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COMPOSITION OF SP-WEIGHTED PSEUDO ALMOST
AUTOMORPHIC FUNCTIONS AND APPLICATIONS

CHUAN-HUA CHEN, HONG-XU LI

ABSTRACT. Since the background space of SP-weighted pseudo almost auto-
morphic functions (abbr. SP-wpaa functions) is endowed with a norm coming
from LP norm, it is natural to consider the composition of SP-wpaa func-
tions under conditions of LP norm. However, the known resutls for compo-
sition of SP-wpaa functions were always given under conditions of supremum
norm. Motivated by this, we establish some new results for the composition
of SP-almost automorphic functions and SP-wpaa functions under a “uniform
continuity condition” with respect to LP norm. As an application, we prove
the existence of mild weighted pseudo almost automorphic solutions for some
semilinear differential equations with an SP-wpaa force term. An example of
the heat equation illustrates our results.

1. INTRODUCTION

The concept of almost automorphy, which was first introduced by Bochner [2]
in the earlier sixties, is a natural generalization of almost periodicity. Afterwards,
this kind of property was extended to many interesting cases such as pseudo al-
most automorphy, weighted pseudo almost automorphy, SP-almost automorphy,
SP-pseudo almost automorphy, etc. (see e.g., [II, 4 [I'7, 19, 20, 22] 24]). Meanwhile,
applications to differential equations, partial differential equations and functional
differential equations of these properties have been widely investigated (see e.g.,
[, 8, @, 10, 11} 13} 25] and the references therein).

Recently, a new class of property called SP-weighted pseudo almost automor-
phy was introduced by Zhang et al. [25] and Xia and Fan [22], which is a natural
generalization of both weighted pseudo almost automorphy (introduced by Blot et
al. [1]) and SP-pseudo almost automorphy (introduced by Diagana [4]), and the
properties of this new class of functions were discussed, including the key prop-
erty composition theorem. Meanwhile, as applications, some existence theorems of
weighted pseudo almost automorphic solutions to some differential equations with
SP-weighted pseudo almost automorphic coefficients were obtained.

The main purpose of this work is to make a further study on the composi-
tion for SP-almost automorphic functions and SP-weighted pseudo almost auto-
morphic functions. We notice that some more results were given in this line (see
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[6] [7, 8, 10, 1T, 22, 23] 25]). In these works, a “Lipschitz condition” or a “uniform
continuity condition” with respect to sup norm was needed in the these theorems
(see Remark and for details). It is natural to consider the same problem
under the “uniform continuity condition” with respect to LP norm instead of the
“Lipschitz condition” or “uniform continuity condition” with respect to sup norm.
This is reasonable and necessary since the spaces of SP-almost automorphic func-
tions and SP-weighted pseudo almost automorphic functions are endowed with an
integral norm coming from L? norm. Moreover, the “uniform continuity condition”
is the main condition needed for the known theorems for composition of almost au-
tomorphic functions [I8], pseudo almost automorphic functions [I5] and weighted
pseudo almost automorphic functions [I].

For this purpose, we present some new results on the composition of SP-almost
automorphic functions and SP-weighted pseudo almost automorphic functions un-
der the “uniform continuity condition” with respect to the LP norm (see Theorems
and . As an application, we give an existence of mild weighted pseudo
almost automorphic solutions to the semilinear differential equation

u'(t) = Au(t) + f(t,u(t)), teR,

where f is an SP-weighted pseudo almost automorphic function (see Theorem [4.3)).
Moreover, a concrete example of heat equation is given to illustrate our abstract
theorems at the end of this paper, where the “uniform continuity condition” with
respect to the LP norm is satisfied while the “Lipschitz condition” is not.

2. PRELIMINARIES

We first introduce some classical notation. Let (X, ||-|), (Y, | -]|) be two Banach
spaces, and BC(R,X) (resp. BC(R x Y, X)) be the space of bounded continuous
functions v : R — X (resp. u : RxY — X). Then endowed with the sup norm
llul| = sup;er [|u(t)]], BC(R,X) is a Banach space. C(R,X) (resp. C(R xY,X))
stands for the space of continuous functions from R to X (resp. from R x Y to X).
We note that even though the notation | - || is used for norms in different spaces,
no confusion should arise.

2.1. Weighted pseudo almost automorphic functions.

Definition 2.1 ([2]). (i) f € C(R,X) is said to be almost automorphic if for
every sequence of real numbers {s/,}, there exists a subsequence {s,} such that
g(t) = lim,, oo f(t + $p) is well-defined for t € R, and lim,, o g(t — s,,) = f(t) for
t € R. Denote by AA(X) the set of all such functions.

(ii) f € C(R x Y, X) is said to be almost automorphic if f(¢,u) is almost auto-
morphic in ¢ € R uniformly for all w € K, where K is any bounded subset of Y.
Denote by AA(R x Y, X) the set of all such functions.

Denote by AA,(X) the closed subspace of all functions f € AA(X) with g €
C(R,X). We note that f € AA,(X) if and only if f € AA(X) and all convergences
in Definition are uniform on compact intervals (i.e. in the Fréchet space), and
f is uniformly continuous if g € C(R,X). Moreover, the range f(R) of f € AA(X)
is precompact, and AA(X) is a closed subspace of BC(R,X) (cf. [I7, 19, 20]).
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Let U be the set of all functions p : R — (0, 00) which are locally integrable over
R. For T'> 0 and p € U, set

w(T,p) = / p(t)dt.

-7
Define
U ={p€ U lim w(T, p) = oo}
For p € Uy, T > 0 and f € BC(R,X), denote

1 T
W(T, f, :7/ F@)|lp(t)dt.
(T, f:p) o) ) 1F@®)llp(t)
Then the weighted ergodic spaces PAAG(R, X, p) and PAA (R x Y, X, p) are de-
fined by
PAAYX,p) ={f € BCR,X): Tlim W(T, f,p) =0},

PAAYR x Y, X, p) = {f € BC(R x Y,X) : lim W(T, f(u), p) =0

uniformly in u € Y}.
For p € Us, the spaces WPAA(X, p) and WPAA(R x Y, X, p) of weighted pseudo

almost automorphic functions were introduced in [I]:
WPAAX,p)={f=9+¢ € BOR,X): g€ AAX),¢p € PAAX, p)},
WPAAR x Y, X, p)
={f=9+¢€BCRxY,X):gec AAR xY,X),p € PAA(R x Y,X, p)}.

Lemma 2.2 ([3, 14, 16]). If PAAo(X, p) is translation invariant, then the space
WPAA(X, p) endowed with the supremum norm is a Banach space and the decom-
position of the functions in WPAA(X, p) is unique.

2.2. SP-weighted pseudo almost automorphic functions. In this subsection,
the definitions and basic results on SP-weighted pseudo almost automorphic func-
tions can be found (or simply deduced from the results) in [3] 5] 12} [14], 20] 211 22
20], 25]. We always denote by || - ||, the norm of space L?(0, 1;X) for p € [1,00).

Definition 2.3. (i) The Bochner transform f°(t,s), (t,s) € R x [0, 1], of a function
f:R — X is defined by f°(t,s) = f(t + s).

(ii) The Bochner transform f°(t,s,u), (t,s,u) € R x [0,1] x Y, of a function
f:RxY — Xis defined by f°(t,s,u) = f(t + s,u).

Obviously, if f = g + ¢, then f° = g® + ¢*, and (\f)® = Af® for each scalar \.

Definition 2.4. (i) The space BSP(X) of all Stepanov bounded functions, with
the exponent p, consists of all measurable functions f : R — X such that f° ¢
L>(R, L?P(0,1;X)). It is a Banach space with the norm

t+1 1/p
I£lsr = 1wz =sup ([ 15@IPar)” = sup i+l
teR t teR

(ii) The space BSP(R x Y, X) of all Stepanov bounded functions consists of all
measurable functions f: R x Y — X such that

FPCmy) € L2(R,LP(0,15X)), ¢ f°(t,-y) € LP(0,1;X), tER
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(abbr.
FPloy) € LX(R,LP(0, X)), ¢ f*(t,y) € LP(0,1:X), tE€R)
for each y € Y.

Definition 2.5. (i) The space ASP(X) of Stepanov-like almost automorphic func-
tions (abbr. SP-almost automorphic functions) consists of all f € BSP(X) such that
fb e AA(LP(0,1;X)). That is, a function f € LP (R,X) is said to be SP-almost
automorphic if its Bochner transform f* : R — LP(0,1;X) is almost automorphic
in the sense that for every sequence of real numbers {s/,}, there exist a subsequence

{sn} and a function g € L (R, X) such that
i [[F(E+ s — gl +)llp = Hm gt — sy +-) — f(E+ )], =0

pointwisely for ¢ € R.

(ii) A function f € BSP(R x Y, X) is said to be SP-almost automorphic in ¢t € R
for u € Y, if f(-,u) € ASP(X) for u € Y. Denote by ASP(R x Y, X) the set of all
such functions.

Lemma 2.6 ([20]). (i) (ASP(X),] - |ls») is a Banach space.
(i) f € ASP(X) if and only if f* € AA,(LP(0,1;X)).
(iii) AA(X) is continuously embedded in AS?(X).

For p € Uw, the spaces SPWPAA(X, p) and SPWPAA(R x Y, X, p) of Stepanov-
like weighted pseudo almost automorphic functions (abbr. SP-weighted pseudo
almost automorphic functions) are defined by:

SPWPAA(X,p) = {f =g+ ¢ € BSP(X): g € ASP(X), 8" € PAALP(0,1;X), p)},
SPWPAAR x Y, X, p) = {f —g+¢eBSPRXY,X): gec ASP(R x Y,X),
¢ € PAA(R x Y, LP(0, 1;X),p)}.

Lemma 2.7. (i) Assume that PAA(L*(0,1;X),p) is translation invariant.
Then the decomposition of an SP-weighted pseudo almost automorphic func-
tion 1s unique.

(ii) The space SPWPAA(X, p) equipped with || - ||s» is a Banach space.
(iii) WPAA(X) is continuously embedded in SPWPAA(X, p).

Remark 2.8. Note that Lemma (i) can be proved by the same argument as
that in [I4, Theorem 3.3], and Lemma[2.7] (i) does not hold in general without the
assumption “PAAy(LP(0,1;X),p) is translation-invariant” (see [I4, Remark 3.3]).
Similar result can be found also in [I6, Theorem 2.10, Remark 2.11]. Lemma
(ii) comes from [22] Theorem 3.3], and Lemma ili) comes from [22, Theorem
3.1].

In the sequel, we write u = z +y € SPWPAA(X, p) implies that x € ASP(X)
and y* € PAAy(L?(0,1;X), p), and similarly f = g + ¢ € SPWPAAR x Y, X, p)
implies that g € ASP(R x Y,X) and ¢” € PAAy(R x Y, LP(0,1;X), p).

3. RESULTS ON COMPOSITIONS OF FUNCTIONS

For any bounded set K C X, denote by ASL (R x X,X) C ASP(R x X, X), the
set of all functions such that the convergence in Definition (ii) are uniform for
u € K. In addition, we always assume that p € (1, 00).
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We introduce the following “uniform continuity condition” with respect to the
LP norm for a function h: R x X — X with h(-,u) € L} (R,X) for each u € X:

(A1) For e > 0, there exists o > 0 such that z,y € LP(0,1;X) and ||z —y||, < o
imply that
1At + -, 2() = h(t+ - y()llp <e fort€R.

In the sequel, we say that a function 1) satisfies (A1) means that (A1) holds for ¢
in the place of h.

Let f € ASP(RxX,X). Then for a sequence {s,} C R, there exist a subsequence
{7} and a function g : R x X — X with g(-,z) € L (R, X), z € X such that for
each t € R,

T (| f(t+ Tty 2) = gt 2) [y = Tim [lg(t =7+, 2) — F(t+-2) [, = 0. (3.1)

loc

We will use the following “uniform continuity condition” with respect to the L”
norm:

(A2) f e ASP(R x X, X) satisfies (A1), and for a sequence {s,} C R, there exist
a subsequence {7, } and a function g given above such that g satisfies (A1).

Remark 3.1. (i) It is clear that assumption (A2) implies that f(t,-) : X — ASP(X)
is uniformly continuous and ¢°(¢,-) : X — LP(0, 1;X) is uniformly continuous uni-
formly in t € R. As a result, we can check easily that holds uniformly on each
compact K C X, that is f € ASL (R x X, X).

(ii) If f satisfies (A1), for a sequence {s,} C R, it is not necessary that each
function g associated with some subsequence {7, } of {s,,} satisfies (A1) even in the
periodic case. For example, let f(t,2) = sin2xt, (t,x) € R?. For sequence {1/n},
g(t, x) can be chosen as

2, t=n+axz,nelZ, xze(01),
gt,x) =4 .
sin 27t, otherwise.

It is clear that f satisfies (A1), while g does not. In fact, for o € (0,1), let
z(s) = s,y(s) =s+0/2,s € [0,1]. Then z,y € L?(0,1;X), |z — y||, < o, and for
t=0,
» 1/p
ot +,29) = a4yl = [ o) o655+ 02

(
(/ |2 — sin27rs||pds)1/p > 1.
(

However, if we choose g = f, g satisfies (A1l).

Lemma 3.2. Let h be the function in (A1), and x : R — X with x(R) compact.
For e > 0, there exists a finite set {x}}}"_; C x(R) such that

[A(t+ -zt +)lp <e+m sup ||h(t+ - 2x)lp, tER
1<k<m

Proof. For € > 0, let o > 0 be given by (Al). Since z(R) is compact, we can find
finite open balls O (k =1,2,...,m) with center zj € 2(R) and radius ¢ such that
2(R) C U, Ok. Set By = {s € R: x(s) € Oy}. Then R = Uy’ By. Let E; = By,
E, = B\ (USZ{B;)(2 < k < m), then E;NE; = for i # j and R = U Ey.
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Define a step function & : R — X by #(s) = ay, s € Fx, k=1,2,...,m. It is clear
that ||z(s) — &(s)|| < o for s € R. So ||z(s+ ) —&(s + )|, < 0,5 € R. By (Al),

|h(t+ - z(s+-) —h(t+-,2(s+)lp, <e, tseR
Thus for t € R,
[A(t+ 2+ )p < R+ 2t +) —h(t+ -, 20+ )llp + [[RE+ -2+ ),

<e+t (/tt+1 (s, &)lds) "

m

1/p
—e+ (Y :/ (s, 4)]17ds)
Epnt,t+1]

k=1

mo a4l
<o (2 (s zol7ds) "

<e+m sup |h(t+ -z,
1<k<m

This completes the proof. (I

Theorem 3.3. Assume that f satisfies (A2), and x € ASP(X) with z(R) compact.
Then f(-,z(-)) € ASP(X).

Proof. Let K = z(R). Since f(-,z) € LY

e (R, X) for each z € X and K is compact,

by (A2) and a standard method, it is easy to verify that f(-,z()) € Li, (R, X).
Since z € ASP(X) and f € ASY (R x X, X) by Remark [3.1] (i), for every sequence

{sn} C R, there exist a subsequence {7,,} and functions y : R — Xand g : Rx X —

X with y,g(-,2) € L’ (R,X), z € X such that for each ¢t € R,

loc
lim [|z(t + 7 +) =yt +)llp = lim [jy(t —7 +) =zt +)[p =0, (3.2)
n— oo n—oo

lim sup [f(t + 7 + -, 2) = g(t + -, 2)
T aek (3.3)
= lim sup [|g(t — 7 + -, 2) = f(t +-,2)[l, = 0.
n—oo ZGK
Clearly, implies that y(t) € K for a.e. t € R. Let Ry = {t e R: y(t) € K}.
Then the measure m(R \ Ry) = 0. Fix yo € K, define gy(t) = y(¢t) if t € Ry and
g(t) = yo if t € R\ Ry. Then §(R) C K. Notice that f(r, + -,-) — ¢ satisfies (Al)
for all n (for the same o). Then by Lemma for € > 0, there exists a finite set
{yx}7;, C K such that for t € R,

If(tTnt g(t+)) —g(t+-, g(t+)) [l < 6+m1<s;35 | f (7ot yk)) =g+ yi) llp-

Fix t € R, by (3.3), there exists N7 > 0 such that for n > Ny,

€
sup ||[f(t+ 10+, 2) — gt +-,2)|lp < —.
zeK m

Thus for n > Ny,
1f(E 4704yt +-) =g+ -yt + )y

P B ) gt B+ D <64 ms =2 (34)
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By (3.2), there is N5 > 0 such that for n > No, [|z(t + 7, + ) — y(t + )|, < o,
where o is given by (A1) with f in the place of h. Then for n > N,

[f(E 4T+ a(t+7n+) = fE+ 70+ yE+)p
< Su%“f(T-i- '?x(t+7n + )) - f(T+ '7y(t+ ))HP Se.
re

Now, by (3.4) and (3.5)), for n > max{Ny, Na},
[ft+Tn+ 2+ +) =g+ yt+)lp
SHfE+Tn+a(t+ 70 +0) = FE+ T+ 59+ )
T E+ 7+ -y +1) =gt + -yt +))llp < 3e.
This implies that for ¢t € R,

M [+ 70 42t + 7+ 0)) — gt 4yt + )l =0

(3.5)

Similarly, we can prove that for t € R,
T (gt — 7+, y(t = T ) = £+ (4 ) = 0.

Therefore, f(-,x(+)) € ASP(X). The proof is complete. O

If x € AAX), z € ASP(X) and z(R) is compact. Then we obtain the following
result by Theorem

Corollary 3.4. Assume that [ satisfies (A2) and x € AA(X). Then f(-,z(-)) €
ASP(X).

Remark 3.5. There are lots of works devoted to the composition of SP-almost
automorphic functions, in which the function f is assumed to satisfy a “Lipschitz
condition” of the form

£t u) = f& o)l < L@Olu—vll, wveX, (3.6)
where L(t) is a positive constant in [6, 8], L € AS"(R) with r > max{p, 25} in
[7, and L € BS™(R) with r > p in [10]; or in the form of LP norm in [I1]:

[f(E+-2() = fFE+ -yl < Ll —yllp, teR
where L > 0 and z,y € L (R,X). In addition, f(¢,z) is also assumed to be

loc
uniformly continuous on each bounded subset K’ C X uniformly for ¢ € R in [25];

i.e., f satisfies the “uniform continuity condition” with respect to the sup norm.
The following lemma will be useful later.

Lemma 3.6 ([25]). Let p € Uy, and f € BSP(X). Then f* € PAA(LP(0,1;X), p)
if and only if for any € > 0,

/’I’(MT,E (f)v P)

m =0,
T—oo (T, p)

where

Mro(f) = {t € [=T,T]: [ £(t+ )]y > e}, mwgﬂm=A4Ufmw

Next, we give a result in the composition of SP-weighted pseudo almost auto-
morphic functions.
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Theorem 3.7. Let f = g+ ¢ belong to SPWPAAR x X,X,p) and let u=x +y
belong to SPWPAA(X,p) with x(R) compact. Assume that g satisfies (A2), ¢
satisfies (A1) and {f(-,2) : z € J} is bounded in SPTWPAA(X, p) for any bounded
J CX. Then f(-,u(-)) € SSWPAA(X, p).

Proof. Let I (t) = g(t,x(t)), I2(t) = f(t,u(t)) — f(t,z(t)) and I3(t) = ¢(t, x(t)),t €
R. Then

flt,u(t) = L(t) + L(t) + I3(t), teR.
We have I} € AS?(X) by Theorem So we need only to prove that I3, 1% €
PAA(L*(0,1;X), p).

It is easy to see that Iy € BSP(X) since u and x are bounded and {f(-,2) : z € J}
is bounded in SPWPAA(X, p) for any bounded J C X. Noticing that f satisfies
(A1) since g and ¢ satisfy (A1), for € > 0, let 0 > 0 be given by (A1) with f in the
place of h. Then

L0+ )llp = 1f(E+ - u+-) = f(E+ -t + )l <e
for |ly(t + )|l < o,t € R. This implies that My . (l2) C My ,(y). Here we use the
notation in Lemma Meanwhile, since y* € PAAq(LP(0,1;X),p), by Lemma
B.6,
i HMMro(y), p)
T—o0 (T, p)

Mr (1),
lim (M. (12), p)
T—oo (T, p)
which shows that I3 € PAAy(LP(0,1;X), p).
For ¢ > 0, let o be given by (A1) with ¢ in the place of h. By Lemma there

is a finite set {xy}7", C z(R) such that for ¢ € R,
ot + -zt +))lp <e+m sup o+ -, 25) |-
1<k<m

=0.

Thus
= 0,

Since ¢*(-,z) € PAA(LP(0,1;X), p) for each = € X, there is Ty > 0 such that for
T>Ty,1<k<m,
WL, 6 (-, 21), p) = ——— /T OBt + -, xn)llpdt < —
) 5Lk ), P) = P 5Lk .
w(T,p) J_r P m

Then for T > Ty,
W(T7 I?I:ap) = W(T’ (bb('wr('))vp)
1

T
(T p) /4 p(O)[lo(t + -, z(t + ) pdt

1 T
<e+m sup ——— ¢ t4 o gt
s [ a0t + )

=c4+m sup W(T, ¢b('3wk)7p)

1<k<m

e
<e+m— =2e.
m

This yields that limz ., W(T, 1%, p) = 0. That is I} € PAA(L?(0,1;X), p). The
proof is complete. [
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By Lemma (iii) and Theorem we have the following corollary.

Corollary 3.8. Let f = g+ ¢ € SPWPAAR x X,X,p) and u € WPAA(X, p).
Assume that g satisfies (A2), ¢ satisfies (Al) and {f(-,2) : z € J} is bounded in
SPWPAA(X, p) for any bounded J C X. Then f(-,u(-)) € SPWPAA(X, p).

Remark 3.9. The composition of SP-weighted pseudo almost automorphic func-
tions was also studied in some recent papers, where the functions f = g+ ¢ €
SPWPAAR x X, X, p) are assumed to satisfy a “Lipschitz condition”: Xia an Fan
[22] investigated the case when f and g satisfies (3.6) with constant L > 0 or
L € AS"(R) with r > max{p, ;27 }; Zhang et al. [25] studied the case when f
satisfies

£t u) = f(t,0)|lsp < L(t)|u— vl
where L € BSP(R) and u,v € LI (R,X), and g satisfies the “uniform continuity

loc
condition” with respect to the sup norm. Moreover, the case when f and g satisfy

the “uniform continuity condition” with respect to the sup norm is also studied.

4. MILD WEIGHTED PSEUDO ALMOST AUTOMORPHIC SOLUTIONS

Applying the theorems obtained in the last section, we study the existence of
mild weighted pseudo almost automorphic solutions of the semilinear differential
equation

u'(t) = Au(t) + f(t,u(t)), teR, (4.1)
where A is the infintesimal generator of a Cy-semigroup (T'(t));>0 and f =g+ ¢ €
SPWPAAR x X,X, p) satisfies the conditions of Corollary We recall that

u is said to be a mild weighted pseudo almost automorphic solution of (4.1)) if
u € WPAA(X, p) and

u(t) = / T(t—s)f(s,u(s))ds.

— 00

In the sequel, we assume that PAAy(LP ([0, 1],X), p) is translation invariant. Then
WPAA(X, p) and SPWPAA(X, p) are Banach spaces by Lemma[2.2and[2.7] More-

over, we will use the following assumption:

(A3) T(t) is compact for t > 0 and there exist constants M,c > 0 such that
|T(t)|| < Me=* for t > 0.

Let ¢ > 1 such that 1/p + 1/q = 1. Denote

el —1\1/q >
aO:M( ) , a:aOZe*Ck.
ac k=1

For uw € WPAA(X, p), by Corollary we have f(-,u(-)) € SPWPAA(X,p). So
we can give the following assumptions which will be used later:

(A4) There exists r > 0 such that ||f(-,u("))||sr < r/a for u € WPAA(X, p)
with |Ju]| <.

(A5) Let {uy} be a bounded sequence in WPAA(X, p) and uniformly convergent
in each compact subset of R. Then {f(-,u,(-))} is relatively compact in
SPWPAA(X, p).
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For u € WPAA(X, p), define
Vu= /_ T(t—s)f(s,u(s))ds = /0OQ T(s)f(t—s,u(t —s))ds.

Then we have the following lemma.

Lemma 4.1. Assume that (A3) holds. Then V : WPAA(X, p) — WPAA(X, p) is

continuous.

Proof. For any x € BSP(X), by (A3), for t € R,

JRECNCET RS o N
—eqr 1/q N 1/
<M;(/“e dr) (/Hux@ ) |Pdr)

o0
= a0 Y e HIx(t + k — 2+ )|, < allxls».
k=1

2)
Let u € WPAA(X, p), and denote ¢(t) = f(¢,u(t)). Then ¢p € SPWPAA(X, p) by
Corollary [3.8 Let ) = t1 + 1o with ¢; € ASP(X) and ¢ € PAA(LP([0,1],X), p).
Denote

U, (t) = / T(r)i(t —T1)dr, teR,i=1,2.
0
Then by (4.2), for t,s e R, i = 1,2,
@) < alltllse,

1Wi(t) = i)l < a0 ) e it +k =2+ ) = ils + k=24 ).
k=1

Notice that > pe; e F|J¢h; (t+k —2+-) —;(s+k—2+")]||, is convergent uniformly
in t,s € R. Therefore ¥; € BC(R,X),7 = 1,2. Now the proof is completed by the
following 3 steps.

Step 1. We prove that ¥; € AA(X). For a sequence {s,} C R, since ¢} €
AA(LP(0,1;X)), there exist a subsequence {s,} and a function ¢, € L' (R,X)
such that, for t € R,

T (¢ + sn ) = G+ )y = lim it = s+ ) = Ya(t+)]lp = 0. (4.3)
Let

loc

Wy (t) = /000 T(T)y(t — 7)dr, teR.

It is easy to see that

S et stk -2+ ) —di(t+Ek -2+,
k=1

is convergent uniformly in ¢ € R. Then by (4.2) and (4.3), for ¢t € R,

3o+ 5.) = 01O = | [T TElE+ 50 =) = ale = 7|
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(o]

< ag Y e Fpr(t+sn+k—24) =it +k—2+)p
k=1

— 0 asn — oo.

Similarly, we can prove that
lim ||[U(t—s,) — W, (t)]| =0 forteR.

That is, ¥; € AA(X).
Step 2. We prove that Uy € PAA(X, p). Noticing that PAAq(L?([0, 1], X), p) is
translation invariant, we have

1 T
. b N _ ) o
TIEH W(T,Y5(-+ k—2),p) = lim WT0) / pO) |2t +k — 24 -)||pdt =0,

T—o00 %)

k=1,2,.... Tt is clear that > ;- e~ ¥||ypo(t + k — 2+ )|, is convergent uniformly
inteRand Y o2, e *W(T,¢5(-+k—2), p) is convergent uniformly in 7' € (0, 00).

Then by ,
W V) = s / H/ Yot — 7)dr|dt
(oo}

1 k
o e Fllba(t +k -2+,
M(T,P)[ Okz::l ? Jat

= ap Ze_Ck)/V(T7 (-4 k—2),p) =0 asT — oco.
k=1
This means that Uy € PAA((X, p).

Step 3. We prove the continuity of V. For € > 0, let ¢ > 0 be given by (A1)
with f in the place of h, and u,v € WPAA(X, p) such that ||u — v|| < o. Then
lu(t+-) —v(t+-)|lp < o for t € R. Denote w(t) = f(t,u(t)) — f(t,v(t)),t € R. We
have |lw(t+-)||, < & for t € R by (A1), which yields that ||w||s» < e. Thus by ([£.2),

|[Vu—Vo| = supH/ w(t —7)ds|| < allw||sr < ae.

This implies that V' : WPAA(X, p) - WPAA(X, p) is uniformly continuous. The
proof is complete. O

Assume that (A4) holds, and let
B = {ue WPAA(K, p) : Jul < r},

where r is given by (A4). Then B is a bounded closed convex subset of WPAA(X, p),
and we have the following result.
Lemma 4.2. Assume that (A3)-(A5) hold. Then V : B — B is continuous and
V(B) satisfies the following conditions:

(a) V(B)(t) = {Vu(t) : uw e B} C X is relatively compact for each t € R;

(b) As a set of functions from R to X, V(B) is equicontinuous.

Proof. For u € B, by (A4) and .,

(IVul —supH/ flt—1ut—7))dr|| < allf(ul)|se <7
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Then V : B — B is continuous by Lemma [£.1]
ForteR,0<e<1,uebB,let

Vou(t) = / T — ) (s u(s))ds

—7(e) / Dl — e — ) (5 u(s))ds = T(E)Vult — ).

—00

This implies that {V.u(t) : u € B} is relatively compact in X since T'(¢) is compact.
By (A3) and (A4),

[Vu(t) — Veu(t)]| < /ti 1Tt =) f (7, u(r))l|ldr

<ot [ e D grutrlar

< M(/t: efcq(tf'r)dT> 1/q</tt€ ||f(7',u(7'))de7') 1/p

M
< MY (- u()llse < ——eta.
«

This implies that {Vu(t) : v € B} is relatively compact in X for each t € R, and
(a) holds.

Let u € B, t1,t2 € Rwith ¢; <t and 0 < € < 1 such that n = (ae/(6M7))9 < 1.
We can decompose Vu(ts) — Vu(ty) = J; + Jo + J3, where

Sy = / (Tt — )~ Tt — ) u(r)dr,

—00

bzlt(ﬂm—ﬂ—Tm—ﬂVﬁ#WWﬂ
tg=[2ﬂw—ﬂﬂﬂwﬂﬂf

Since (T'(t))+>0 is a Cp-semigroup and T'(t) is compact for ¢ > 0, there exists
d € (0,n) such that | T(ta —t1 +n) —T(n)|| < e&/(3r) for ta —t; < 6. Then by (A3),
(A4) and (4.2),

\Mﬂzﬂ[rQNb—ﬂ—Tm—ﬂﬁﬁmﬁth

ti—n

::MUm—m+mem»/ Tty —n—7)f(r, u(r))dr]|

ol [Tt = 0=t =0 - ar]

—allf(u()llss
3

€
==,
3r 3

IN
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ty
wms/‘<Mfwrﬂ+Mfwr%wvmmmm
t

1—7

su( [ (o)) f

1=n 1=
< 2MnY f (- u())llsn
< QMnl/qz =
(0%

ty

fruplear) "

€
3

(4.5)
and

ta
HhHS/ Me=e==D)| (7, u(r))||dr
ty

< M /t ) e~ ) " ( /t (et |7ar) " (4.6)

1 1

< MY f(ul)) s
< Mnl/QI — f'
- e’ 6

Combining (4.4)—(4.6]), we obtain
||Vu(t2) — Vu(t1)|| < €.

This implies (b), and completes the proof. a

Now we are in the position to give the main result of this section.

Theorem 4.3. Assume that (A3)—(A5) hold. Then (4.1) has a mild weighted
pseudo almost automorphic solution u such that ||ul|| < r.

Proof. Denote by ¢V (B) the closed convex hull of V(B). Since V(B) C B and B
is closed convex, coV (B) C B. Thus V(coV(B)) C V(B) C @V (B). It is easy to
see that coV/ (1) also satisfies conditions (a) and (b) in Lemma [4.2]since V/(B) does.
By the Arzela-Ascoli theorem, the restriction of €6V (B) to every compact subset
I C R, namely {u(t) : u € @V (B) }1er, is relatively compact in C(I,X).

Let {u,} C @V (B). Then {u,(t)}+cr is relatively compact in C(I,X), and there
is a subsequence of {u,(t)}+cr, denoted by {u,(t)}icr again, which is convergent
in C(I,X). By (A5), {f(-,un(+))} is relatively compact in SPWPAA(X, p). Thus
there exists a subsequence of {f(-,u,(:))}, denoted again by {f(-,u,(-))}, which is
convergent in SPWPAA(X, p), that is for € > 0, there is N > 0 such that

”f(aun()) - f(aum())”SP < 2 for m,n > N.

By , for m,n > N,
[Vun = Vum| = sup Vun(t) = Vum @) < allf(un() = f(um()llse <,

which implies that {Vu,} is convergent in WPAA(X, p). Therefore V : coV(B) —
oV (B) is a compact operator. Now it follows from Schauder’s fixed point theorem
that V has a fixed point u € @V (B). This u is a mild weighted pseudo almost
automorphic solution of such that ||u|| <. The proof is complete. O
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5. AN EXAMPLE

To close this work, we consider the following heat equation with Dirichlet bound-
ary conditions:
0 02 1
—u(t, ) = ~—ult i
3tu( ) 8x2u( ’x)+bln2+cost+cos7rt
u(t,0) =wu(t,1) =0, teR,

+a(t)h(u(t,z)), teR, ze€]0,1],

(5.1)
where a(t) = ﬁ and
h(u) = usin%, u # 0,
0, u = 0.
Let X = L?(0,1), A be defined by Au = «” with domain D(A) = {u € X : u” €
X, u(0) =u(l) =0}, and f = g + ¢ with
1
t,u(t)) = si

9(t,u(t)) = sin 2+ cost + cosmt’
Then (5.1) can be formulated in the abstract equation (4.1) where u(t) = u(t,-) €
X,t €R.

It is well known that A is the infinitesimal generator of a Cy-semigroup (T'(t)):>0
satisfying that T'(t) is compact for ¢ > 0 and |T(¢)|| < e7t for t > 0. So (A3)
holds with M = ¢ = 1. Clearly, ¢ € ASP(X), and it is easy to verify that
PAA)R x X, L?(0, 1;X), [¢|) is translation invariant and

#® € PAAY(R x X, LP(0,1; X), [t]).

Then f € SPWPAAR x X, X, |t|). Moreover, by a long winded but fundamental
calculation (the details are omitted), we can check that f satisfies all the conditions
of Corollary 3.8/ and (A4), (A5), and we can choose r = 2a < 2e. As a result,
has a mild weighted pseudo almost automorphic solution u such that ||ul| < 2« by
Theorem That is the solution v € WPAA(X, |t|) satisfies

o(t,u(t)) = a(®h(u(®), (t,u(t) € R x X,

1 1/2
|lul| = sup ||u(t, -)||x = sup (/ u2(t,x)dx> < 2a < 2e.
teR teR M Jo

It is obvious that f does not satisfy any sort of “Lipschitz condition”. Therefore,
the results in the literature under some “Lipschitz condition” are not applicable.

Acknowledgments. This work is supported by a grant of NNSF of China (No.
11471227).

REFERENCES

[1] J. Blot, G. M. Mophou, G. M. N’Guérékata, D. Pennequin; Weighted pseudo almost automor-
phic functions and applications to abstract differential equations, Nolinear Anal. 71 (2009),
903-909.

[2] S. Bochner; A new approach to almost periodicity, Proc. Natl. Acad. Sci. USA 48 (1962),
2039-2043.

[3] Y. K. Chang, R. Zhang, G. M. N’Guérékata; Weighted pseudo almost automorphic mild
solution to semilinear fractional differential equations, Comput. Math. Appl. 64 (2012), 3160-
3170.

[4] T. Diagana; Ezistence of pseudo-almost automorphic solutions to some abstract differential
equations with SP-pseudo-almost automorphic coefficients, Nolinear Anal. 70 (2009), 3781-
3790.



EJDE-2014/236 SP-WEIGHTED PSEUDO ALMOST AUTOMORPHIC FUNCTIONS 15

[5] T. Diagana, G. M. Mophou, G. M. N’Guérékata; Fzistence of weighted pseudo almost periodic
solutions to some classes of differential equations with SP-weighted pseudo almost periodic
coefficients, Nonlinear Anal. 72 (2010), 430-438.

[6] T. Diagana, G. M. N’Guérékata; Stepanov-like almost automorphic functions and applica-
tions to some semilinear equations, Appl. Anal. 86(6) (2007), 723-733.

[7] H. S. Ding, J. Liang, T. J. Xiao; Almost automorphic solutions to nonautonomous semilinear
evolution equations in Banach space, Nolinear Anal. 73 (2010), 1426-1438.

[8] H. S. Ding, J. Liang, T. J. Xiao; Some properties of Stepanov-like almost automorphic func-
tions and applications to abstract evolution equations, Appl. Anal. 88(7) (2009), 1079-1091.

[9] H. S. Ding, W. Long, G. M. N’Guérékata; A composition theorem for weighted pseudo-almost
automorphic functions and applications, Nolinear Anal. 73 (2010), 2644-2650.

[10] Z. B. Fan, J. Liang, T. J. Xiao; Compostion of Stepanov-like pseudo almost automorphic
functions and applications to nonautomous evolution equations, Nolinear Anal. 13 (2012),
131-140.

[11] Z. B. Fan, J. Liang, T. J. Xiao; On Stepanov-like (pseudo) almost automorphic functions,
Nolinear Anal. 74 (2011), 2853-2861.

[12] H. X. Li, L. L. Zhang; Stepanov-like pseudo-almost periodicity and semilinear differential
equations with uniform continuity, Results. Math. 59 (2011), 43-61.

[13] J. Liang, G .M. N’Guérékata, T. J. Xiao; Some properties of pseudo almost automorphic
Sfunctions to abstract differential equations, Nolinear Anal. 70 (2009), 2731-2735.

[14] J. Liang, T. J. Xiao, J. Zhang; Decomposition of weighted pseudo-almost periodic functions,
Nonlinear Anal. 73 (2010), 3456-3461.

[15] J. Liang, J. Zhang, T. J. Xiao; Composition of pseudo almost functions, J. Math. Anal. Appl.
340 (2008), 1493-1499.

[16] G. M. Mophou; Weighted pseudo almost automorphic mild solutions to semilinear fractional
differential equations, Appl. Math. Comput. 217 (2011), 7579-7587.

[17] G. M. N’Guérékata, Almost Automorphic and Almost Periodic Functions in Abstract Spaces,
Kluwer Academic Plenum Publishers, New York, London, Moscow, 2001.

[18] G. M. N’Guérékata; Quelques remarques sur les fonctions asymptotiguement presque auto-
morphes (Some remarks on asymptotically almost automorphic functions), Ann. Sci. Math.
Quebec 7 (2) (1983), 185-191 (in French).

[19] G. M. N'Guérékata; Topics in Almost Automorphy, Springer-Verlag, New York, 2005.

[20] G. M. N'Guérékata, A. Pankov; Stepanov-like almost automorphic functions and monotone
evolution equations, Nolinear Anal. 68 (2008), 2658-2667.

[21] A. Pankov; Bounded and Almost periodic Solutions of Nolinear Operator Differential Equa-
tions, Kluwer, Dordrecht, 1990.

[22] Z. N. Xia, M. Fan; Weighted Stepanov-like pseudo almost automorphy and applications,
Nolinear Anal. 75 (2012), 2378-2397.

[23] Z. N. Xia; Weighted pseudo almost automorphic solutions of hyperbolic semilinear integro-
differential equations, Nonlinear Analysis 95 (2014), 50-65

[24] T. J. Xiao, J. Liang, J. Zhang; Psudo almost automorphic solutions to semilinear differential
equations in Banach space, Semigroup Forum 76 (2008), 518-524.

[25] R. Zhang, Y. K. Chang, G. M. N'Guérékata; New composition theorems of Stepanov-like
weighted pseudo almost automorphic functions and applications to nonautonomous evolution
equations, Nonlinear Anal. Real World Appl. 13 (2012), 2866-2879.

[26] L. L. Zhang, H. X. Li; Weighted pseudo-almost periodic solutions for some abstract differen-
tial equations with uniform continuity, Bull. Aust. Math. Soc. 82 (2010), 424-436.

CHUAN-HuUA CHEN
DEPARTMENT OF MATHEMATICS, SICHUAN UNIVERSITY, CHENGDU, SICHUAN 610064, CHINA.
SCHOOL OF MATHEMATICS AND STATISTICS, CHONGQING UNIVERSITY OF TECHNOLOGY, CONGQING
400054, CHINA

E-mazil address: chenchuanhua8@163. com

HoNG-XU LI (CORRESPONDING AUTHOR)
DEPARTMENT OF MATHEMATICS, SICHUAN UNIVERSITY, CHENGDU, SICHUAN 610064, CHINA
E-mail address: hoxuli@scu.edu.cn



	1. Introduction
	2. Preliminaries
	2.1. Weighted pseudo almost automorphic functions
	2.2. Sp-weighted pseudo almost automorphic functions

	3. Results on compositions of functions
	4. Mild weighted pseudo almost automorphic solutions
	5. An example
	Acknowledgments

	References

