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QUASILINEAR PROBLEMS WITH TWO PARAMETERS
INCLUDING SUPERLINEAR AND GRADIENT TERMS

MANUELA C. REZENDE, CARLOS A. SANTOS

ABSTRACT. In this article, we establish conditions for the existence of solu-
tions for a quasilinear elliptic two-parameter problem with dependence on the
gradient term in smooth bounded domains or in the whole space RY. We
consider superlinear and asymptotically linear terms. Estimates on the values
of two parameters for which the problem have solutions are provided.

1. INTRODUCTION

This article concerns the existence of solutions and estimates of the intervals of
parameters for which the problem

—Apu = a(z)f(u) + Xb(x)g(u) + pV(x,Vu) in Q,

u>0 inQ, u=0 ondN, (1.1)

has a solution. Here, Ayu = div(|Vu[P™2Vu), 1 < p < oo, denotes the usual
p-Laplacian operator; A > 0; u > 0 are real parameters; f,g : (0,00) — [0,00);
a,b: Q — [0,00) with a,b # 0; V : Q x RV — [0,00) are continuous functions
satisfying appropriate hypotheses and either Q C R is a smooth bounded domain
or 2 =RY. When 2 = R¥, the condition u = 0 on 92 means that u(z) — 0 when
|z| — oo.

By a solution of we mean a function v = uy , € C*(Q)NC(Q), with u > 0
in Q, v =0 on 092 and

/ |VulP~2VuVedr = / [a(z) f(u) + Xo(z)g(u) + pV(x, Vu)]d dz,
Q Q

for all ¢ € C§°(Q2).

In this article we say that a function h : (0,00) — [0,00) is (p — 1)-sublinear at 0
or at +oo, if limg_ h(s)/sP~! = oo or lim, .o, h(s)/sP~1 = 0 respectively; (p — 1)-
superlinear at 0 or at +oo, if lims_gh(s)/sP™1 = 0 or lims_ h(s)/sP"1 = oo
respectively and (p — 1)-asymptotically linear, if there are positive and finite num-
bers that correspond to the values of these limits. To abbreviate, we say sublinear,
superlinear and asymptotically linear nonlinearities, respectively. In particular, a
sublinear term h at 0 is called singular at 0, if lim,_,q+ h(s) = co.
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For ;1 = 0, problems like have been intensively studied in recent years,
including sublinear and superlinear nonlinearities terms at zero and/or infinity and
singular terms at zero. In [5] [15, 13, 18] and references therein studies on the
bounded domain case are found. For Q = R we refer the reader to [4} [14} [19] 21]
and their references.

However, there are not many results in the case where the nonlinearities depend
on the gradient of the solution, that is, u # 0, with p # 2. In general, variational
techniques are not suitable to handle . In the case p = 2, an interesting
exception can be seen in [G].

One of the novelties in this article is that we improve a regularization-mono-
tonicity technique (see Section 2). This allows us to treat with superlinear
nonlinearities both in bounded domain and RY. This improvement also makes
possible for us to study in RV by creating a sequence of solutions of
in bounded domains, locally bounded below by a positive function and bounded
above by a carefully constructed function.

We emphasize that our results do not require any monotonicity condition and
(or) singularity of the functions f and g. We are particularly interested in the cases
where f and g may have singularity at 0. Problems including singular nonlinearities
arise in electrical conductivity, the theory of pseudoplastic fluids, singular minimal
surfaces, reaction-diffusion processes, the obtaining of various geophysical indexes
and industrial processes, among others; see [3|, [I0] for a detailed discussion.

Considering the problem in smooth bounded domains, we quote Zhang and
Yu [27] who, in 2000, studied the problem

—Au=u""+ A+ pVul? inQ,

1.2
u>0 inQ), wu=0 on o0, (1.2)

where pu, A > 0, « > 0 and ¢ € (0, 2]. Using a change of variables, the authors proved
that the problem has classical solutions for pA < Ay, if ¢ = 2 or p € [0, u*),
if 0 < ¢ <2, with u* = p*(q,\), where A; > 0 denotes the first eigenvalue of the
Dirichlet problem in W, *(Q).

Ghergu and Radulescu [I1] considered

—Au = h(u) + Af(z,u) + p|Vul? in Q,

1.
u>0 inQ, wu=0 on o, (1.3)

under the conditions f > 0 in Q x (0,00), df/ds(z,s) > 0, s > 0, f(z,s)/s non-
increasing in s > 0, limy o f(,8)/s = 0, lim,_q h(s) = 400, h € C%((0,0)),
h > 0 non-increasing and A = 1. They proved that
(i) if 0 < ¢ < 1, then has solution for each p > 0,
(i) if 1 < ¢ < 2, there exists pu* > 0 such that has a solution for 0 < u <
w*. Moreover, if 1 < g < 2, then p* < oc.

In 2010, Alves, Carrido and Faria [I] used the Galerkin method to study
—Au = g(x,u) + pV(x,Vu) in Q,

1.4
u>0 inQ), wu=0 on o0, (1.4)

where g and V' are locally Hélder continuous functions such that

a3(x)

blel™ < g(a,8) < m(e) +aa(@ls] + 00

. 0V (2,8 < as(x) + as(z)[€]™,
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with b > 0,7; € (0,1), ¢ = 1,...,4 are constants and a;, i = 1,...,5 are positive
continuous functions. Under these conditions, it was shown that has a solution
for each p > 0.

Liu, Shi and Wei [16], still with p = 2, recently showed, by using Morse theory
and an iterative method, existence of solution for a problem like with terms
that have asymptotically linear growth at zero and infinity. Considering singular
terms at 0 and permitting p # 2, Loc and Schmitt [I7] used the lower and upper
solution method to show existence of solution for with the nonlinearity of the
gradient term bounded above by the natural growth.

For © = R¥ in the problem (L.I)). In 2007, Ghergu and Radulescu [12] showed
existence of solution for the problem

—Au = a(2)[f(u) + g(u) +|Vul?] nRY,
ol (1.5)

u>0 inRY, and wu(zx) — 0,
where q € (0,1), f € C*((0,00)) is positive and decreasing, lim,_,o+ f(s) = oo and
the function g : [0, 00) — [0, c0) satisfies
9(5)

g(s) . . . .
Q is non-increasing in s > 0, lim =—— = 400
S s—0t s

and lim @

s—oo 8

g >0,

=0.
Concerning the function a, they assumed that 0 < a € C%*(RY) and

/000 ro(r)dr < co, where ¢(r) = max a(z). (1.6)

|z|=r

In the same year, Xue and Zhang in [24] assumed (|1.6)) and studied the problem
(1.5) without requiring any monotonicity condition over f and g. They just assumed

lim @ =400, lim @ =0, lim @ =400, lim &

s—0+t S s—o0 8§ s—0t S s—00 8§

=0.

For the rest of this article, given o : (0, 00) — (0, ), we denote by ¢*, o; € [0, 00
the following limits
o' :=limo(s) and o;:=lim %, fori=0o0ri=o00
5—1 s—1 8§
and we assume that there exists a p € C(Q2) N L>(Q), p > 0, p # 0 such that
p < a,b. We denote by Ag = A1 q(p) > 0 the first eigenvalue and by ¢ = ¢1.0 >0
the first eigenfunction of the problem

—App = Mp(z)|plP % in Q,

1.7
>0 inQ, ¢=0 ondQ, (L7)

where Q C RY is a smooth bounded domain. Moreover, we denote by \i(p) =
limp—oo A1, Br(0)(p) = 0, where Bg(0) is the ball centered at the origin of RY with
radius R > 0.
Also, we let us assume:
(V1) V(z,€) < a(2)|€|? + B(z) in Q x RY for some 0 < , 8 € C(Q) N L¥(Q)
and g > 0,



4 M. C. REZENDE, C. A. SANTOS EJDE-2014/220

(M1) there exists wys € CH(Q) (wpr € CHQ) NWE2(Q) if Q = RY) satisfying
—Apwy = M(z) in Q,
wpy >0 inQ, wy =0 ondf,

where M (z) := max{2a(z), 2b(x), a(x), 5(x)}, x € Q,
(F1)

(1.8)

(F)) fo<UlwnlBlgys or (Fo) foo < 1/lwnrlfoy.

Remark 1.1. With respect to the hypotheses (M1) and (F1), we note that:
(1) If © C RY is a smooth bounded domain, then (M1) occurs if, for example,
M e L1(Q) for some ¢ > N > 1. See, for instance, Perera and Zhang
[20]. This allows we take singular potentials of the type a(z) = b(z) =
1/(1 — |z])7, with v <1 and Q = B;(0) C RY in (L.1).
(2) If Q = RV it is known that has a solution if M is a bounded contin-

uous function and satisfies
1

Moo ;:/ [sl—N/ tN—lM(t)dt]Fds<oo,
0 0

where M(t) = max|,—s M(z), t > 0. The existence and L*°-boundedness
of a solution of ([1.8) imply its regularity (see [8]). In addition, if we assume
that N > 3 and

R TN T ® p-2)Nf1 .
re-T M?=1(r)dr < oo or ro et M(r)dr < oo,
1 1

if 1 < p<2orp > 2, respectively, then My, < oo. In [25], we have an
example that shows that the converse of this fact is not true.

(3) Condition (Fp) holds if f is superlinear at 0 (fo = 0) and (F.,) occurs if f
is sublinear at 0o (foo = 0).

To state our results, we assume 0 < gg + fo < co and denote by

0, if go=0 and fO > AQ(p)a
A = Ai(g0) == ¢ max{0, wh if 0 < gp < o0,
0, if go = oo,

where A1 (p) = Aa(p), if @ = RY. We have that A\, = 0 in all the previous works,
because gy = oo there.
Regarding problem (1.1]) in bounded domains we have the following result.

Theorem 1.2. Assume that (F1), (M1), (V1) with ¢ € [0,p] hold. Then there
exists \* € (0,00] such that for each A, < A < X*, there exist p* = p} > 0 and a
u=uy, € CHQ)NC(Q) solution of (L.1)) for each 0 < p < p*. Additionally:
(i) u > cpq for some ¢ > 0,
(i) of (F;) holds, fori € {0,00}, then
1 1 )
A" > *( p—1 _fz> = /\17
9i ”wM”LOO(Q)
(iii) there exists a constant d > 0 such that
e

i > dmin {[f' + \g'] 5, fi + A}, ifqe(0,p—1].

For Q@ =R"Y and 1 < p < N our main result is the following.
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Theorem 1.3. Assume that (F1), (M1), (V1) with ¢ € [0,p — 1] hold. Then there
exists \* € (0,00] such that for each Ay < A < X*, there exist p* = p} > 0 and a
u=uy, € CHRY) solution of for each 0 < p < p*. Moreover, if (F;) holds,
for i € {0,000}, then there is a constant d > 0 such that

(i) A* >\

(i) k> dmin {[f7 + \g'] 51", Fi + Ag'} for 0 < A < X,

Remark 1.4. In the definition of A, the possibility fo > A1(p) does not permit
(Fp) to occur, because Aq(p) > Aq(M) > ||wM||;Cp(Q) and as a consequence of this,

we have A\i(p) > \ (M) > ||wM||1L;p(RN) also (see Santos [2I]). In this situation,
(F) should occur, as in [12] and [24].

Theorem improves previous results principally because it addresses the p-
Laplacian operator, obtains estimates for A* and p*, no monotonicity or growth
restriction on the nonlinearities are required, the cases ¢ = 0 and ¢ = p — 1 are
included and we assume the hypothesis (M1) that is weaker than (1.6). We point
out that problem has no solution for p > N (see Serrin and Zou [22]).

This paper is organized as follows: In section 2 we construct several auxiliary
functions for the terms f and g and we study their properties. Because of the
singularities allowed on f and g, we regularize the problem and we obtain an
upper solution for it in bounded domain and in RY, in sections 3 and 5, respectively.
After that, we use section 4 to prove Theorem In section 6, we generalize this
result for RV,

2. AUXILIARY FUNCTIONS

To prove Theorems and we refine a regularization-motonicity technique
used, among others, by Feng and Liu [9], Zhang [26] and Mohammed [19].

Observing that we do not assume monotonicity on the nonlinearities, we intro-
duce a truncation of the terms f and ¢ through a parameter v > 0 and build
auxiliary functions which allow us to obtain not only the monotonicity, but also
the necessary regularity for the proof of our results. Parallel to this, the inclusion
of a parameter § < 1, in this construction, makes it possible solving the problem
for the case ¢ > p — 1.

Analyzing the behavior of these auxiliary functions, the parameters \,~y, 6 and
the fact that the problem has a solution, we determine a A*-curve whose
behavior allow us to find region of variation for the parameter A\, and consequently,
obtain an estimate from below for that region.

With these purposes, let us define the continuous functions, depending on real
parameter v > 0, as

s), if0<s<
fo(s) = {f( ) <s<v

Lo,

q(s), ifo0<s<~
and - gy(s) := { 9(7) op—1
yr-t

Now, for each s > 0, defining the function
_ t
Grr(s) = 57 sup {2

tp=1’
we obtain, from the above definitions, that

if s > 7 , if s >.

g’v(t)
t

t>s}+AsP Fsup { p

t>sh, A=20  (21)

. C), (s) . . . . .
(i) *%=r> is non-increasing in s > 0;
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(i) Caq(8) = fy(5) + Agy(s), s > 0;
(ifi) limy_ oo G _ f() +/\9(’Y

=

sp—1 »\/;n—l ~P T-
Now, defining
$2
H)\,’Y(S) = s + , §> 07
Jo ———at
Cay(8)PE

and using (i) and (iii) above, we have the following lemma.

Lemma 2.1. The function H satisfies:
() HA,’Y € Cl((oa OO), (Oa OO));
(H)Cxw() [Hy(s)]P1, s> 0;
(iii) HA 2(8) g non-increasing in s > 0;
(iv)

H P
i An@):{fWi+Aghw T
S
After these, introducing a parameter 6 € (0,1] and defining the function

5§—00 S

D) =Tao) = 2 [* -l >0 (22)

we obtain, from the previously defined functions and their properties, the following
result.

Lemma 2.2. Suppose (M1) and (F1) hold. Then for each 6 € (||wM||ooflvl/(p*1)7 1],
for either i =0 or i = oo, we have:
(i) limy—oo Da0(y) = ——————, for each A > 0;
(foo+)‘QOC)p

(ii) lim,_oTxp(y) = —2—, for each A > 0;
(fo+Ago) P~1

(iii) T'x g is decreasing in A > 0, for each v > 0;
(iv) there exists a 7 = (Q,0) > 0 such that Lo g(7) > |lwar| L= (0)-

By Lemma we can define the nonempty set
A=Aqg:={y€(0,00): Top(7) > lwnrll L)}

Now, as a consequence of limy_,oo I'x g(7) = 0, limy_o T'x o(7) = To () and of the
above lemma, we have that the function A* = Ay 4 : A — (0,00) that associate for
each v € A the unique number A*(v) satisfying

Las(1),0(7) = llwam || zo=(@), (2.3)

is well defined.
Thus, we can define the positive number

A(Q) :=sup{A*(y) : v € A}. (2.4)
After these, we infer the following lemma.

Lemma 2.3. Suppose (M1) and (F1) hold. Then for each 6 € (||wM||Oofi1/(p_1), 1],
we have

3O 2 (i - £) = N

||wMHLOO(Q)
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Proof. 1If (Fy) occurs and g < oo, then for each 0 < § < ), from Lemma (ii)
it follows that

0
liminf(Ts9(y) — |lwrm|loo) = ———— — llwm|loo
=0 (fo -+ 8g0)7
0
> ————— — |lwmll = 0.
(fo+ )\990)
Now, if (Fi) occurs and goo < 00, using Lemma- , we have
. . 0
liminf(Ts59(7) = WM |loo) = ———— — [lwmll
Yoo (foo 4 0goc) 7T
0
> i — [lwarlle =0,

(foo +23°G00) 7T
for each 0 < 0 < Ag°.
So, in both cases, there exists a 79 = v9(6) > 0 such that I'sg(70) > |lwam]co-
As a consequence of this and Lemma [2.3(iii), we have that 79 € A, because
Too(v0) > T's0(v0) > llwmlleo- So, from (2.3) there is a unique A*(7yp) such that

LA+ (40),0(70) = |warloo. Now, using I'z«(4),0(70) < I's,o(70) and Lemma iii),
we obtain A*(y9) > d. So, by the arbitrariness of ¢, it follows the proof of the
Lemma. g

Now, defining

na(s) = nae(s) / t, s>0,7v€A A>0, (2.5)
HyA(17)

it follows that
me(y) =Tae(v) > llwmlle + 7, (2.6)

for each 0 < XA < A*(v), where 6 = 5(X,6,7) = (Tx0(7) — |lwnmlls) /2 > 0.
Besides this, the following lemma follows from the previous results.

Lemma 2.4. Suppose (M1) and (F1) hold. Then, for each 0 < X < A\5(Q) given:

(i) [0, [lwnm]loo + 0] € Im(ny);
(i) I 6 C?((0,00),Im(ny)) is increasing in s > 0;
(iii =1y € CQ((Im(nA)\{O} (0,00)) is increasing in s > 0;

) 7
Ha o (3
(IV) ( ) _ X XQJ/\((S;G( ) )
v) ¥¥(s) <0, s >0;
(vi) nx is decreasing in .

, 8> 0;

3. AN AUXILIARY PROBLEM

To solve the problem with the gradient term in the presence of nonlinearities
f and g already described, we will explore the behavior of the auxiliary A,~,6-
functions given in the previous section considering different intervals of variation
for ¢ € [0,p] and an appropriate division of the domain Q C R¥™. All this together
with the behavior of the A*-curve will allow us to determine a p*-curve whose
behavior will define the region of variation of the parameter p > 0.

As a consequence of the hypotheses (M1), (F1) and of the behavior of A*, pu*-
curves, we obtain a 7y which allow us to show the existence of solution (e-uniformly
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limited in L>(£2)) of the e-family of problems below, for appropriate A > 0
and p > 0.

In this sense, we will construct a positive bounded upper solution for the e-family
of problems

—Apu=a(x)f(u+e)+ Ab(x)g(u+¢) + pV(z,Vu) inQ

u>0 inQ wuwu=0 ond, (3.1)

for sufficiently small € > 0.

Proposition 3.1. Assume (F1), (M1), (V1) with g € [0,p] hold. Then there exists
a A* > 0 such that for each 0 < X\ < \*, there exist real numbers @ =a(\) > 0 and
w" = py > 0, both independent of €, such that if 0 <o <7 and 0 < p < p*, then
there exists a Vo = Vo) € CY(Q) upper solution of . Additionally:

(i) Ya(o)? < vy < 'ygo for some 0y = 0y(N) € (HwM||Oofi1/(pﬂ)7 1] and v =

’}/0(/\) > 05
(i) if (F;) holds, fori € {0,00}, then
1 1 ;
9i (HWM”;ZOC(Q) )

(iii) there exists a constant d > 0 such that for 0 < A < X, we have
« . . . p—l—g . . .
pi = dmin {[f' +X\g'] 7T, f' +Ag'} ifqe[0,p—1].
Proof. Because the possible singular behavior of the nonlinearities, we divide this
proof into two parts, depending on the value of the exponent ¢ of the gradient term
in the hypothesis (V1).

Case one: ¢ € [0,p — 1]. In this case, we pick §p = 1 and take § = 6y in the
functions T'y g and 7y 6. So, given 0 < A < A* := A} (Q) we define, for each v > 0,
the positive number

[F() + A7 £() + Ag(7) }

3 (v) = 13 o(7) == min , (3.2)
{ A Vwrrl|T e ) 4
Now, we can define
15 = 1o = sup{is(7) v € Aand A < A*()} € (0,00).  (3.3)

So, from (2.4)), there exists 7 € A such that A < A*(¥). That is, u} > p}(¥) > 0.

Thus, given 0 < p < p} there is a v9 = 79(A) € A such that A < A*(v) and
< i (v0). Now, we fix this .

From the hypothesis (M1) and Lemma (i), we define v, = v, € C'(Q),
increasing in o, by

Ve (2) = Ya(wyp(z) +0), €N (3.4)

for each 0 < o < &, where & = &()) is given in (2.6). So, v,(z) > ¥x(0) in Q and
ve(z) = Ya(o) on 0N, because wys(z) > 0 in Q and wyy(z) = 0 on 9.

Besides this, from (2.6), Lemma (iii) and 0 < A < A*(9) we have that
v7(7) < 70, * € Q. So, there exists an e > 0, which is sufficiently small, such that

|vollLe@) <70 —€ 0<o<a. (3.5)
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Now, it follows from (3.4)), Lemmas and the assumption (M1), that

/Q | Vg P2V, Ve da
= [ [4eon0) + o VoV Vs o
- /Q [Vaonr P2V V([ (war + o)1) dax
~ (0= 1) [ [VansPlhons+ )2 ons + )i do

/M VWA (war + )P pda

H)u’)’o (Yr(wnp +0))
/ M(e Ya(wn + o)

} " sda

for each ¢ € C§°(Q2), ¢ > 0.
The study of this inequality will be divided in two parts. One of them will
produce an estimate for af 4+ A\bg while the other will result in an estimate for pV'.
We note that from the definitions and properties of the functions defined in the
Section 2 and ) that

Hmo (Ya(wnr +0))1P—1
/ M a(war + ) ¢
—1 <)\,’Yo (UU + 6)
) /M [ (37)
g [ et S e

v

/Q a(2) [ (v + €) + A(z)g(vs + )

for eache >0and 0 <o < &.
On the other hand, from Lemma [2.1] ( iii)—(iv) and 0 < ¢ <p—1, it follows that

HA 'yo(?/%\(WM—FU))
/M ’(/J)\(WM—I—O') ] ¢d$
> 4/M ) (o )]gﬁdx
~1-¢ HA%W/\(WM‘FU)) pl=aryo Hy o (Yr(wnm + 7)) 74 -
/M Ya(wn +0) } [ Ua(wy +0) ](M
[f(70) + Ag(70)]

| A7) + Mgl 7Ty / M (@) [ (was +0)]% dx
4 Q

[f(0) + Ag(70)]
> L2000 [ (2o do

[F(v0) + Ag(0)] 7T ,
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Now, using (V1) and (3.2]) we can write

HA,wo(?ﬁA(wM +0))1r?
/ Mo Ya(wn + o) ]

> i) [ B+ wi0) [ a@IVeol'6de = n [ Vie, To)od.
Q Q Q
So, replacing (3.7)) and (3.8]) in , we conclude the proof of Proposition

Case two: ¢ € (p—1,p]. If g; < oo, we define A\* := liminfy ~ Aj(€2), where
A;(€) was defined in (2.4). Note that, by Lemma we have \* > \) with
6 =1. So, given 0 < A < \*, there is a §y = Oy(\) € (HwM||Oofi1/(}771)7 1) such that
0 < A < A, (22). Now, we fix this 0 in the functions I'y g and 7, ¢ defined in
1/(p—1) 1)

¢ dx
(3.8)

and (2.5), respectively. So, if g; = oo, we choose a 6y € (||war||so f; and
we set A* = Aj (Q). In this case, we have A* > \j .
In both cases, given 0 < A < X*, we set the positive number p3(7y) = p3 o(7)

by

min{ P FP=DE=D[f(~) + Ag(7)]
IV~ o ! | 39
(1—60)(p— 1)[VHA,7(1)]’”*“}
4lla|| s ()

for each v > 0 and for some constant Cy = Ca(y) > 0 to be chosen posteriorly.
Now, we define

1A = 1 = sup {p3(7) 1y € Aand A < A(v)}.

As in Case one, we claim that p§ > 0 and given 0 < g < p}, thereis a v = 1(A) €
A such that A < A*(p) and p < p3 (7). From now on, we fix this 7.

Since wyr € CY(Q) and dwyy /O < 0 on IQ, there are & > 0 sufficiently small
and ko = ko(dp) > 0 such that

[Vwn|P > ko(do) for z € Qs,, (3.10)

where Qs, = {x € Q : dist(z, 0Q) < dp} and v is the exterior normal to the 9S.
In a similar way to that done in (3.4), we obtain that

Vo () == [Ya(wrr(z) + 0)]%, z€Q (3.11)

is well-defined, 1 (0)% < v, € C1(Q) and ||ve||p~(0) < A0 for each 0 < o < &.
In the last conclusion, we used Lemma and the inequality (2.6]).
That is, there is a sufficiently small ¢ > 0 such that

Vo[ Loe () < i — e (3.12)
Since lims_,¢ ¥ (s) = 0, we can take 0 < & < & sufficiently small such that
~ 1 (50)
¥a(6)% < = and
R NG

So, from Lemma (iii), it follows that v, (z) < vs(z) in €, for each 0<o<o.
Moreover, since vo( ) = 1A (5)% on 99, it follows from Lemma. (iii) again, that
there exists a d; = d1(5) > 0 sufficiently small such that

Vo () < vs(z) < 202 (5)%, for z € Qs,, o € (0,5). (3.14)

> IVewu |2 . (3.13)
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Then, from (3.10)), (3.13)) and (3.14)), we have

|Vwn (z)[P ko(do)
Vg (7) 2¢5(5)%

> |Vw(x)]9, (3.15)

for each x € Qg, where § = min{dg,d;} > 0.

Now, given ¢ € C5°(2) with ¢ > 0 and 0 < 0 < &, we take 7 € C§°(Q2) defined
by 7 =11in Q\Qs and 7 = 0in Q5/, with 0 <7 < 1. So, writing ¢ = 7+ (1 —7)¢,
we have that

/ | Vg P2V, Ve = |V, P2V, V(1¢) +/ Vg P2V, V(1 — 7).
Q

O\ Qs /2 Qs

(3.16)
In Q\Qs/2, it follows from the definition of v, that

/ [V, [P*Vu, V(7¢)

DN\Q5/2

= [ [Tl T (0 s+ 0 DOVl s+ )
5/2

~6- D=1 [ [Vl
O\ Qs /2
X [a(wnr + )] PP (war + 0)]PTo
o) [ [V o + 0 D0
O\ Q52

x [W5(war + )P 2N (wir + 0)7d

Now, recalling that 6§y € (||wM||oofi1/(p71), 1), ¥y >0, 9y <0 (see Lemma and
noting that

00" [a(war + 0)] @ VEV [ (war + 0)]P 7 7g € WP (9),

it follows from (M1) and Lemma [2.4] (iv) that

/ Ve P2V, V(T¢)dx
Q\Qs/2

2 / |VUJM|p72VWMV{00p_1[¢)\(wM—|—o’)](9071)(1)*1)
O\Q5/2

x [V (war + 0)P o} (3.17)
= / M ()00~ [ihx(war + )] PPV [ (W + 0)]P 79
O\Qs/2

(6o—D (-1 ,p—1
90

_ po1, L= A T Hy o (WA (war + 0))7) et
= /Q\Qé/2 M(Cﬂ)@o Vo 9871 [ (1/)/\(WM + 0’))90 } (25
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As in Case one, the analysis of this inequality will be divided in two parts. So, from
the properties of auxiliary functions, Lemmam (ii) and -, we have

1

f/ | Ve P2V, V7 da
2 Q\Qs/2

1/ (Bo—1)(p—1) _p—1 x50 (Vo + €)

> = M(x) o ,yp ’(’77(25

2 O\Qs /2 0 (UU + f)p !
1/ (p—1)60 Cry0 (Vo + €)

> = M(x) Op B P e Tt 1) (3.18)
2 N\ 2 790(1? 1)

=5 | M@+ g (g + o
2N\Qs/2

> [ @)+ + gl + 7o,
O\ Q5,2
for each A € (0,\*), o € (0,5), € > 0.
Now, denoting by
v(z) := lin%) Ve () = [ha(war(x))]?, z€Q, (3.19)
it follows from Lemma (iii), vo > v > 0 in Q\Qj/2 and ¢ € (p — 1, p] that
[HA,%(vU)]q*(pfl) < |:H)\,»YO(’U):|Q*(P*1)

Vo v

< H Hj ~, (v) ‘ q—(p—1)

- v L>=(Q\Qs/2)
(b9 =1)(p=1-0)
=Cs [7min v 0 (3.20)
O\ Q5,2
(Bp—1)(p—1—gq)
< Cyv %o
(Bp—1)(p—1—q)
< Cov, , forall € O\Q; 5,
where
(Bg—1)(p—1—q)
H,\ (p—1) 0
Co = a0l - [ min v} ’ >0
[Pyt /[ min

is independent of o.
Now we show that

(p—1)(6o—1)
2 Q\Qs /2 4 ON\Qs /2

W
a(z)|Vus|YT¢ dx
402||V(‘UM||%OO(Q) /(2\05/2
and as a consequence of this, using (3.9, we obtain
1

3 [ Vel sz [ V@ Ve
2 Q\Qg/g Q\Q5/2

+

for each 0 < p < 3.
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By (3.20) and Lemma [2.1] (iii)-(iv) in (3.17), we have

1
f/ |V, [P~2Vv, VT dr
2 Ja\Qs,,

(Bp—1)(p—1)
_ 90

1
/ M(x)ve
2 Q\Qs/2

/ M)y D=1 p=1 [f(%) n Ag(%)}m
Q\Qs/2 0 ’

p—1 —1
Y0

Y

’Yg_l |:H>\7’YO (yo)]p—lT¢

Vo

vV
-

p
0
1 (90—1>ép—1—<1) 1 H)\ (1} ) p719q (bp—1)a
— . —1— Y o 0] [
+4 M(zjo, 0 o [FRe] 2
Q\Qs/2 Vo

@UJ Yére
,.y(()p—l)@o [f(%) + )\ig@l)]

p—1
> = M(z)T¢
4 O\Q5,2
p—1—gq (Bo—Dgq 9
Yo / g, a0 HAv'YO(UU) q
+ M(z)03ves —[7] T.
402 A\ Q52 0 98 Vo

Using (3.9), Lemma[2.4] (iv), the definition of M and (V1), we obtain

1 / | Vg P2V, V7 da
2 O\Q5/2

N 7(51,71)(0071)”@(70) + Ag(70)] / M(z)r¢dx
> 4 Q\Qs/2

+ 1500 Vorrr 1% o / M ()80t (wrr + )% 4 (war +0)]0ré de

Ys/2

o T (o) + Mg | B@rods
> 4 Q\Q5/2

T 45 (70) / o Q@A + )" s + )| Voo
5/2

> i) [ 1) + @) Ve 1o de

Q\ Q52

> u/ V(z, Vv,)To da.
O\ Q52

(3.21)
Going back to (3.17) and using (3.18]) and (3.21]), we obtain
/ | Ve P2V, V7 da
a2 (3.22)

> / [a(2) (v + €) + Ab(@)g(vy + ) + 1V (z, Vo) 76,
O\ Q5,2

foreach 0 < A < A", 0 < < py, €>0.
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Below we work on the ring Q5. As before, using the definition of v,, it follows
that
/|V%W”V%VO—ﬂ¢M
Qs

:/ [Vwar P2 Vwn V{06" ™ [ha(war + o)) P DE=D
Qs

X [ (wpr + )P (1 = )6}
(8- D)p— 1)/

IVwnr P06 [oa (was + o)] @~ DP-D-1 (3.23)
Qs
< [Py (war + o)) (1= 7)¢
~-) [ [FeuPO (o +0)) 0
Qs
[WA(war + )P 295w +0) (1 = 7).
In a way similar to the one for (3.18]), we have

1
2/|V%P4v%vu—ﬂ¢m
Qs
p—1
> B

2 =5 | M@)alos + o)V war o)A - T)ddr - (3:24)

> [ o) f(wa + )+ N(a)gloa + (1 = )0
Qs
for each A € (0,A*), o € (0,5), € > 0. Besides this, we will show that
1
7/ |Vg P2V, V(1 — 7)¢ dx
2 Ja,

o (1=00)(p = Do Hxq (D]

> a(2)|Vue |11 — 1)o dx
Aol /95
(p—1)(6o—1) A
+ Yo [f(’YO) + 9(70)] (.’E)(l B T)(bdx
4 Qs
and as a consequence of this, using (3.9)), we obtain

1

f/ |Vue [P 2V, V(1 — T)pdr > p
2 Jas

for each 0 < pp < 3.

V(z,Vus)(1 = 7)ddx

Qs

In fact, from the properties of the auxiliary functions and (M1), we have
;/Qé | Ve [P 2V, V(1 — 1) da
S 131(p _1) / Vo |P65~ [¥a(war + o)) @~ DE=D1
Qs
< [ (wa + )P (1= 1)

1
+ 1 / |VwM|p_2vaV{90p_l[z/}>\(wM + g)](eo—l)(P—l)
Qs

x [W5(wn +0)P7H(1 1)}
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1—
( 90 / |V(U]\/[|p9p 1

p(0g— 1) 99

70 |:H>\7’Yo (UU)
77 Vg

J"a-ne
1

+ 5 [ M@0 awnr + ) @V (war + o)1 = 7)o

Qs

That is, from (3.15) and Lemma [2.1] we have

1
7/ Vg P2V, V(1 — 7)¢ dx
2 Ja,

— - p gp—1 pog-1)
OO0 [ Vo B e,
4 Qs Vo OF 1 v

g

1 (8g—1)(p—1) ,yp—l H,\ (U ) p
- Ply, %o 0| ZA% 79171 — )b d 3.25
+q ), M@ [ = neds (3.25)

1-—06 -1 p(0pg—1) H ) 1P
> ( Oi(p ) /Q |VWM|qU0' 0o 'Y(I))|: )\,Z}O (’U ):| (1 o T)QZS dx
)

(el

1 0 1 [y
£ 1 [ Mane 1)751{ Sn_ol)+/\ C
Qs Yo Y0

9(70)} 1

-1

—7)¢pdx.

Using that v, < 1 in Qs (see (3.13))), ¢ < p and 6y < 1, we obtain

(bo—1)p (8p—1)g

[Vo(x)] % > [us(x)] %0 , foreach z e Qs (3.26)

and from Lemma[2.I] we have

(=1 F22000)]? o [ Han(to)

Vo Vo

r, € Q. (3.27)

From ([3.26) and (3.27)), we rewrite (3.25]) as

1/ |V, P2V, V(1 — 7)p dx
2 Jo,

1—60)(p—1 e )
> ! Oi(p )/Q [Vwn [T A~ g [Ha e (D]
3

gq
(p—1)60 [ f( ) g(%)
a g i [ p— + )\ }
) [%@)]q(l STl : 704 = /Qé M(z)(1 —7)¢pdx
~ (1=60)(p — DyoHx A (1)]P4 o Ty (1)1
= 4||a||00 il /5 ||04Hooegva {9()7;/}0}
(p—1)(60—1)
X [V (1= 7)¢ + o= [f4(%) + Ag(70)] / T
Qs
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From Lemma 2.4 (iv), (3.9) and definitions of v,, M and (V1), we obtain

1/ Vg P2V, V(1 — 1) dx
2 Jo,

> (o)l /Q Vg |*(1 = 7)¢ dx + px (7o) . M(z)(1—7)¢

(3.28)
> 1530) | 0@ Verl? + Bla)l(1 = r)oda
5
> [ V@ Vo)1 - r)ods.
Qs
for each 0 < p < 3.
Considering (3.23]) and using (3.24) and (3.28), we have

/ |V, P2V, V(1 — 7)é

% (3.29)

> [ {a(@)f(v0 +0) + Aba)g(va + €) + uV (2, Vo)) (1 = 7)o
Qs

foreach 0 <A< A", 0< u<p3, 0<o<cande>0.

Therefore, replacing (3.22) and (3.29) in (3.16), we conclude the proof of the
existence of a upper solution for Proposition [3.1]

To finalize the proof of the proposition, we need to verify the estimate for p*.
Assume (Fp). So, from Lemma [2.2] (ii), we have

lm To.1(7) = £ > Jwarll o

and a consequence of this there exists a4 > 0 sufficiently small such that (0,%) C A.

Given 0 < A < X% where A = \* with i = 0 (A" was defined in Theorem ,
we claim that there exists a 9 < 4 such that A < A*(«) for all 0 < v < 7. In fact,
from A < A% and Lemma (ii) we have

1
i Tx1(7) = ————= > llwmll~@)-
70 (fo+ Ago) 77 (
So, there exists a o < 4 such that 'y 1(7) > |lwarll Lo (@) = Fas(y),1(7) for 0 <y <
Y. Now, by Lemma [2.2] (iii), we obtain A < A*(v), for all v € (0,7). From (3.2)
and (3.3]) we have
py = sup{px(v) : v € (0,70) and A < A*(y)}
[f+ Mg 7171 O+ Ag° }
AV L q) T4

> lim inf p3 () = min {

v—0
If (F) occurs, we proceed in a similar manner to the above case. We point out
that, in this case, 7 is large. This completes the proof of Proposition [3.1 (]

4. CONCLUSION OF THE PROOF OF THEOREM

We begin by constructing a lower solution for problem (3.1). It follows from the
definition of A, that given A > A, there exists a 0 < ¢; < min{~y, ’ygo} such that

f(s) +Ag(s) > da(p)sP™!, for 0 < s <e.
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Taking C' = C(Q,€1) > 0 such that C||lpq| =) = €1/2, it follows that
ClipallL=(@) + €< CllpallLe@ +a/2=a (4.1)

for each 0 < € < €1/2, where g > 0 is the eigenfunction associated to the first

eigenvalue Ao > 0 of problem (1.7).
Thus, given ¢ € C§°(Q2) with ¢ > 0, we obtain

/ﬂ [V(Ca)PV(Cypa) Vo dr < /Q[/\b(x)g(csm +6) +a(@)f(Cea + €)]ddr;

that is, Cpq is a lower solution of (3.1)) for each 0 < ¢ < €;/2, 0 < A < A* and
0 < p < py, because of the positivity of V.
Now, we claim that

Cop(r) <v,(x), x€Q. (4.2)

First, we consider ¢ € [0,p — 1]. In this case, v, = ¥\ (wps + o) is defined in (3.4).
So, from (4.1]) and (2.1)), for all ¢ € C5°(Q2), ¢ > 0, we have

/Q IV(Cp0) P2V (Cipo) Vb da

—1 f(Cpa+e) 1 9(Coq +¢€)
S/Q[’Yg a(¢)w+7§ /\b(z)w}fbdl’

p— f’Yo (CQDQ + 6) -1 9o (CLpQ + 6)
< / [70 a(x)W Ab(z )W}Mx (4.3)

Coq +¢€)
M p 1 C>\7'YO( 'Z9)
/ (Cpq +e)p—1 Cpatap1 %

C
/M o 1C)g;§z)fﬂl)¢dx

Moreover, from (3.6) and Lemma [2.1] we have

/|w )P~ 2V%V¢dm>/M 19”07(”“)@ (4.4)

O'

for all ¢ € C5°(Q2),¢ > 0. So, from (4.3), [£.4), Cr~o(s)/sP~! non-increasing in

s> 0and Cpg =0 < ¥r(0) = v, on IS, we apply a comparison principle for weak
solutions (see Tolksdorf [23]) to obtain (4.2)).
In the second case, that is ¢ € (p — 1,p], we recall that v, = [th\(war + o)]%

where 0y € (HwM||Oofi1/(p71)7 1), see (3.11). In a similar way to the first case (that
is, ¢ € [0, p — 1]), we obtain

A|va\P*2wgv¢dxz/QM(m) (p=1)00 A ”O(”")M (4.5)

for all ¢ € C§°(2) with ¢ > 0.
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From (4.1]), definitions and properties of auxiliary functions &y ., £+, and &x .,
we have

/Q IV(Con)P 2V (Copn) Vb da

(p—1)00 f(Cpa +¢) (p—1)00 g(Cpq + ¢€)
< L D . S I S L
< /Q {"/0 a(x) (Copn+p T +7 Ab(x) Cont T ¢dx

(p—1)00 fr0(Coq + €) (p—1)00 9o (Cpa + €)
< AR . LA Jrormwer

_ (p—1)6o CAWO (CQDQ + 6)
= /Q M(x)v, W(bdx
(p—1)6o C)H’YU (OQOQ)
</ M(z)vg (Cpa) T ¢ dx,
for all ¢ € C§°(2), ¢ > 0.
Hence, from (&5, [.6), (1, (s)/sP~! non-increasing in s > 0 and Cpq =0 <
% (o) = v, on 9, the claim follows. Here, again we used Tolksdorf [23].
Now, by taking ¢ = 1/m and ¢ = 1/n with sufficiently large m,n € N, it follows
from the lower upper solution Theorem (see Boccardo, Murat and Puel [2]) that

there exists U, n € Wol’p(Q) N L>®(Q) with 0 < Cpq < U n < Uy, satisfying
_ 1 1
[ 190l V0096 dz = [ a0 (1) 4NNt b ) i (, Tt )}
Q Q

for all ¢ € C§°(Q2) and for each A < A < A*, 0 < p < p*.
Using a diagonal argument on n, for each fixed m, there exists u,, € C'(Q) with
O<Ccp9§um§vm<'yg° in  and

/ |Vt P2V, Vo dx
Q

= /Q[a(x)f(um) + A0(z)g(um) + pV (@, um)]@ dz, ¢ € C5°(Q).

Again, by another diagonal argument on m, we obtain a u € C1(Q) N C(Q2) that
satisfies 0 < Cpg <u<wv < vgo in  and

/ Vul 2VuVédz = / lae) f () + Ab(@)g(u) + uV ()} e
Q Q

for ¢ € C5°(£2), where v was defined in (3.19)). This completes the proof of Theorem

5. PROBLEM N RV
To prove Theorem we consider the e-family of problems
~Apu > a(x)f(u+e€) + No(z)g(u + €) + pV(x,Vu) in RY, 5.1)
w>0 inRY andu— 0 as |z] — oo, .

for 1 < p < N. We show the following result.

Proposition 5.1. Assume (F1), (M1), (V1) with ¢ € [0,p — 1] hold. Then, there
exists a X* > 0 such that for each 0 < XA < A\* and € > 0, there exist a p* = p3 >0
and a function v = vy, € CL(RY), both independent of €, with v being a solution

of (5.1) for each 0 < p < p*. Additionally:
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(i) if (F}) occurs fori € {0,00}, then
1 1
Y ]
||WM||L00(RN)

(ii) there is d > 0 such that

py > dmin {[f' + ') 7T, [T+ g’}
Proof. The proof of this result is analogous to the proof of part one of Proposition
Considering 2 = RY and 6y = 1, we define the set A = Agy = {y €
(0,00) : To(v) > llwarllpee@ny}- So, we obtain and the positive number
A= A*(RY) = sup{A*(y) : v € Apn }.
Moreover, we define the positive number

[F() + AT F(3) + Ag(r)
i MNorllgm, 4 }oo62)

pA(Y) = i pa (V) =

for each v, A > 0.

Now, for 0 < A < A*, we take the number uj = M;,RN > 0 as defined in .
Thus, for 0 < p < p} given, we have that there exists a g € A such that A < A\*(yp)
and p < p5(v0). Now, we fix this .

So, given 0 < A < A\*, we define

v(z) = vA(z) = Ya(wm(z)), =RV

and, as a consequence of the properties of 1y, we obtain that v € C*(RY), v(x) —
as |z — oo and 0 < v(z) < ||Jv|p=@y) < Y0, @ € RY, because of way(z)
lwar|l oo mvy < Ma(y0). That is, taking sufficiently small € > 0, we have

0
<

0]l oo vy < 70 — €. (5.3)
So, for each ¢ € C§°(RY) with ¢ > 0 given, we have (in a similar way to (3.6)) that

-1
/ IVo|P2VoVede > [ M(z)y2 " [Mr ddr.  (5.4)
RN RN Ua(war))
Below, we analyze the previous integral in two parts. First, we have
1 1 [Hao (O (wnr)) 177
- M ()P 1 70 dz
2 RN ( ) 0 |: 1/))\(00]\/[) :| (b
1
Z - M( )’Y 1</\,’YO( )(bd
2 JrN
1 -1 CA Y0 (v + E)
> = M R ad
=9 e ()FY (’U+6)p1¢x
1
> § - M(x)[f’yo(erG) +)\970(U+6)]¢d33.

As a consequence of this, (5.3), definitions of (f~y, (4,4, and M, we have

1 p—1 |:H/\,'YO (Va(wnr)) Pt

2 Jun M) Ya(war)

> / [a(z) f(v+€) + Ab(z)g(v + €)]¢ du.
RN

¢dx
(5.5)
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For the other part, using the properties of the auxiliary functions and (5.2), we
have

1 o1 [ (9 (w30)) 77
3 L, Mang [P S g

R N [ R oL
> 1 [, Mg [ A e

L p—1-q [ Hao (Ua(wan)) 177179190 Ho o (Vr(wan)) 19

MR L B e s B R R

(f(r0) + 29(10))
> % » M (z)¢ da (5.6)

[ gt [ L) 4 800 g a6 da

RN Y0 Yo

>0 [ Bla)ode+ i [ M@} Vo6 do
> 55 [ 8@ + 0@ Vol ode > [ V(e Vo)ods,

for each 0 < p < 3.

Hence, replacing and in , we get that v satisfies , for each
0< A< A and 0 < pu < 3.

The estimates given for A* and p3 are obtained in a similar way as those of
Proposition 3.1} This proves Proposition [5.1

6. CONCLUSION OF THE PROOF OF THEOREM [L.3|

First, we note that Agny C Ap,, for all R > 1. In fact, if v € Agw, then (using
Lemma (iv)) we have

Lo,0(7) > lwmllLoo@ny = [[(war))5, I (Br),  for all R > 1;
that is, v € Ap,,. So, we obtain
N (RY) = sup{A*(7) : v € Apn} < sup{A*(y) : 7 € Ap,} = A\*(Br)

for all R > 1.

Concerning p}. As a direct consequence of (3.2) and (5.2)), we obtain that
wi(RY) < u3(Bg), for all R > 1. So, given A, < A < A*(RY), 0 < pu < p}(RY)
and taking vg = v s, @S an upper solution, there exists (Theorem and its
demonstration) a ug € Wol’p(BR) N C(Br) with 0 < Cryp, < ur < vgy < 7 in
Bp, satisfying

—Apup = a(z) f(ur) + Ab(x)g(ur) + uV (z, Vug) in Br

6.1
ur >0 in Bg, ur=0 on 0Bg, ( )

for each R > 1, where v is given by Proposition [5.1

Besides this, from the definition of A, 0 < A < A, and A1 (p) = limpr_,o0 A5, (),
it follows that there exists a Lo > 1 such that Ag, (p) < Ago + fo. That is, from
the monotonicity of the first eigenvalue concerning the domain, there exists one
d = 6(Lo) > 0 such that

f(s) + Ag(s) > App(p)sP~!, forall s € (0,6) and R > Lo. (6.2)
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Now, considering Cp, the constant of the lower solution of (6.1)) with R = Lg
defined in (4.1)), we take a sufficiently small C' = C'(§) € (0,CL,) such that

0 < Cllepy, lL=(BL,) <8 (6.3)

With this choice and noting that Cpp, ~and up satisfy (1.7) and (6.1)), respectively,
it follows from (6.2)), (6.3) and the classical Diaz and Sad’s inequality [7], that

Cop,, () <ugr(z), =€ By,, forall R > L.

Now, proceeding as in the end of proof of Theorem we finish the proof of
Theorem [[.3 O
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