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SPECTRUM FOR ANISOTROPIC EQUATIONS INVOLVING
WEIGHTS AND VARIABLE EXPONENTS

IONELA-LOREDANA STANCUT

ABSTRACT. We study the problem

N
-3 [321_ (|32iu‘pi(r)—2aziu> + |u|m(w)—2u] 1 )@ =2y = Ag(a)|ul" @2y
i=1
in Q, u = 0 on 99, where Q is a bounded domain in RN (N > 3), with smooth
boundary, A is a positive real number, the functions p;,q,r : Q@ — [2,00)
are Lipschitz continuous, g : Q — [0, 00) is measurable and these fulfill certain
conditions. The main result of this paper establish the existence of two positive
constants Ao and A1 with 0 < Ao < A1 such that any A € [A\1,00) is an
eigenvalue, while any A € (0, Ag) is not an eigenvalue of our problem.

1. INTRODUCTION

The purpose of this paper is to study the eigenvalue problem
N
=Y (02 (100, u/P D720, u) + [ufPr )72 u] 4 [u] 12 = Ag(a)|ul ) 2 in Q,
i=1

u=0 on 0f,

(1.1)
where Q is a bounded domain with smooth boundary in RY (N > 3). The functions
pi,q,7 :  — [2,00) are Lipschitz continuous, while g :  — [0, 00) is a measurable
function for which there exists an open subset €y C Q such that g(z) > 0 for any
x € Qp, and A > 0 is a real number.

A motivation for the study of problem is given in [8,@]. In [§] the problem
studied involves the Laplace operator and © C R¥ is a bounded domain with
smooth boundary, while in [9] the authors deal with a problem involving the p(-)-
Laplace operator and  C RY (N > 3) is a smooth exterior domain.

We emphasize the presence of p(-)-Laplace operator in problem . This is
a natural extension of the p(-)-Laplace operator. Both p(-)-Laplace operator and
p(+)-Laplace operator are nonhomogeneous, unlike the p-Laplace operator, where p
is a positive constant. The study of nonlinear elliptic equations involving quasilin-
ear homogeneous type operators like the p-Laplace operator is based on the theory
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of standard Sobolev spaces to find weak solutions, while in the case of operators
p(+)-Laplace and p(-)-Laplace the natural setting is the use of the isotropic vari-
able exponent Sobolev spaces and anisotropic variable exponent Sobolev spaces
respectively (for our approach).

Thanks to the applicability to diverse fields of variable Sobolev spaces, in the
past decades appeared many papers which involve such spaces. These are used to
model various phenomena in image restoration (see [2]), in elastic mechanics (see
[15]) and for the modelling of electrorheological fluids (or smart fluids). The first
major discovery on electrorheological fluids was in 1949 due to Winslow [I4]. These
fluids have the interesting property that their viscosity can undergoes a significant
change (namely can raise by up to five orders of magnitude) which depends on
the electric field in the fluid. This phenomenon is known as the Winslow effect.
Electrorheological fluids have been used in robotics and space technology. The
experimental research has been done mainly in the USA, for instance in NASA
laboratories.

2. ABSTRACT FRAMEWORK

First, we introduce briefly a variable exponent Lebesgue-Sobolev setting. For
more information on properties of variable exponent Lebesgue-Sobolev spaces we
refer to [3, 4, 5 [6, 10, 11].

Throughout this paper, for any Lipschitz continuous function p : Q — (1,00) we
define

pT =esssup,eqp(z) and p- = essinfieqp(z).

We define the variable exponent Lebesgue space
LrO(Q) = {u; uis a measurable real-valued function and / [uP@da < oo},
Q

endowed with the so-called Luzemburg norm

. u(q;) p(z)
= M _— <
|| p(.y = inf {,u > O,/Q ‘ m ‘ dx < 1}7

which is a separable and reflexive Banach space. If 0 < |Q] < oo and pi, po
are variable exponents such that p;(x) < pa(z) almost everywhere in 2, then the
embedding LP2()(Q) < LP1()(Q) is continuous.

We denote by L”/(')(Q) the conjugate space of LP()(Q), where ﬁ + ﬁ =1.
For any u € LPO)(Q) and v € LP' ()(Q) the following Holder type inequality

1 1
‘/ uvdm‘ < (i + f>\u|p(.)|v\p/(_) < 2fulpy vl (2.1)
Q p p

holds.

An important role in handling the generalized Lebesgue spaces is played by the
p()-modular of LP()(Q) space, which is the mapping p,) : LP()(Q) — R defined
by

pey(u) = / |ufP® de.
Q
If (un),u € LPO)(Q), then the following relations hold:

- +
|u|p(.) >1= |U|Z(.) < pp(.)(u) < |U|Z(.), (2.2)
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+ -
lulpy <1= |U|Z(.) < pp(y(u) < |U|Z(.)a (2.3)

[t — ulpy = 0 ppiy (Un —u) — 0.
We denote by Wol’p(‘) the variable exponent Sobolev space defined by
WOLP(')(Q) ={wupo =0, ue LPO)(Q) and |Vu| € Lp(')(Q)},
endowed with the equivalent norms
[ullp(y = lulpey + [Vulpe)

and

|lul| = inf {,u > 0; /Q (\WL(Q:)‘P(E) + ‘uf)‘p(z))dx < 1}7

where, in the definition of ||ul[,.), |Vulp.) is the Luxemburg norm of |[Vu|. We

remember that I/VO1 P() () is a separable and reflexive Banach space. Also, we note
that if p,s : Q@ — (1,00) are Lipschitz continuous functions with pt < N and
p(z) < s(x) < p*(z) for all x € Q, then the there exists the continuous embedding

WEPD(Q) < L#0(Q), where p*(z) = 2.

Next, we present the anisotropic wvariable exponent Sobolev space Wol’ﬁ(')(Q),
where 7 : Q — R is the vectorial function p(-) = (p1(-),...,pn(-)) and the com-
ponents p;, @ € {1,..., N}, are logarithmic Holder continuous, that is, there ex-
ists M > 0 such that |p;(z) — pi(y)] < —M/log(|]xz — y|) for any z, y € Q with

z—y|l <1/2and i € {1,...,N}. Also, we define W2P)(Q) as the closure of
0
C§°(9) under the norm

(|5Zu

1

||uH17(~) = pi() T |u|pi(~))’

N
1=

and is a reflexive Banach space (see [7]).
Now, we introduce Py, P_ € RV as

—

P+:(p-1|—""vpﬁ)’ P—:(pl_a"'vp;/)v
and P}, PT P~ € RT as
Pj_r = max{pf, e ,p}}, Pt = max{p,,...,py}t, P~ =min{p;,...,py}

We also always assume that

and define P*, P_ , € R by

N
Pf=—— P =max{P", P}

gl ~ —
Yim 1/ =1
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3. MAIN RESULT

We study the problem (1.1]) assuming that the functions p;, ¢ and r satisfy the
hypotheses

2<P- <Pl <N, (3.1)
Pr<Pf<r  <rf<q <q¢" <P <pi(x) VzeQ Vie{l,...,N}. (3.2)

Furthermore, we assume that the weight function g(z) satisfies the hypotheses

/()\g(x))ﬂz%(fr)(z) dx < o0, (3.3)
Q
g e L®(Q)n L), (3.4)

where p?(z) = p*ﬁ% for any z € Q and any i € {1,...,N}.
We look for weak solutions for problem (I.1)) in the space I/VO1 PO ( ). We say
that A € R is an eigenvalue of problem (L.1)) if there exists a u € W, 7 )( o)\ {0}
such that
N

(2 on

- )\/ (2)|u|"® 2w da = 0,

Pi®=29 ud,, v+ |u

pi(m)”uv) + |u\q(1)72uv} dx

for all v € WO1 PC) (€2). We point out that if A is an eigenvalue of problem (1.1]) then

the corresponding u € Wol’ﬁ(')(ﬂ) \ {0} is a weak solution of problem (1.1J).
Define

i(@) i () (z)
fQ Zf\;l (laziu\z) n |u|f’ )dx—l—fQ ul?®)

AL = inf pi(w) pi(®) q(z) ’
wewy 7O (@)\{0} Jo E8 ul® da

Ao = inf Jo ok (10, ufP@ + [ufPi®))da + [, |ul?®) da
wew PO @)\ {0} Jo 9(@)|u|" @ dx

Our main result is given by the following theorem.
Theorem 3.1. Assume that conditions 7 are satisfied. Then
0< X < A1
In addition, any X € (0,)o) is not an eigenvalue of problem , while each
A € [A1,00) is an eigenvalue of our problem.
4. PROOF OF THE MAIN RESULT

In what follows we denote by E the generalized Sobolev space VVO1 P! (')(Q). We
need to define the functionals Ji, I1, Jo, Iy : E — R by

/Z |8m1up1 |u|pb(z )der |u\q(w)d$
pz( ) ’

o q(x)
Il(u):/ﬂigximr(m)dm,
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N
:/Z(Ic’)zium(x)+|u|pi<x))d$+/ )7 i,
o= Q
1w = [ g@hl .

[7, Theorem 1] assures that Ji, I; € C'(E,R) and the Fréchet derivatives are given
by

N
Wil / [Z |0l 20, by 0 + |U|pi(x)_27~“}) + |U|q(x)_2uv} dz,
=1

(I{(u),v) = / g(x)|u|"® 2w de.
Q
Also, we define for any A > 0 the functional
Ti(u) = Ji(u) = X-T(u) Yuc€E.
We point out that A is an eigenvalue of problem (1.1)) if and only if there is an
element uy € E \ {0}, which is a critical point of the functional T}.

To give a clear view of what needs to be proved, we divide the proof of the
theorem in four steps.

Step 1. We show that Ag, A\; > 0. It should be noticed that from the condition
(3-2), we have p;(z) < r(z) < ¢g(z) for any x € Q and any ¢ € {1,..., N}, and
therefore

lu(z)]"® < Ju(z)[P + ju(z)|"®) Yue E, VeeQ, Vie{l,...,N}.
Thus,

JAC

It is obvious that

N
[ (o r )i+ [ e > [ (u
Qi Q Q

which together with relation (4.1) we can deduce that
Jo Yk (102,uP @ + [ufPi®))dz + Jo ul1® da o1
Jo g9(x)[u["®)dz " 9l

Hence we obtain that \g > 0.
Next, using (4.1]), by a simple computation we arrive at

pi(x) q(z) -
s [ g5 T / 9D)) 1) gy,
o Dpi() o q(r) a9l Jo ()

It is clear that
pl(m |u

‘3 u pi(z) / MES2 pi(@) / || 9(®)
dx + dr > dx + dzx,
/Z Pi($)> o q() o pi(z) o q()

and C0n51der1ng the previous inequality we derive that

N (102,07 |u\P1<”> |u\q<”>
fQZi:l( ; + dz + [, dx =

pi () pi( q(=

1
pi f'3)—&-\u|q(””))dgv > — / g(@)|ul"®dz VueE, Vie{l,...,N}. (4.1)
Q

9]0

Pil@) 4y pi(z) 4 ‘u|q(r))dm,

> 0.

|u

>0,

L u|r@) da T gt gl
r r)
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wherefrom A\; > 0. Step 1 is verified.
Step 2. We prove that any A € (0, \g) is not an eigenvalue of problem .

We argue indirectly. So, suppose that there is A € (0, Ag), an eigenvalue of
problem (L.I)). Thereby we can deduce the existence of an element uy € E \ {0}
such that

e

[ 13 00 =201 s+ a2 ur0) sl une]
Q2 1

%

=\ [ g@)|ux]"®2uyvdz Yo € E.

2

Taking v = u) in the above equality we obtain
Jo(ux) = A~ In(uy). (4.2)
By uy € E\ {0} we have Jy(uy) > 0 and Ip(uy) > 0. On the other hand
Jo(uy) _ fQ sz\; (|8wiu>\|pi(x) + ‘“A‘pi(x))dx + fQ ‘“A|q($)d$ > Ao

To(ux) Jo 9(@)ua|"®) d
This, together with yield
Jo(ux) = Ao - To(un) > A - Ip(uy) = Jo(uy),
which is a contradiction. This proves the Step 2.

Step 3. We verify that each A € (A1, 00) is an eigenvalue for problem (1.1]). With
an eye to show what we proposed in this step, we start by proving the following
three lemmas.

Lemma 4.1. Assume that conditions (3.1)—(3.4) are fulfilled and s is a real number
such that v+ < s < P*. Then g € L= (Q) N L= (Q) and

[ o@la@de < lg|__July” +lgl s ul;” Vuc E. (4.3)
o :
Proof. In the first instance we highlight the inequalities
s s P pi(x) 0
> > > : =P, 4.4
s—rt T s—r= " P*—r= " pi(x)—r- pi(2) (44)

for all 7 € Q and all i € {1,..., N}. Also, we have

P _
)" <H@) < 5= VreQ Vie{l,... N}
So we arrive at
-
s _(p0)— S_%— *:T_ s—_g .
g " LT T s ele T veeq Vie{l,... N} (45)

By (3.4), (4.4) and (4.5) we can easily see that

o) da = AP@ ()] @) g
[ o)== do= [ [a@)p"® - g(o) y

Q

s 50
s_— Pi (z)

< /Q[g(m)]p?(w) gl dx

p*
s —

P* —r—

— )" T 0
< (1915 +lgls ) [l < .
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that is g € L+ (©). In a similar fashion, we can show that g € Lo ().
From

lu(@)|” + Ju(@)]" > ju(@)]" @ Vue E, Vo eq, (4.6)
and Holder type inequality (2.1)), we deduce

/ g(@)ul @ dz < / g(@lul” dz + / g<x>|u|”dx
Q Q Q

o+ 9] — Vu e E.
The proof of Lemma is complete. (I
Lemma 4.2. For each A > 0 we have
iy eos Ta(u) = oo
Proof. Let s € R be such that
rt<s<gq <P’ (4.7)

Without loss of generality we assume that [[ul|z.y > 1 for each u € E. By (3.2) and

(4.7) we have
lu(z)[Pi@ + |u(z)|7®) > |u(z)]® Yue E,VzeQ, Vie{l,...,N}.
This implies

N
/ (Z |u[Pi®) 4 \u|q(x))dx > / lul®dz. (4.8)
QN Q
Now, using (4.8) and Lemma we have

pi( |

pi(x) q(z)
/Z |8 A )dm+ [ul dx—/\/—g(x)\ 17 g
Q pi(x) o q(z) o ()
> (L /mez)m% /im
P+ Q5 2P+ Qi
1 N 1 A
+(5p7 /. >l e+ [ ) = 2 [ gy
> 2P+/Z |0, u

—Ciluly — Colul?,

Pi(w)dx)

pi(z) + |U pl(x))

d d
1‘+ma {2P+ q+}/|u| x

where Cp = =

s . To go further we need to define for
each i € {1,..., N} the following:

o — Pl for |0p,ulp, ) <1 5, = P for uly, ) <1
! P~ for \8xiu|pi(.) > 1, ! P~ for |u\pi(‘) > 1.
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From that fact and applying the Jensen’s inequality to the convex function a :
Rt — RT, a(t) =t~ , P~ > 2, we can write

Ty (u) > 2Pj[ Z |(911u|p Ol ‘u|p (- ))
i=1

TR — dz — Cilull” - C
max{gpi’(fr}/m x — Cylul] Slull”

1 P~ pt
—2P+Z|z7 ne) " gpr Do (1Owuly = 10ul, ()

+ i=1 + {i;ai:Pj:}
(4.9)
P Pr
2P+ Zl pi( 2P+ Z (|u‘Pz() - |’LL P:r())
+ {4 BL*P-F}
ST E— dz — Cylul’ — Colul”"
max{2P+,q+}/ fufdz = Cifuls 2luls
Wi, N

+
> + (Cslul; = Ciluly ) + (Cslul; = Caluly ),
oPt(aN)P- -1 P

1
Qmax{QPI,q‘*'}'
positive constants L1 = Ly(r~,s,C1,C3) and Ls = La(r, s,Cy, C3) such that

where C3 = We are going to show that for each u € E there are two

Csluls — Cl|u|’"" > —Ly, (4.10)
Cslu|j — C’2|u|r —Ls. (4.11)
For this purpose, we define the functional T : (O, o0) — R as
T(t) = at® — pt°,

where «, 3, a, b are positive constants with a > b. By a usual computation we find
that T achieves its negative global minimum

T(to) = <afb>(bb) "ot gats,

a®

1
where ty = (@) *=% > 0. Consequently,

aa
1

a b bb a—b
at® — pt* > —(a — b)(—a)
a
Taking in (4.12) a =s,b=7r", a = C5 and § = C; we find

e BaT V> 0. (4.12)

s

Ly = C(s, r‘)aﬁﬁ?
In a similar manner, taking in a=sb=1r" a=C3and 8= Cs we deduce
that holds for

Ly = C(s, r+)a%ﬂﬁ.
Finally, putting together f we conclude Lemma O

Lemma 4.3. For any A > 0, the functional T} is weakly lower semicontinuous on

E.
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Proof. Let (u,) C E be such that u,, — ug in E. We define

1 xr
F(x,u) = @W(I( )

fla,u) = Fyw,u) = [0l 20 — Ag() [u]" @) 2u,

r(z) ’

Using ordinary rule of the derivation we find
fulw,u) = (qx) = D]ul 772 = Ag(2)(r(z) — D]u] )72, (4.13)

We shall employ in what follows the following inequality: for any ki, ks > 0 and
0 < g < r we have

ki\ 75
k89 — kst < Chy (171) Vt € R,
2

where C = C(q, r) > 0 is a constant depending on ¢ and 7.
If we make the substitutions k1 = g(x) — 1, ko = Ag(z)(r(z) — 1), ¢ = q(z) — 2
and r = r(x) — 2, then (4.13)) becomes

q(x) — 1\ 7%t a(a)=2

fulw,u) < Clg(z) = 1) (m) T (Ag(z)) T

q(z)—2
As a result of the fact that C(g(x) — 1)(%) "@-4@ jg a bounded expression,

we arrive at
()2
Fulz,u) < Cr(Ag(x)) T, (4.14)
where C1 is a positive constant. Also, the equalities

f(%uo + S(un - UO)) — f(:EvuO)

/S fulx,up + t(uy — ug))dt =
0

Up — U
_ Fu(w,ug + s(up — uo)) — Fu(z, up)
N Up — UQ

hold. Integrating over [0, 1] it results that

1 s
/ / fu(x7 ug + t(un — Uo))dt ds
0 0

fol [Fu(@,uo + s(un — ug)) — Fu(x,ug)|ds

Un — Uo
_ F(z,up) = F(z,uo0)  f(z,u0)
(un, — ug)? U, — Ug

which can be also written in the equivalent form

1 s
F(x,up) — F(z,u0) = (un*uOf/o /0 Fulw, uo + t(un — uo))dt ds (4.15)

+ (un — wo) f(z,ug).
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Taking into account (4.14)), (4.15) and using the definition of 7} it follows that

Tx(ug) — Tx (un)
pi(z) |u0 pi(x) |u

\0 U pi() N 1, P |pi(@)
/QZ 0 pi(x) )dx—/QZ( pi(z)  pila) )dx

i=1

—I-/[F(J: un) — F(z, up)|de
<[ (P - e [ B (-

+ /Q(un — u0)2/0 /o( fu(w, uo + t(u, — ug))dt ds dx
+ [ (= ) o)

pi(x) pb(w pi(x) pi(x)
/Z |0 uo\ |u0 /Z |3 un |un| )dx
pi(z)
Jng/(un—uo)z()\g(z))q(mgzr(m)dw+/(unfuo)f(:r,uo)dx,
Q Q

pi(x) |U0

(4.16)
where Cs is a positive constant. We intend to prove that the last two integrals

converge to 0 as n — oo.
Relying on [7, Theorem 1] we find that E is compactly embedded in Li()(Q),
and since u,, — uo in E we obtain u, — ug in L90)(Q). This implies

/ |t — uo|!®dz — 0,
Q

yielding (u, — ug)? € L% (©2). Based on Holder type inequality (2.1) and the
hypothesis (3.3]) we derive that

q(x)—2

[ (= wo)? - g(a) T o < 2] (rgl0) 7
Q

a(-)
q()—2

On the other hand,

> dg = / |t — 0| ® dz — 0.
Q

P% ((un o u0)2) _ /Q ’(un . U0)2 a(z)

Thereupon, relation (2.4)) implies ’(un —ug)? ’ 4y — 0, and for this reason we obtain
2

/(un —w)? - (Ag(@)) T da — 0. (4.17)
Q

Next, we define © : E — R by

v):/ﬂf(x,uo)vdx.
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In the first instance, it is clear that © is linear. On the other hand,
©)| < | |F(z,uo)oldo
Q
= / ||u0|q(“")72u0 — /\g(x)|u0\r(z)72uo| |v|dx (4.18)
Q
< / o |9~ w|da + )\/ 9(2)[uo|" @ |v] da.
Q Q
In accordance with the Holder type inequality (2.1]) we obtain
ol olde < 2[juol" 1| s ol
O q()—1

We know that the embedding E < L?)(Q) is continuous; that is, there is a positive
constant C' such that

‘U|q(.) < C”“Hﬁ(-) Yv € E.

The last two inequalities lead us to
[ 1wl olda < Calll
Q
where C7 > 0 is a constant. Also, reasoning as above we have

t@mmmw“*mwxsmmlwa@*WWx

< 2[gloc|[uo]™ 7| Loy [vley < Callvllzey,

r()—1

where C5 > 0 is a constant.
In light of the above, (4.18) becomes

0(0)| < Clollyy VoeE

(where C' > 0 is a constant); that is to say, © is continuous. Accordingly, we
conclude that O(u,) — O(up), and therefore

/ f(z,ug)(un — up)dx — 0. (4.19)
Q
To complete the proof of lemma, we must prove that the functional Z; : £ — R,
N
=)= [
Q5 pi(x)

is convex. Considering that the function [0,00) 3 ¢ +— 7 is convex for each v > 1,
for any z € € fixed we can say that

‘oz—l—ﬁ pi(z) < ‘|a|+\ﬁ|
2 - 2
for all a, 8 € R and all 4 € {1,...,N}. If we take @« = v and 8 = v in (4.20),
multiply by 1/p;(x), sum from 1 to N and intergate over 2, we obtain

_/u+v 1_ 1_
:1( 5 )§§:1(U)+§:1(1}) Yu,v € E.

pi(z) 1 1
< §|a‘Pi($) + §|ﬁ|pi($) (4.20)
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In the same manner we can prove that the functional =5 : E — R defined by

pi(z)

N
Ea(u) = 9, ufP T8 x
%) = [

i=1
is convex. Thereby =; + 29 is convex on E. Next, we propose to show that the
functional =1 + =5 is weakly lower semicontinuous on E. Making use of Corollary
IT1.8 in [1] we ascertain that is enough to demonstrate the lower semicontinuity of
=1 + Z5. Therefor, we fix u € E and € > 0. Let v € E be arbitrary. By convexity
of 21 + Z5 and Hélder type inequality we have

E1(v) + Z2(v)

> Ei(u) + E2(u) + (E1(u) + Ep(w),v — u)
N
=E1(u) + Z2(u) + / Z |8, u|P 20, ud,, (v — u)dx
Q=1

N
+ / Z u|Pi @) =2y (v — u)da
Q=
N
() +Za0) = [ 3 1o
)

N
1) + Z2(u) = 2( [0y,
i=1

Y
[1]

pi(m)71|v — u|dx

N
Pz‘(z)*l‘aﬁ(v — u)|dz — / Z lu
Qi1

pi(w)71|

IV
[1]

;) |0z, (v =)y (.
) (O (v = W)l

N

) [P i v - Ulpi(-))
i— pi()—1

N

=51 + Z5(0) ~ 23 ([0
pi('))

N
> Ey(u) + Za(u) - 2% (HaziuV’i(x)—l‘ .
i=1 Pt

pi<z)fl|%|am(v—U)Im-)

+ JufP 7 o v—u
pi()—1

+||u

PO 0 ) (100 (v = w)p, (e — ulp,(.
|#>(|»(U wlpiey + v = ulpi(y)
N
1(u) + B (1) = C Y (102, (v = w)lp, ) + v = ulp,())
i=1

= E1(u) + Ea(u) — Cllv — ullz

Y
[1]

for all v € E with |[v — ul|5.y < e/C, where C > 0 is a constant, whence we obtain
the weakly lower semicontinuity of =; + Z5 on FE; that is,

lim inf(23 + Z2) (un) 2 (E1 + E2) (uo). (4.21)

Passing to the limit in (4.16]) and making use of (4.17)), (4.19) and (4.21)) it follows
that

lim inf T (u,) > Ty (uo)

n—o0o
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meaning that Lemma [£.3] holds. O

Then on the basis of these three lemmas above mentioned, we are going to show
what we have proposed to Step 3. We fix A € (A\1,00). In the light of coercivity
and weakly lower semicontinuity of T/{ we can use [I3, Theorem 1.2] to obtain the
existence of a global minimum point of T}, uy € E. Ultimately, to complete Step 3

we have to show only that w, is not trivial. In truth, we have A\; = inf,c g\ {0} LI]IEZ))

and A\; < XA whence we obtain that there is a vy € E so that T3} (vy) < 0. Thus

inf T} < 0,
E
and so we can conclude that u) is a nontrivial critical point of Ti or, in other words,
A is an eigenvalue of problem (1.1)) leading to Step 3 is verified.
Step 4. In this last step we show that A; is an eigenvalue of problem ([1.1)). First
of all we prove two lemmas.
Lemma 4.4. We have that
Ji
lim o()
lullzc)—0 To(w)

Proof. We fix s € R such that

= +o00.

rt <s<q < P*.

It should be noticed that from the condition (3.2]), we have P_ o, = P*. Thereby
s < P_ o and so E — L*(Q)) continuously, whence we obtain the existence of a
positive constant C such that

luls < Cllullz.y Yue E. (4.22)

Without loss of generality we consider that ||u|z.) < 1 for any v € E. By applying

the Jensen’s inequality to the convex function a : Rt — R*, a(t) = t'-, P~ > 2,

using «; and §; defined in Lema and by (4.3) and (4.22) we infer that

Jo(w) _ Jo sz\il (10, ulP'@ + u[Pi®))dz + Ja |u|9®) da
To(u) Jo 9(@)|ul"®)dz
Wy
P_ -1
> (2N)': _
9 == [uls™ + gl = Juls

P p-
N lullse, — (23)" |
@N)P= (gl —_ O™ [lully, + lgl— C7* [l

P e

Given that 7+ > 7= > P~ and passing to the limit in the above inequality it is
obvious that limHuHﬁ(‘)éOQ % = 400 occurs, and so the Lemmais proved. O

Lemma 4.5. Suppose that (u,) converges weakly to u in E. Then we have

lim (I} (up), u, —u) = 0. (4.23)
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Proof. We define @ : E — R by

ﬂw:/m@mmwﬂwwm
Q

Is easily seen that @ is linear and we want to show that is also continuous. Indeed,
by Hélder type inequality (2.1) we have

|®(v)| = |/g(:v)|un|r(w)f2unudx} §/ ‘g(w)|un|r(z)f2unv dx
Q Q

:/mm%w*%mxmm/mw@*wm (4.24)
Q Q

< 2|g|00||un|r(z)71

() |V

e [vl

We have E — L")(Q) continuously, thus there exists a constant C' > 0 such that
[v]py £ Cllvllgey Vv e E.

By the above inequality and (4.24) we obtain the continuity of ®. Then ®(u,) —
®(u), or

lim [ g(2)|un]" ™ 2w, (uy — u)dz =0

n—oo Q

which is exactly (4.23)). O

Now, we return to the proof of Step 4. Let A, \, A\;. Considering the Step 3 we
infer that for any n there exists u,, € E \ {0} so that

(J1(up),v) = A - (I1(un),v) Yo € E. (4.25)
Making the substitution v = u,, in we obtain
Jo(un) = An - Lo(un), (4.26)
and passing to the limit as n — oo we find that

nlLH;O(JO(un) —Ap - Ip(uy)) =0. (4.27)
Now, if we suppose that |luy|5.) — oo, then reasoning as in the proof of Lemma
4.2| we reach a contradiction with . Hence, the sequence (u,,) is bounded in
E. On the other hand, we know that E is a reflexive Banach space, and due to
this reason we deduce that there is an element u € E so that, up to a subsequence,
labeled again (u,), we have that u,, — u in E. Therefore, occurs.
To proceed we use the inequality

(1617728 — || 24s) (& — i) > 27706 —

(see [12] inequality (2.2)]). Replacing in the above inequality & by O, un, ¥; by
O0z,u and r; by p;(x) , and then & by wu,, ¥; by u and r; by p;(x) respectively,
for each i € {1,..., N} and x € Q, then adding the two inequalities obtained, and
taking into account that 27:(*) is bounded, it results that there exists L; > 0 such

"V ER, Yy > 2 (428)
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that
Ll/ ('amun - 8$1u|p1(:c) + |un - u\p’(x)) dx
Q

< / (|awiun|m<r>—28mun - |8mu|p7‘(””)_28mu> (D, ttn — D, 1) (4.29)
Q

+AO%

Also, using again inequality (4.28)), we find that there is Lo > 0 such that
Lg/ |y, — u|1® da < / (|un\Q(m)_2un = |u|q(w)_2u> (up, — u)dx. (4.30)
Q Q

Summing from 1 to N in (4.29) and adding the inequality which we obtain with
(4.30) we can see that

N
Q=

N
Q=1

N

3 (jaal = 20 G = )
Q=1

(2 = 2 1~ i
Q

= (J1(un) = J{(u), un — u).
Taking into account (4.23) and (4.25) and that (u,) converges weakly to u in E,

we arrive at

Pi(i)—Qun — |u

pi(r)_2u> (’u,n—u)dl‘ vl S {17"'7N}'

Pi®=20 wpy — |0,

pi(z)fzﬁwiu> (Op, U, — Oy, u)dx

Pi®) 4wy, —u

pi(l’)) dr

N
L1/le_; (|axiun — Oy,
< (Ji(un) = Ji(u), un — u)
= <J{(un)7un —u) — <J{(u)7un —u)
< W1 (un), g — w)| + [T (w), wn — w)|
= X [(T1 (un), tn, — w)| 4+ [{J1 (0), up — u)| — 0,

as n — 00. By (2.4) we deduce that
N

Z (102, up — Op,u

i=1

i) [ — ulp,y) =0

or equivalently
[un = ullp; ¢y =0,
that is, u, — u in E. Passing to the limit, as n — oo in (4.25), yields
(T3, (u),v) =0 YveE,

which means that u is a critical point for T){l. We intend to show that u # 0 and
this fact would lead us to A1 is an eigenvalue for ([1.1)). To this end we suppose that
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u = 0. Then u, — 0 in E, that is to say, [|un[l5) — 0. Applying Lemma [4.4] we

obtain

JO (un)
Hun”ﬁ(.)‘?() I()(Un)
But, if we pass to the limit as n — oo in (4.26]) we obtain
lim 7(]0(”")
n— 00 Io(un)
which is a contradiction to (4.31). So the assumption made is false, accordingly,

u # 0 and thus A\; is an eigenvalue for problem ([1.1)) and Step 4 is verified.

From Steps 2-4 we obtain Ay < A; and thereby the proof of Theorem is
complete.

= +400. (431)

:A:l?
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