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EXISTENCE OF SOLUTIONS TO NONLINEAR PARABOLIC
UNILATERAL PROBLEMS WITH AN OBSTACLE DEPENDING
ON TIME

NABILA BELLAL

ABSTRACT. Using the penalty method, we prove the existence of solutions to
nonlinear parabolic unilateral problems with an obstacle depending on time.
To find a solution, the original inequality is transformed into an equality by
adding a positive function on the right-hand side and a complementary condi-
tion. This result can be seen as a generalization of the results by Mokrane in
[I1] where the obstacle is zero.

1. INTRODUCTION

The main purpose of this article is to prove the existence of a solution to a
nonlinear parabolic inequality of obstacle type. Our problem is associated to a
second-order nonlinear operator of Leray-Lions type. We prove that actually the
solution satisfies an equation with a modification of the right-hand side by a positive
function and a complementary condition. This result can be seen as a generalization
of the result obtained Mokrane [I1] when the obstacle is zero.

Statement of the problem. Let  be a bounded Lipschitz open set of RN with
boundary 9 and T a positive real number. Set Q = Q2 x (0,7) and ¥ =T x (0, 7).
Given functions ug and ¥ we look for a solution w to the problem

%: +A(w) +g(u,Du) — f=p in Q= 0x]0,T], (1.1)
u>Y, >0, plu—v)=0 inQ, (1.2)
u(z,t)=0 on X, (1.3)

u(z,0) =up(x) in Q. (1.4)

Here A is a Leray-Lions operator from LP(0, T} VVO1 P(Q)) into its dual, f belongs
to Lp/(Q) and g(z,t,u, Du) is a nonlinear term, the prototype of which is u|Dul|?
with ¢ < p — 1, we suppose that p > 2.

When g is equal to zero, the corresponding result has been proved e.g. in [§]. On
the other hand, the equation associated with the unilateral problem , ,
(1.4) (i.e. the case where p = 0 in , the conditions being omitted) has
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been solved in [5]. Here we extend Mokrane’s result [I1], by utilizing different
techniques. For ¢ = 0, [I1] proved the existence of a solution.

Considered just as an equation (without obstacle) or as a variational inequality
this problem, or very similair ones with various types of hypotheses on the operator
A (or the function a(x,t,s,&) see below), g and the data have been addressed by
several authors, [I} 2 [].

For some of these results, an extra condition on the form a(x,t,s,.) applied
to the positive part on any test function is added. It seems for us that it is more
interesting and realistic, to avoid this condition, and replace it by an extra regularity
condition on the obstacle. Moreover these authors did not deal with the existence
of the function p and the complementary condition p(u — ) =0 in Q.

In this article we use a regularization-penalization procedure and a compactness
result analogous to the ones introduced [I1], and some other different techniques.

This article is organised as follows. The first part is devoted to the hypothe-
ses and the setting of the main result. In the second one we proceed by the
regularization-penalisation method. We construct a one parameter family of so-
lutions and prove some estimates on these approximate solutions. In the third part
we prove the convergence of an extracted subsequence of this family, to a solution
of our problem.

2. HYPOTHESES AND THE MAIN RESULT
Let © be a bounded subset of RY | with Lipschitz boundary 02, Q be Qx]0, T for
agiven T, 0 < T < oo and ¥ = 90x]0,T[. Let p and p’ be fixed with 1% + i =1,
2 < p < oo, Wol’p(Q) is the usual Sobolev space equipped with the LP norm of
the gradients. Let A be a nonlinear operator from LP(0,T; W, () into its dual
LP (0, T; W=2#'(Q)) of Leray-Lions type defined by
A(u) = —div(a(z, t,u, Du)),
where a(x,t, s,€) is a Carathéodory function such that
a(x,t,5,6) < BllsP + €PN + k(@) k(e t) € 27(Q), >0

[a(z,t,5,8) —alx,t,s,n)][§ —n] >0, VEF£n (2.1)
Let g(x,t,u, Du) be a nonlinear lower order term having growth of order g,
(¢ < p— 1) with respect to |Du| and of order m (1 < m < p — ¢q) with respect

to |u| and satisfying a sign condition. To be more precise we assume that g is a
Carathéodory function such that

lg(z,t,5,8)] < b(|s|)(h(z, 1) + [£]7) (2.2)
where 1 < g <p—1, h € L*(Q), and b : Rt — R™* is a continuous, nonnegative
increasing function, having growth of order m, (1 < m < p — ¢) with respect to |ul:

b(lul) <p+ ™, p>0,1<m<p—g (2.3)
g(z,t,5,6)s >0 Y(x,t,56) € QxR xRV, (2.4)

We have the following assumptions on ug, f and ¥:
ug € L*(Q), (2.5)

fer”(Q), (2.6)
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Y€ LP(0, T;WHP(Q)) with ¢ <0 on X, (2.7)
P(0) <wp  ae. in Q,
vt e L7(Q),

o
) (2.10)

Also we assume a complementary condition on a and ¥,
div(a(z, t,u, DY) € L¥ (Q) for u € LP(0,T, W} () (2.11)

and is bounded in L” (Q) on bounded sets of L?(0, T, W, " (£2)).
Our main result is the following.

Theorem 2.1. Under assumptions (2.1)—(2.10|) there exist at least one pair of
functions w and p which are a solution of (L.1)—(1.4) and satisfy

w e L(0,T; L*(Q)) N LP(0,T; W, P (2)), (2.12)
% — M\ A with A € LP (0, T; W= (Q)), As € LNQ), (2.13)
u>1  in Q, (2.14)
pe L’(Q), (2.15)
>0, (2.16)
g(x,t,u, Du) € LYQ) and ug(x,t,u, Du) € L}(Q), (2.17)
0

S5+ AW + gl tou, Du) = f = in Q. (2.18)
plu—v)=0 inQ, (2.19)

0 1,7 : p N
we C°0, T, W~"(2)) forr<1nf(p,p_1,N_l), (2.20)
u(x,0) = ug(x) in Q. (2.21)

3. PROOF OF THE THEOREM [27]
3.1. Approximate solutions. For ¢ > 0, we define
x,t, s,

g(ot,5,6) = ALl %S) (31)

1+elg(z,t,s,8)|
and we denote by u. the solution of the approximate and penalized problem

ou,
ot

—div(a(,t, us, Due)) + ge(,t, u., Du.)

€P71|(U6 _w)i‘pi%ue—qﬁ)i =f, in@,
ue(2,0) = up(x), =€ Q, (3.2)
ue =0 on X,

ue € LP(0,T; Wy P (%))

which has a weak solution by the classical result of Lions [10], Donati [8], where v~
denotes the negative part of v, i.e. v~ = sup(0, —v), for any function v.
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The function u, is a solution of (3.2 in the following sense:

Ue € Lp(}()?T[? W()l’p(Q)) n C([O7T]7L2(Q))7

% S LP/(O7T; W_lyp/ (Q))7 Ug(x7 0) — uo(x)’
/T<8ug U}dt+/a(xtu Du )Dvdmdt—i—/g(mtu Du.)vdz dt
O 8t b Q Yy (58] € Q g Y (%) g (3.3)
1 _ p—
- €p71 /Q((ua - ¢)_)p 2(“5 - w) vdxdt

:/fvdxdt, Vv € LP(J0, T[, WyP (€2))
Q

3.2. LP(0,T; W, ’p(Q)) estimate of u.. Recall that since ¢ € LP(]0, T[, W1P(12)),

p > 2and % € LP(Q), we have ¢y € W' (Q). From this and by a slight

modifaction of the [14, Lemma 1.1], we deduce that % e L”(Q) and (u. — ¢)
is a possible test function. We use it in .

Multiplying by the test function (ue — ¥*) we get, denoting by (,) the
duality pairing between Wy*(€) and its dual

/t<a( -y ) Y 4 +/ / a(z, ', ue, Dus)D(ue — ) dz dt’

/ /gs x,t' uc, Du.)(ue — ) da dt’
erm 1/ /' )PP (ue = ) (ue — ¢t dadt!

//ff— . — YT dzdt.

which implies

1 t
§||u6(t) —w+(t)||%2(9) —l—/o /Qa(:zc,t’7uE,DuE)DuE dx dt’

t
—l—/ /uagg(x,t’,uE,Dua)dxdt’
— / (e = 9) @y + g / [l =0y Pt dear
1 0
=§H(uo— )1 720 + // 1/1 Jue da dt’ — / /Q ¢+d dt’

t
—|—/ /a(x,t',uE,Dug)Dw+dxdt'+/ /1/)+gs(m,t',u€,DuE)dmdt’.
0o Ja 0o Ja

(3.5)
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Using the conditions (2.1)), (2.2)), (2.3), (2.4), (2.9), Poincaré and Hélder inequal-

ities we obtain

/ la(z,t, ue, Du) Dyt | dx dt

Q

§ﬁ/ |u5|P—1‘D¢+|dxdt+ﬂ/ ‘Dus|p_1|Dz/J+|dxdt—|—/ \k(z,t)| | Dy | du dt
Q Q o

S 9/ |Du8|pd1‘dt—|—M1 +M2,
Q
(3.6)
and

¢
’/Qz/ﬁgg(x?t,ug,Dug)dxdﬂ < 39/0 \Dugﬁp(m dt’ + Ms,

where 6 is any positive real number and M7, M and M3 depend on the data 6 and
T.

By ([2.1), we obtain

¢ ¢ t
/ / a(z,t',ue, Dus)Due dz dt’ > a/ / |Du.|P dz dt’ = a/ |1 Due |75 oy dt’
0 Jo 0 Ja 0

(3.7)

Moreover, since f, Bg—: € LV (Q) and ug € L*(Q) we deduce from (2.9) and Hélder
inequality that

// ——uedmdt // ¢+d dt+2ll(uo—w+(0))\liz<m

< My + 9/ ||Du5||ip(9)dt'
0
(3.8)
Now we deduce from (3.5)) and inequalities (3.6| and (3.8 that

Slluet) = 0 (1) 3y + a—w/nuenwu

//uagE 2, t' ue, Dug) dx dt’ + g 1/ Il (u )”Lp(g)dt/ 59)

o [ = 02— vy i
< My + My + M3 + My.

8

Choosing 6 small enough (for example 6 = {3) it results that

||u5||L1)(O)T;W01‘p(Q)) < Cl; (3.10)

luellzoe0,7;22(0)) < Co, (3.11)

/ U=ge (2, T, ue, Due) dr dt < Cs. (3.12)
Q

Note that 6, M; and C; denote nonnegative constants which do no depend on .
Then by extracting a subsequence also denoted by u., we see that there exists

ue € LP(0,T; Wy P(€2)) N L0, T; L*()) (3.13)
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such that
ue — u  weakly in LP(0,T; W, ?(Q)), (3.14)
u. — u weakly star in L°°(0,T; L*(Q)) (3.15)
Then ([2.12)) is proved.
3.3. LP(Q)-estimate of % The equation (3.2]) can be written as
. —
% —div[(a(z, t,ue, Due) — a(x, t,ue, DY))] + g (z, t, ue, Duc)
1 e _
ep-1 [(ue — )~ P 2(“5 — 1) (3.16)
=f- %—f +div(a(z, t,ue, Dv)), in Q.

Multiplying (3.16]) by the test function — =¥ e obtain

1 (T 0(u. — ) _
—g/o <T»(Us—1/)) )dt

1

Tz /Q[(a(xvtausvDus) - a(xatvusvD'L/J))]D(ue — )" dzdt

. (3.17)

1
- / (ue — ¥)~ ge(, t,ue, Duc) dx dt + —/ [(ue — )~ |P dxdt
€ Q ep Q

1 /T o _
== <f — — +div(a(z, t, ue, D)), (us — ) >dt.
e Jo ot

Using (2.6), [2:10), @2-11), we have f— 52 +div(a(x, t,uc, Dy)) € L¥ (0, T; L¥ (2)),
then using Young inequality the right hand side of (3.17) is absorbed by the fourth
term of the left hand side. On the set where u. < 1, thanks to the strict monotony,
the second term is non negative.

Concerning the third term of (3.17)), we can rewrite it in the form

1

I:ff/ (ue — )~ ge(x, t, ue, Du,) da dt
€ {uaSw,us<0}

1

_ EA }(us - ¢)795($,t,ue7Dug) dl’dt = Il + 12’
0<u<v

by the sign condition on g, I; is non negative.

For I, using the growth condition on g, h,b and T, we can easily obtain two
positive constants K7 and Ks such that |g(x, ¢, u., Du.)| < Ky + Ka|Du,|?. Then
I> can be estimated as follows

|I2|§K1/ Mdajdt+l{2/ ‘DuE|Qdedt
{0<u. <y} € {0<u <y} €

= A1 + As.

It is clear that | 4| < C||%||LP(Q). For Ay we use (3.10) and Holder inequality
to obtain

A2 :KQ/ |D’U/E|qwd$dt
{0<u- <y} €
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1
p

<8 [y (007) () e

with 2 + L = 1. Choosing r such that gr = p and thus ' = ppfq, one has Ay <

|l (“E;wr |2 (q)- Since ¢ < p—1 and thus 7" < p, we get [4s| < C||@||LP(Q).
Therefore, we obtain
(ue —¥)~
H%Hip(@) <C (3'18)
From (3.18) we infer that
(ue — )~ — 0 strongly in LP(Q) (3.19)
and thus
u>1 a.e on@Q (3.20)
which proves (2.14]).

3.4. Equi-integrability of g.(x,t, uc, Du.). Now we adapt a method of [I5] to
prove the equi-integrability of g.(z,t, us, Duc). For § > 0, define the sets

Fs ={(z,t) € Q : |u| <},

Gs = {(z,t) € Q : Ju| > 6}
Using the estimates on u., the conditions , and , for any

measurable subset £ C @), we have

/ |g6(x7tauEaDug)|d$dt

E

:/ |ge($7t7U5,Du5)|dl‘dt+/ lge(x, t, ue, Du.)| dx dt
ENFs ENGs

1
S/ (p + [uc|™) (h(z,t) + |Duc|?) dz dt 4 < U:ge (2, t, ue, Du.) dz dt
BNFs 0 JEnas

< (p+§m)/ (h(z,t) + |Du€\Q)dxdt+%/ Uege (T, t, ue, Dug ) da dt
E E

m ~% L
< (p+ ™) (Il =@ Bl + CI(1B)'#) + <Cs.
(3.21)

From ([3.21)), by choosing first ¢ sufficiently large and the measure of E sufficiently
small, we deduce that

ge(x,t, ue, Du,) is equi-integrable. (3.22)
Note also that (3.21) with F = @ implies
ge(z,t,uc, Dug) is bounded in L'(Q). (3.23)

3.5. Almost pointwise convergence of u. and Du.. From (3.2]) we can write
Oie = A+ A5, with A5 = g-(z,t,u., Du.). Since u, is bounded in LP(0, T} WP ()
(see (3.10) and @ is bounded in LP(Q) (see (3.18))) we deduce from ([3.23))
that

Ou,

ot
with A$ bounded in L (0, T; W17 (Q)) and A5 bounded in L(Q).

=25+ A3 (3.24)
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Since g.(x,t,u., Du.) is equi-integrable in L'(Q) we can extract subsequences
(still denoted by A§ and A§) such that

XS = A weakly in LP' (0, T; W17 (Q)), (3.25)
A5 — Ay weakly in L'(Q) (3.26)
This implies
o , :
a—? =\ + X € LP (0, T; W17 (Q) + LY(Q) (3.27)

which proves (2.13).
From ([3.24) and the estimate (3.10) on u. we have

u. is bounded in LP(0,T;W,"()) with 24 bounded in
LP (0, T; W=7 (Q)) 4+ L*(0,T; L*(Q)) c LY(0,T;W~17(Q)) (3.28)

for all r < inf{%7 %}.

Since WyP(Q) € LP(Q) € W17(Q) for p > r, the first injection being compact, a
lemma of Aubin’s type (see eg. [13| corollary 4]) implies that
ue — u strongly in LP(0,T; LP(Q)) (3.29)
which also implies that at least for a subsequence; still denoted by wu.,
U —u  a.ein Q. (3.30)

Then we apply a compactness result due to Boccardo and Murat [5] [6], and more
precisely [6, Theorem 4.3 and Remark 4.1]. Since u, is bounded in L?(0, T; W, *(Q))

and since
Ou,
ot

in view of the approximation g.(w,t, uc, Du.) which is weakly compact in L'(Q)
see (3.22)), (3.23) and (3.18]), we have (for a subsequence)

Du. — Du strongly in LY(Q)Vq < p, (3.32)

— div(a(z, t, ue, Dug)) = AS + A5is bounded in LP (Q) + LY(Q), (3.31)

which implies
Du. — Du a.ein Q. (3.33)

3.6. Passing to the limit in the equation. Using (3.1]) and

ge(x,t,ue, Due) — g(z,t,u, Du) a.ein @, (3.34)
which follows from ({3.30)), (3.33) and (3.22), we deduce, by Vitali’s theorem, that
ge(z,t,ue, Dug) — g(z,t,u, Du) strongly in L*(Q). (3.35)

Moreover since uge(z,t,ue, Du:) > 0 a.e. in Q and by , Fatou’s lemma
implies
ug(w,t,u; Du) belongs to L'(Q). (3.36)
which completes the proof of .
Similarly since u. is bounded in L (0, T; W, () (see (3:10)) and since u. and
Du, tends to v and Du a.e in @ we have

a(z,t,ue, Du.) — a(z,t,u, Du) weakly in L (Q). (3.37)
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Since “==%1_ is bounded in LP(Q) (see (3.18))

1
gp—1

and we have p € LP (Q), > 0 which proves (2.15)), (2.16). Therefore we can pass
to the limit in each term of (3.2)) and thus prove that equation (2.18]) holds.

Let us now prove (2.19)); i.e,
pw-(u—1)=0 ae. inQ.

This follows from the equality

[(ue =)~ [P~ (ue — )~ = weakly in L (Q) (3.38)

—|p— — Ue — 'l/} B
op—1 (e = )17 (ue — )" (ue — ) = 75|%|p
since u. tends to u strongly in LP(Q) (see (3.29)) while = |(ue —¢) 7 [P~2(ue — 1)~
tends weakly to p in L?' (Q) and We=%)" i hounded in Lr(Q).

€

3.7. Initial condition. To complete the proof of the Theorem it remains to prove
that (2:20) and (2:21) hold. We first prove that for r < inf{"~, =g

u. — u  strongly in C°(0,T; W~17(Q)). (3.39)

This allows us to pass to the limit in u.(x,0) = ug(x) and implies that u satisfies
the initial condition.

Recalling that g.(x,t,u., Du.) converges in the strong topology of L'(Q), (see
(3.35)) we can improve (3.24) to

ou,
ot

= A+ A5 (3.40)
with XS bounded in the space L? (0,T; W~=2#'(Q)) and A5 relatively compact in
LY(0,T; L' (Q)). Since

WP (Q) + LY(Q) ¢ W (Q), (3.41)
for all h > 0 we have

Jue(t + h) = ue(t)lw—r.r @)

t+h
1[5+ ) oo

t

o o (3.42)
<C [ Il +C [ DSt

t t

1
< Chv H)‘i”LP’(O,T;W*LP’(Q)) + ClIAZN L tnszr ()

which in view of (3.40) implies that the function u. is uniformly equicontinuous
in C°(0,T; W17 (Q)). Since u. is bounded in L>(0,T; L*(Q)), (see (3.11)) we
deduce from Ascoli’s theorem (see, eg [I3l Lemma 1]) that u. is relatively compact

in CY(0,T; W~17(Q)) which proves (3.39).
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Remarks. In this article, we assumed that p > 2, and realized that does not seem
to be easy extending this method for the case p < 2.

It seems difficult to avoid a supplementary condition on 1) like . A similar
condition is assumed for example in [§, hypotheses (9), (10)]. The condition
can be seen as follows: let us define for u € L?(0, T, W, *(2)) the function G = f —
% +diva(x,t,u, D). The hypotheses on a, v are set in order to have G € 2 Q).
In the case where a is independent of wu, this is essentially a regularity condition on
the obstacle . If a depends on u, then with suitable condition on the derivative of
a(x,t, s,&) with respect to x, s, one can see that is satisfied by a function a
of the form a(z,t,s,&) = b(w,t,s)|[P72E.
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