin P + (1 + log 22251 (U]
+ [ulP1Z(00)]1?) + el (U] + [ul? | ZB)[|* + cll=(6uo)ll3= (U] 44D
+ 120721 2 (0) %)
Then we incorporate (4.34)), (4.35), (4.41)) and (4.47) into (4.33)) to give

d
21+ ®)um]* + ANUnl?) € =Anga (W + 1) [ |* + [T [*) )
4.48

Am
+ (1+log “E) Pt w) + Q(t,w),
1

where
P(t,w) = c(llull* + [ul*[2(0:w)I” + (a2 |U]1? + [lul*]| Z(8:w)]1?),
Q(t,w) = c([U11% + [ullull* + [ul*[|2(Be) |* + [u*[U* + [|ul®[| Z (8w ||*
207 1UIP + [12(00w) 1321 Z (Gew) 1P + []2(Bs0) [ 772 | 2(0ew) I
+ [|2(00) 32wl + 1Z(Bs0) [* + [|2(0)[I” + [ Z(8e0) |* + | FI?).
Multiplying by e*m+1t and then integrating over the interval [t,t + 1], we
infer that
U (t + 1,0, Vo(w) — Z(w))]?

)\ 1 t+1
< c¢(1+log 77;\1+ )67)""+1(t+1) / e*m+15 P (s, w)ds
1 t

t+1 4.49
+ e~ Am+r(t41) / e)‘m“SQ(s, w)ds ( )
t

t+1
pemats) [T st U, o0, Vo) - Z@)IPds.
t
According to Lemma [4.3] there exists T = T(D,w) > 0 such that for all t > T,

t+1
/ erm 18 P(s,0__1w)ds
¢

t+1
e et (Ralw)! + Ra@)e(Oe i)
t

+ Ra(w)* + Ro(w)? | Z(0,-o-10)[1*) ds
) (4.50)
< 76)\m+1(t+1)(2R2(w)4 + RQ(w)z sup ||Z(956«J)||2
Am+1 —1<5<0
+ Raw)? sup [ Z(6,0)]1%)
1<s<0

— R(w) eAm1 (1)
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where

R(w) = ¢(2Ry(w)* + Ro(w)* sup [[z(65w)[|* + Ra(w)® sup [ Z(6sw)]?)
1<s<0 —1<s<0

is independent of A,,+1. By a similar calculation as (4.50)), we find that there exists
a random variable R(w) such that for all ¢ > T,

t+1 A
/ At Q(t,0_y_w)ds < R(w) ermr(t+l) (4.51)
t )\erl
and 1 )
[ e U oo wlPas < B aman )
t

m—+1
where Ry(w) is in Lemma Then (4.49)), together with (4.50)—(4.52), implies

that for all t > T,
U (41,0100, Vo(O—1-10) — Z(0—r—1w))]?

A . 1 2
(1+log “" ) R(w) + (R(w) + Ra(w)?) — 0,
m+1 A Ama1

as m — +00. As a consequence, for every € > 0 and D € D, there exists an integer
N and positive constant K = K(w) such that for all t > T and m > N,

I = Pu)U(t,0- 0, Vo) — Z(0_w))]| <,
|1 P U (¢, 0_tw, Vo(0_tw) — Z(0_w))|| < K.
This concludes the proof. O

Lemma 4.5. Assume that the expectation EM < 0, where M is in . Then
the RDS ¢ generated by the solution of stochastic michropolar fluid flows 18
omega-limit compact in V; i.e., for every € > 0 and an arbitrary D € D, there is
an T =T(e,D,w) > 0 such that for P-a.e. w € Q,

k( Uis1 o(t, H_tw)D(H_tw)) <e,
where D is the collection of tempered random subsets of H.

Proof. By Lemma there exist constants K (w) and T = T(g,D,w) and N; €
N such that for all ¢ > T and m > Nj, there hold ||P,U(¢,0_1w, Vo(0_iw) —
Z(0_w))|| < K(w) and

(I = Pr)U(t, 01w, Vo (0 —10) = Z(0 )| <

<

. (4.53)

N ™

Note that || PpZ(w)| < || Z(w)]|, and
1
(7 = Prn)Z(w)]| < -——|Z(w)l| = — 0
m—+1
as m — oo; and then there exists Ny € N such that for every m > No,
€
1PnZ@) < IZ@), U = En)Z(@)] < 5 (4.54)

Put N = max{Ny, N2}, by (4.53) and (4.54) we find that there exist K(w) =
K(w) + ||Z(w)||? and T = T(e, D,w) > 0 such that for all t > T,
[P e(t, 0-w)D(0w)|| < K(w), (4.55)
I = Pa)p(t,6_w) D(6_w)]| < =. (4.56)
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That is to say the RDS ¢ satisfies the flattening conditions in V; see [2I]. By
utilizing the additive property of Kuratowski measure of non-compactness; see, [22]

Lemma 2.5 (ii)], it follows from (4.55)) and (4.50) that for P-a.e. w € Q,
B( Uizt o(t,0-)D(0-w) ) < k(Py Uizt ¢(t,0-) D(0-) ))

+ k(([ — Py) ( Ut ot e,tw)D(o,tw)))
<0+ k(By(0,¢)) = 2¢,

where By,(0,¢) is the e- neighborhood at centre 0 in V. This completes the proof.
O

Proof of Theorem[3.3 According to Lemma by the embedding relation V —
H, we can show that ¢ is omega-limit compact in H. But by Lemma [£:2] ¢ pos-
sesses a tempered random absorbing set D e D in H. Thus by the first conclusion
in Theorem we know that ¢ admits an (H,H)-random attractor Az. From
Lemma ¢ is (H, V)-omega-limit compact. Then the second conclusion in The-
orem [2.3| implies that the existence of (H,)V)-random attractor Ay,. Furthermore,

Ay = Ay. O
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