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MULTIPLE POSITIVE SOLUTIONS FOR QUASILINEAR
ELLIPTIC EQUATIONS OF p(z)-LAPLACIAN TYPE WITH
SIGN-CHANGING NONLINEARITY

KY HO, CHAN-GYUN KIM, INBO SIM

ABSTRACT. We establish sufficient conditions for the existence of multiple
positive solutions to nonautonomous quasilinear elliptic equations with p(z)-
Laplacian and sign-changing nonlinearity. For solving the Dirichlet boundary-
value problem we use variational and topological methods. The nonexistence
of positive solutions is also studied.

1. INTRODUCTION

We are concerned with the existence of multiple positive solutions for the problem
—Apyu = Af(z,u), =€, 1
u(x) =0, =€, (L.1)

where Ap,yu = div(|Vu[P®)=2Vu) (is called p(z)-Laplacian), @ C RY a bounded
domain with smooth boundary 9Q for N > 1, p € C1(Q) with p(x) > 1 for all
r€Q, feC(QxR,R), and ) is a positive parameter.

The problems related to the p(z)-Laplacian have been intensively studied. We
refer the reader to [I5] for motivations from electrorheological fluids, and to [3] 4]
ol [6, [, 8, @, 12] for basic definitions, properties, and standard results associated
with the p(z)-Laplacian and the variable exponent Lebesgue-Sobolev space. As far
as the authors know, most studies are related to the positive nonlinearity f(x,u),
and very few are related to the existence of positive solutions for the sign-changing
nonlinearity.

Throughout this article, unless otherwise stated, we assume that for k,I,m € N
and m > 2. We use the following assumptions:

(F1) f(z,0) >0 for all Gg;

(F2) there exist ay, b € C(Q2) and positive constants ¢;, where 1 <k <m, 1<
| < m — 1 such that

0<ai(z) <ecp <bi(z) <ag(z) <eca<by(z) <+ <ceme1 <bmo1(2) < am(x),
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and for all k € {1,2,...,m — 1},

fs) <0, forallzeQandalls € [ag(x),br(z)]Ulam(x), cml,
>0, forallze Qandalls e [by(z),ars1(x)]

where ¢, 1= max, g5 am(2);
(F3) there exists a nonnegative constant d such that f(x,s) > —dsP(® =1 for all
x € Qand all s€[0,6] forsome5>0;
(F4k) ke {2,...,m}, ar € C'(Q), [, ar(x)dz >0, where

ag(z) == F(z,ar(z)) — max{F(x,s) : 0 < s < ap_1(x), z € Q},

where F(z,s) := [; f(z,7)dr for (z,5) € @ x R.

In spite of the fact that (F3) implies (F1), the reason we assumed (F1) is to
compare the conditions which the researchers mentioned below used. Indeed let
us briefly review the previous conditions and results which are related to .
When p(z) = 2, that is, for the Laplacian case, Hess [10] initiated the study about
sufficient conditions for sign-changing nonlinearity to get at least 2m — 1 positive
solutions for sufficiently large . Actually, his conditions was f(z,u) = f(u) and
f € C([0,00),R) with f(0) > 0 and (F2) and (F4k) with ax,b; constants. It is
worth noting that if f € C*(]0,00),R) and f(0) > 0 then (F3) holds automatically.
The p-Laplacian version was established by Loc-Schmitt [I3] with f(0) > 0 (not
f(0) > 0), Hess” assumptions, and some different condition from (F4k). They only
showed the existence of at least m — 1 non-negative solutions but also discussed the
necessary conditions. We emphasize that non-negativity of solutions comes from
f(0) > 0 (see, Proposition [2.3]and Remark [5.1]). Let us note that in the above two
papers the nonlinearity was autonomous.

For the nonautonomous case, when p(z) = p,m = 2, Kim-Shi [I1] showed that
has at least two positive solutions for sufficiently large A\, under the assump-
tions f(x,a1(x)) =0, (F2), (F3) and a condition weaker than (F4k), with k = 2,

(F5) there exists an open ball By of  such that a; € C*(B;) and
F(z,a2(z)) >0, z€ By.

They also showed the nonexistence of positive solutions of (|L.1]) for sufficiently small
A

Motivated by the above results, we shall consider the case of p(z)-Laplacian, m >
2 and sign-changing nonautonomous nonlinearity which are weaker than conditions
of Hess, Loc-Schmitt and Kim-Shi and obtain some results which contain their
results as a special case in a unified way.

2. PRELIMINARIES

In this section we establish a basic setup and some preliminary results concerning
the p(z)-Laplacian problems.

Let C1(Q) := {h € C(Q) : h(z) > 1 for all x € Q}, and for h € C(Q), we
denote h™ = maxg h(z) and h~ = mingh(z). For any p € C4(2), we define the
variable exponent Lebesgue space by Lp(z)(Q) := {u : u is a measurable real valued
function, [, |u(z)[P®) dz < oo} with the norm

ully(ey = inf {A >0 /| Jpe) gy < 13,
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The space (LP®)(Q), || - llp(z)) is a separable, uniformly convex Banach space, and
its conjugate space is L) (Q), where 1/p(z) + 1/q(x) = 1 for all z € Q.
The variable exponent Sobolev space Wl’P(m)(Q) is defined by
W@ (Q) = {u € LP@(Q) : |Vu| € LPD(Q)}
with the norm
lully = lullp@) + [Velllpe)-
We denote by Wy (€) the closure of C§°(2) in W12 (Q). Then W'2()(Q) and

WO1 P (I)(Q) are separable reflexive Banach spaces. Moreover, we have the compact
imbedding WP(@)(Q) < LI1®)(Q) if ¢ € C, () with ¢(z) < p*(x) for all x € Q,

where Np(a)
p*(x):{Npp(z)v p($)<N,

o0, p(z) > N,

(see, e.g., [3, 4, []).
By Poincaré type inequality [0, Theorem 2.7], we can define a norm

[ull = [IVeulllp@)

which is equivalent to the norm || - ||y on W, ” (m)(Q). In what follows, we will use
|| - || instead of || - ||y on Wo "™ ().

Definition 2.1. A function u € Wol’p(x)(Q) is called a (weak) solution to (1.1f) if
/ |VuP® 2Ty - Vo dr = )\/ flz,u)pdr forall ¢ € Wol’p(z)(Q).
Q Q

The next two propositions have a key role in the proofs of the main results.

Proposition 2.2 ([8,[Q]). For each h € L>=(Q) the problem

pr(x)u =h, xel
u(z) =0, x € 00

has a unique solution u = K(h) € Wol’p(m)(Q), Moreover the mapping K :
L®(Q) — CH*(Q) is bounded for some o € (0,1), and hence the mapping K :
L>(Q) — CL(Q) is completely continuous.

Proposition 2.3 ([7,@]). Suppose that u € WHPE)(Q), u >0 and u Z 0 in Q. If
—Apz)u + d(:ﬂ)uq“”)*1 >0 in Q, where d € L>®(Q),d > 0,p(z) < g(z) < p*(x),
then u > 0 in Q, and when u € C1(Q),0u/0v < 0 on Q) where v is the outward
unit normal on OS.

The following lemma gives estimates for a solution of p(x)-Laplacian which has
a cut-off type nonlinear term.

Lemma 2.4. Let g : 2xR — R be a continuous function such that there exists § > 0
such that g(x,s) > 0 if (z,s) € Q X (—00,0] and g(z,s) <0 if (z,s) € Q x [§,00).
If u is a weak solution to problem

—Apyu=g(r,u), =€,
u(z) =0, =z €,

then 0 < u(z) < 5 for almost all z € Q.
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Proof. Putting ¢ = (u — 5)T = max{u — 5,0} € Wol’p(x)(Q), we have

/ |Vu[P® 2Ty - Vo d = / g(z,u(z))pdr < 0.
Q {u(z)>5}

Since

/ IVulP@ =2V - Vo dr = / IV (u—5)FP@ de >0,
Q )

V(u— 3871 =0 ae inQ, and thus u < 5. In a similar manner, taking ¢ =

max{—u,0} € W™ (Q), we have u > 0 almost all 2 € Q. The proof is complete.
O

3. MAIN RESULTS

In this section, we state the main theorems and compare the conditions and
results in [I0, M3, I1]. First, for any A > 0, we define the functional I(A,-) :

WoP™(Q) — R by

I\ ) = / L\ Vu(a)P@ dx — A / Fla,u(@) de, ue W™ (@),
o (@) Q

Theorem 3.1. Assume that (F2), (F3), (F4k) (with k =2,...,m) hold. Then, for
sufficiently large A > 0, has at least m solutions ui(N), ..., un(N) in which
u1 () is a non-negative solution and ug(X), ..., um(X) are positive solutions such
that 0 < ||lu1(MN)|leo < 1 < JuzM)|loo < 2 < -+ < m—1 < |um(N)]loo < m and
I um(N) < --- < I(A\uz(N) < I(Au1(X) < 0. Moreover, if f(x,0) # 0 then
uy 18 also a positive solution.

To obtain more positive solutions, we need to assume:

(F6) p(x) < 2 for all z € Q and there exists a positive constant L such that
f(z,s) + Ls is nondecreasing in s € [0, ¢,,].

Theorem 3.2. Assume that (F2), (F3), (F4k) (with k = 2,...,m), (F6) hold.
Then, for sufficiently large A > 0, equation has other m — 1 positive solutions
U2 (A)y .oy U (X) such that |ag(N)|loo € (ck—1,ck) and k(X)) # uk(X) for k =
2,...,m.

Remark 3.3. Since the existence of L in (F6) is guaranteed, when f € C!, Theo-
rem [3.2]is just Hess’ conclusion.

We have a similar result even in the case that we replace (F4k), with k£ = 2, by
the weaker condition (F5).

Theorem 3.4. Assume that (F2), (F3), (F5) form =2, or (F2), (F3), (F5), (F4k)
(with k = 3,...,m), for m > 3 hold. Then, for sufficiently large A > 0, (1.1]) has

at least m — 1 positive solutions ug(N), ..., um(\) such that ||ug(N)|eo € (ck—1,ck]
and I(A, um (X)) < --- < I(\ uz(X)) < 0. Moreover, if we also assume that (F6)
holds, then there exists other m — 2 positive solutions ts(N),. .., Um(\) such that

lie (M) ||oo € (ck—1,ck) and tk(X) # ug(A) for k=3,...,m.

When aq(z) =01in Q, f(x,0) =0 in 2, and we can show that problem (1.1]) has
a positive Mountain pass type solution under the additional assumption:

(F7) ai(z) =0, and p* < p*(x) for all x € Q.
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Theorem 3.5. Assume that (F2), (F3), (F5), (F7) hold. Then (L.1)) has a positive
solution G (N), which is different from ua(N), ..., um(N), G3(A), ..., Um(X) obtained
in Theorem [3.4] such that ||i1(N)||es < c2 and I(X,@1(X)) > 0 for sufficiently large
A>0.

Remark 3.6. This theorem extends Kim-Shi’s result of p-Laplacian into the case
of p(z)-Laplacian with more humps (for this terminology, see [10]).

For the nonexistence result we need only a simple assumption.

Theorem 3.7. Assume that there exists positive constants C7 and Co such that
f(z,8) <0 for all (z,s) € Q x ((0,C1) U (Ca,00)). Then (1.1) has no positive
solutions for small A > 0.

Remark 3.8. The property of the first eigenvalue of p-Laplacian problem and
Picone’s identity were used in [II], but both are not expected in p(x)-Laplacian
problem.

By Theorems [3.4] 35 and [3.7, we have the following corollary.

Corollary 3.9. Assume that (F2), (F3), (F5), (F7) for m =2, or (F2), (F3), (F5),
(F4k) (with k = 3,...,m), (F7) for m > 3 hold. If f(x,s) satisfies f(x,s) <0
for (z,8) € Q X [y, 0), then problem has at least m positive solutions for
sufficiently large A, and it has no positive solutions for small A > 0. Moreover, if
we also assume that (F6) holds, then problem has at least 2m — 2 positive
solutions for sufficiently large .

4. LEMMAS
For each k = 1,2,...,m, let us consider the truncation of the nonlinearity f(x,s)
as follows;
f(x,0), (z,8) € Qx (—00,0],
fr(z,s) =1 flx,s), (z,8)€Qx(0, ck]
flz,cr), (z,5) €Q x (ck,00).
Then fi(x,s) > 0 for (z,s) € 2 x (—00,0] and fi(x,s) <0 for (z,s) € Q x [ex, ).

For any A > 0, we define the functional Ij (), ") : Wol’p(m) (Q) — R by
1
I\ u) == / —— |Vu(z)|P®) da — A/ Filz,u(z))de, ue WP (@),
o p(x) Q
where Fy(z,s) := [; fr(x,7)dr for (z,s) € Q x R.

Lemma 4.1. Assume that f € C(Q x R,R). Then I ()\,-) is continuously Fréchet
differentiable on WO1 p(x)(ﬂ), and I} (X, -) is of (S4) type operator. Moreover Ij (X, -)

s sequentially weakly lower-semicontinuous, coercive on W Lp(@) (Q) and satisfies
the Palais-Smale condition.

Proof. Let Ix(X,-) = J — AJy, where J(u) = [, p(x)\Vu( 2)[P®) dz and Ji(u) =
Jo Fr(x,u(z)) dx. Since fi(z,s) is bounded it is well known that I (A, -) is contin-
uously Fréchet differentiable, sequentially weakly lower-semicontinuous and coer-
cive on Wol’p(m)(Q) (see, e.g., [6]). The (S4)-property of I}, (A, -) comes from (S4)-
property of J' (see [0]) and the sequentially weak continuity of Jj. Since I} (A, -)
is of (S4) type operator, to show that Ij (], -) satisfies (PS) condition it is enough
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to show every (PS) sequence is bounded. Let {u,}2; be any (PS) sequence of
Ie(A,-) in W™ (Q); i.c., there exists a constant M > 0 such that Iy (A, up)| < M,
for all n and I}, (X, u,) — 0 as n — oco. It follows from the boundedness of f; and
the relation between modular and norm (see [5, Theorem 1.3]) that for n large, we
have

1

1 _
_ PT 1) —
> 2p+(”u"” 1) C/Q\un|da:
1 - 1
_ pm =
> oz lunlP” = CClunll - v
where C' is some positive constant and C is the imbedding constant for [[uy, |11 (o) <
Ch ||t ]|. Thus {u,}3, is bounded in Wy (Q) since p~ > 1. O

Lemma 4.2. Assume that (F1), (F2) hold. Let u be any critical point of I(A,-) for
some k € {1,2,...,m}. Then u € Cy"*(Q) for some a € (0,1) and 0 < u(z) < ¢
for all x € Q. Assume in addition that (F3) holds, then v > 0 in Q and du/ov < 0
on 00 if u Z 0 in Q, where v is the outward unit normal on OS).

Proof. Let u be any critical point of Ix(),-). By Lemma 0 < u(z) < ¢ for
a.e v € . Since u is a nonnegative bounded solution of (L1]), u € Cy*(Q) for
some a € (0,1) in view of Cl*regularity result in the Proposition Hence,
0 < u(z) < ¢ for all x € Q. Assume in addition that (F3) is satisfied, it follows
from Proposition that v > 0 in  and du/dv < 0 on O if u #Z 0 in Q. g

Fix k € {1,...,m} and denote by Cj(\) the set of critical points of I (A, -). Note
that u € Ci(A) if and only if u is a solution of
—Dpyu = Afr(x,u), =€,

u=0, xe€dN. (4.1)

Since I (), -) is sequentially weakly lower-semicontinuous and coercive on the space
Wol’p(z)(Q)7 it follows that Ij(A,-) has a global minimizer ug(A\) € Cx(A) for any
A > 0.

Lemma 4.3. Assume that (F1), (F2), (F5) hold. Then there exists A2 > 0 such
that for all A > Ag,

I\ uz(\) < 0.

Proof. We shall show that, for large A, there exists v € VVO1 P (I)(Q) such that
0 < v(z) < ag(z) for all x € Q and I(A\,v) < 0 = I(),0), which implies that
I(\ uz(X)) <O.
Let us define ve(x) for small € > 0 and B; in (F'5) as follows:
0, x € Q\ B
ve(z) = q aS(x), z € BS\ By

az(z), x € By,
where Bf := {z € Q : dist(z, B1) < €}, as(x) is the function in (F2) and a$(z) is
an appropriate function such that 0 < v.(z) < aa(x), r € Q and v, € C}(Q2). Then
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Fy(z,ve(x)) = F(x,v(x)), € Q and

I(A\ ve)

- [ L ve(x)[P®) da — z,v(x)) dx

= [ S5 V@l de = [ Pla.oa)d

_ 1 oo ()P dp — v a2 d — o af(2) da (4.2)
= [Vl de x| P adea [ P d

1 _
§/7|Vve(x)|p(’”)da:—/\ F(z,as(x))de + AM|Bi \ B,
a p(z) By

where M := max{|F(z,u)| : 0 < u < as(z), = € Q}. By (F5), fB1 F(z,as(x)) dz >

0, and we can choose a sufficiently small constant ¢y > 0 so that

— 1
0< M|B*\ B1| < 5/ F(z,a2(x)) dx.
B1

From (4.2)), we infer

1 _
I\ ve,) < / —|vao(x)|p(’”) d:r:—)\/ F(xz,as(x))de + AM|B° \ B]
Q

p(z) B
< / L Ve (0)P®) de — 3/ F(z, as()) de,
= Ja p(z) 2 /B,
which implies that I (A, ve,) < 0 for sufficiently large X. Consequently, I(A, uz(X)) <
0 for all large A. This completes the proof. O

Lemma 4.4. Fizk in{2,...,m} and assume that (F1), (F2) and (F4k) hold. Then
there exists A\, > 0 such that for all X\ > A, urp(A) € Cr—1(N) and I(A\, up (X)) <
IO\ ukp_1(N).

Proof. Tt is sufficient to show that there exist A\ > 0 and wy, € Wol’p(w)(Q) such
that w, > 0, [Jwg]|eo < ¢k and

I(/\, wk) < I(/\, uk_1) for all A > A, (4.3)
to complete the proof. We first show that for all z € Q,
F(z,up_1(7)) < max{F(z,s): 0 < s < ap_1(x), v € Q}.

The assertion is obvious if u;_1(x) < ax—1(x). For the case ax_1(x) < up—1(x) <
ck—1, we obtain that f(z,ur_1(x)) <0 and

ug—1(x)

ak—l(m)
waMmmzl f@@%+/ f(, 5)ds

k—1(x)
ap—1(x)
< / f(z,s)ds
0

= Plz,ap-1(2))
<max{F(z,s):0<s<ax_1(z), z € Q}.
From this inequality and (F4k) it follows that
F(z,ax(z)) > F(x,up—1(x)) + ag(z), Vo € Q,
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and hence,

/QF(QU, ag(z)) dz > /QF(nzuk,l(x)) dx +/ ai(z) dz. (4.4)

Q
For § > 0, let Qs := {z € Q : dist(x,0Q) < §}. Then |Q5] — 0 as § — 0. For each
small 6 > 0, there exists ws € Wol’p(w)(ﬂ) such that ws(z) = ag(x) for x € Q\Qs
and 0 < ws(z) < ag(z) for x € Q. Thus

/QF(x,w(;(x)) dx = /52\95 F(x,ak(x))d:c—l—/ﬂé F(z,ws(x)) de
= / F(z,ar(z)) de — / [F(x,ar(x)) — F(z,ws(x))] dz
Q Qs

> [ Ple.an(@) de = Cij0).
where Cj, := 2max{|F(z,s)| : 0 < s < ai(z), z € Q}. By (£.4),
/QF(x,w(;(x)) dx > /QF(x,uk,l(x)) dac—l—/ﬂak(x) dx — Ci|Qs].
Fixing § > 0 such that
N = /Qak(x) dx — Ci|Qs] > 0,

and setting wy := ws, we obtain

I()\, wk) — I()\,uk,ﬁ

_ / R (|Vwk|p(”) _ |Vu|p(’”>) de — )\/Q(F(x’wk(gj)) — F(z,u_1(x))) dz

o p(z)
1 (2)
< | ——|Vw [P dax — M,
o p(z)
which implies that there exists Ax > 0 such that (4.3)) is satisfied. O

Next we shall give some results by using the degree theory for (S) type maps in
the Banach space. For the basic properties of the degree of (S ) type maps, we refer
to [2,14]. For each k € {1,2,...,m} and € > 0, let U (Cx())) be the e-neighborhood
of Cr(A) in WP (Q). For m > 2, Cr_1(N) C Cr()) for each k € {2,...,m}. By
Proposition Cr()\) is a compact set in Wol’p(z)(Q).

Let Bg(0) denote the open ball in Wy (Q) with radius R > 0 and center
at the origin. By the boundedness of fi, for sufficiently large R = R(\) > 0,
I;. (A, u)u > 0 for any u € OBR(0). Thus, by the property for the degree of (Sy)
type operator, we have

deg(I;, (), ), Br(0),0) = 1. (4.5)

By the modified arguments which were used in [I0, Lemma 3] for the Hilbert
space, we have the following lemma.

Lemma 4.5. Fix k € {2,...,m} and assume that (F1), (F2), (F6), (F4k) hold.
Then there exists e, = €x(\) > 0 such that for any € € (0, €x),

deg (I}, (A, ), Uc(Cr—1(N)),0) = 1. (4.6)
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Proof. By and the excision property of the degree, for any € > 0,
deg(I}, 1 (A, ), Ue(Ch-1(N)), 0) = 1.
We claim that there exists ;1 > 0 such that, for all € € (0,€,_1) and all u € [0, 1],
pwl (N v) + (1 — p)I (A v) #0  for v € OU(Cr—1(N)).

Indeed, if the assertion were false then there are a sequences of positive numbers
0, approaching 0, and sequences {1, }>2; C [0,1] and {v,}°; C Wol’p(w)(Q) such
that
dist(vy, Cx—1(N)) = O, (4.7)
and
fn T 1 (AN vn) + (1= pn) (A vp) = 0.
Thus v,, satisfies

—Ap)Vn = Mt fro—1(z,vn) + (1 = pin) fr(z,00)), 2 €,
up(z) =0, x €90
Since
pin fr—1(x,8) + (1 = pn) fr(z, 5)
f(x70)7 ( (700,0]7
=3 /(@9), () (0, cx—1],
pn f (T, ck-1) + (1 — pn) f(z, 1), (2,8) € Q x (cg, 00),
by Lemma [2.4] 0 < v,(z) < ¢ for a.e x € Q and all n € N, and thus by Proposi-
tion {0, }22, is relatively compact in C1(Q2). Then, there exist a subsequence
of {v,}5% 4, still denote by {v,}5%,, and v € C1(Q2) such that v, — v in C1(Q). It
follows from (4.7) that v € Cx—1()\). Hence, by Lemma 0 < wv(z) < cp—q for all

z €.
Next, we show that ||v]|cc < cr—1. Indeed, by (F6),

—Ap@y(ck—1) + Lex—1 > f(x,cp—1) + Leg—1 > f(2,0) + Lo = —=Ap v + Lo,

z,8) € Q x
€Qx

and

- Ap(x)(ck,1 - ’U) + L(Ck,1 — ’U) > 0. (48)
Since v =0 on 99, cx_1 —v Z 0 in Q. Applying Proposition with ¢(z) = 2, it
follows from that v(z) < cp_1 for all z € Q and hence ||v] s < ck_1. Since
Up & Cr—1(N\) and ||vp|leo > ck—1, letting n — oo, we get a contradiction. Thus
holds by the homotopy invariance property of the degree. ([l

5. PROOFS OF MAIN RESULTS AND AN EXAMPLE

Now we give the proofs of Theorems and

Proof of Theorem[31. Fix A > max{\; : k = 2,...,m}, where )\ are taken as in
Lemma[4.4] Also as in Lemmal[d.4] denote by uy()) the global minimizer of I, (X, -).
Then, by Lemma and Lemma we have 0 < ug(A) < ¢ and

0 < flur(Nlloo < e1 < flua(MN)[| <2 < -+ <em1 < JlumNlloc < em,

IO um(\) < -+ < I us(N) < IO ui (V) < 0 = I(\,0).
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By Proposition we deduce uz(N),. .., un(\) are m — 1 positive solutions of
problem (1.1). Once again, by Proposition if f(z,0) # 0, then u; is also a
positive solution. O

Proof of Theorem[3.3. First, by Lemma up & Cr—1(A). If uy is not an isolated
critical point of It (A, ), then there are infinitely many positive solutions in Cx () \
Cr—1(X), the proof is complete. Otherwise, uy is an isolated critical point of Iy (), -)
and it follows from [2, Theorem 1.8] that

deg(I},(A, ), Be(ux), 0) =1, (5.1)
where € is so small that
U (Cr—1(N)) N Be(ug) = 0.
By the additivity property of the degree, 7 and ,
deg(I;,(A, ), Br(0) \ (Ue(Cr—1(N)) U Be(uy,)),0) = —1.
Consequently, there exists 4y € Ci(A) \ Cx—1(A) such that @y # ui. By (F6), using

the same argument as in the proof of Lemma 4.5, we conclude that ||ug|lco, %% co
S (Ckfl, Ck).

Proof of Theorem[3]. In the case m = 2, by Lemma Iy (A u2(X)) < 0 for
A > Ao, and ug(A\) £ 0. Hence, uz()) is positive by Proposition In the case
m > 3, fix A > max{\; : k =2,...,m}, where Ao is taken as in Lemmawhereas
Ak (k=3,...,m) are taken as in Lemma Using the same argument as in the
proof of Theorem with noting that Io(A, u2(X)) < 0, it follows that problem
has m — 1 positive solutions ua (), ..., um,(A) such that ||ug(N)||eo € (ck—1, ck]
and T(\,ui(N)) <0 for k € {2,...,m}. If we assume in addition that (F6) holds,
then by the same argument as in the proof of Theorem there exists other
m — 2 positive solutions us(A),. .., Um(A) such that ||ip(N)]e € (ck—1,cx) and
Qg () # ur(A) for k€ {3,...,m}. O

Proof of Theorem[3.3. Since p™ < p*(z) for all z € Q, we can choose a constant g
such that ¢ € (p*,p*(z)) for all z € Q. From the fact that a;(z) =0 for all z € €,
there exists a constant C(q) > 0 such that
fa(z,8) < C(g)|s|"™, (z,5) € AxR,
q
Fy(x,s) < C(q)|8q|, (x,8) € A xR.
Let 0 < § < min{1,1/C,}, where C, is the imbedding constant such that |ul/, <

Cqllu|| for u € Wol’p(x)(Q). For |Ju|| < d, we estimate

u 1 u(z)[P®) x—% u(x)|?dx
B0 > [ S vu@Pe de AL [ juaa

q
1 Clq)Cf _pt +
> [ = AT
Thus, for each A > 0, there exists p € (0,9) such that Io(A,u) > 0 = I3(\,0) if
0 < ||lul]] < p. Fix A > 0 such that I3(A,uz(A)) < 0. It follows from Mountain pass
Theorem that I»(A, ) has another critical point 4; such that

IQ()\,ﬁl()\)) >0 > IQ()\,UQ()\)),
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and thus, for sufficiently large A, problem (1.1} has other positive solution j()\),

which is different from 2m — 3 positive solutions us, ..., Uy, U3, . . ., U, obtained in
Theorem satisfying ||ty (A\)|lco < c2 and I(A, 41 (X)) > 0. O

Remark 5.1. If we replace (F3) by (F1) as in Loc-Schmitt’s work [I3], the con-
clusions of Theorems and Corollary remain valid with the

non-negativity of solutions not the positivity.

Proof of Theorem[3.7. By contradiction, assume that {(\,,u,)}5, is a sequence
such that u,, is a positive solution of with A = A, for each n € N, and A\,, — 0
as n — oo. Then |luy|leo > Cy for all n € N, since f(z,s) < 0 for all x € Q and
0 < s < C;. Indeed, assume on the contrary that |u,|. < Ci for some n € N.
It follows from the comparison principle [9, Proposition 2.3] that w, < 0, which
contradicts the fact that u,, is a positive solution of problem with A = \,.
By Lemma |tnlloo < Cq for all n € N. Let h,, = A, f(+,uy), then A, — 0 as
n — oo in L*°(Q). By Proposition Up = K(h,) — 0 as n — oo in CH(Q)
which contradicts the fact that ||u,|/e > C1 for all n € N. O

Example 5.2. To illustrate Corollary [3.9]in the case m = 2, let us consider the
nonautonomous cubic nonlinearity

flw,s) = 8" (s = b(x)) (e(x) - 5),
where p € C*(Q) with p* < p*(x) for all z € Q, and b,c € C(Q) such that

0 < b(z) < c(z) <1 for any € Q. If we assume that there exists an open ball
B; C Q such that ¢(z) € C*(B;) and

0< (1 + pi) b(z) < ¢(z) in By,

it is easy to verify that all assumptions of Corollary [3.9are satisfied. Thus, problem
(1.1) has at least two positive solutions for large A > 0, and it has no positive
solutions for small A > 0.
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