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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
DIRICHLET PROBLEMS INVOLVING NONLINEARITIES WITH
ARBITRARY GROWTH

GIOVANNI ANELLO, FRANCESCO TULONE

ABSTRACT. In this article we study the existence and multiplicity of solutions
for the Dirichlet problem
_Apu = )\f(l’, u) + H’g(l‘vu) in Q?
u=0 on o

where  is a bounded domain in RY, f,g: Q x R — R are Carathéodory func-
tions, and A, u are nonnegative parameters. We impose no growth condition at
oo on the nonlinearities f,g. A corollary to our main result improves an exis-
tence result recently obtained by Bonanno via a critical point theorem for C*
functionals which do not satisfy the usual sequential weak lower semicontinuity
property.

1. INTRODUCTION

In this article we study the Dirichlet problem
—Ayu = Af(x,u) in Q
= A (@,0) )
u=0 on 0f,

where p €]1,+oo[, A,(-) := div(|[V(:)|]P~2V(+)) is the p-laplacian operator, ) is a
bounded smooth domain in R™, X is a positive parameter, and f: @ x R - R is a
Caratheodory function. We will establish some existence and multiplicity results for
problem for small values of the parameter A by imposing only local conditions
on the nonlinearity f, allowing this latter to be of arbitrary growth at oco. In
particular, our existence result improves and extends a recent result by Bonanno [5]
Theorem 8.1] obtained as application of a critical point theorem for C'! functionals,
which may fail to be sequentially weakly lower semicontinuous, established by the
same author. Here, we will apply classical variational methods, regularity theory
and truncation arguments. To establish the multiplicity of solutions, we will make
use of a Mountain Pass Theorem by Pucci-Serrin [12] which applies in the case
in which the energy functional possesses at least two (not necessarily strict) local
minima. In our case, the energy functional associated to problem , with f

2000 Mathematics Subject Classification. 35J20, 35J25.

Key words and phrases. Existence and multiplicity of solutions; Dirichlet problem;
growth condition; critical point theorem.

(©2014 Texas State University - San Marcos.

Submitted May 20, 2014. Published September 26, 2014.

1



2 G. ANELLO, F. TULONE EJDE-2014/200

suitably truncated, admits a global minimum with negative energy, and a local
minimum at 0. Our multiplicity result extends to more general nonlinearities [4]
Theorem 1]. We refer the reader to [T}, [2,[3, [7, [I0] for other existence and multiplicity
results for problem involving nonlinearities with arbitrary growth.

2. MAIN RESULTS

Throughout this section, €2 is a bounded smooth domain in RV, and f: QxR —
R is a Caratheodory function. The solutions of problem will be understood in
the weak sense. Therefore, a function u € Wy?(Q) is a (weak) solution of problem
if and only if, for every v € Wy*(Q):
(1) the function z € Q — f(x,u(z))v(z) is summable in €;
(2) [, |Vu(x)P~2Vu(z)Vo(z)de — X [, f(z,u(z))v(z)ds = 0.

2.1. Existence of solutions. The next Lemma follows by applying the well known
Moser’s iterative scheme ([0, [1I]) and standard regularity results ([9]).

Lemma 2.1. Let v > max{1, %} For each h € L7(Q) (resp. h € L*™(Q)) denote
by up, € Wol’p(Q) the (unique) weak solution of the problem
—Apu=h(z) inQ

u=0 on 0.
Then uy, € C1(Q) and
C,:=  sup 7maxﬁ|ih| (resp. Coo == sup 7maxﬁ£h|
he LY (Q)\{0} ||h||$_1 heL>(Q)\{0} ||h||§o_1

is a positive finite constant.
Our existence result reads as follows:

Theorem 2.2. Assume that the following conditions hold:
(i) there exist C > 0 and v €] max{l,%},—&—oo] such that supy <o |f(-t)] €

LY (Q).
(i) there exist a closed ball By(xg) C Q and n € R\ {0}, with |n| < C, such

that

1
r _ .
Ar(n) = p(m)p/ (1 =)V essinfoep, (a) f (2, 0t)dt
0
Cy\p-1
> (27 swp 10 = e

[t|I<C

Then, for each A E]Al(n)_l,Agl], problem (1.1) admits at least a weak solution
uy € Wy () N CY(Q) such that

%”UAHP < )\/Q (/OUA(I) f(x,t)dt)d% (2.1)

Proof. Let C' > 0 be as in the hypotheses and define
f(fE,*O) if (fE,t) € QX] 7007*0[7
fo(z,t) =< f(z,t) if (z,¢) € Q x [-C,C], (2.2)
flz,C)  if (z,t) € Qx]C, +o0.
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Moreover, for each A > 0, put

Uy (u) = %HUHP - )\/Q (/Ou(w) fole tydt) d (2.3)

for every u € Wol’p(Q). From 4) and the definition of fc, we have that U} is of class
C' in WO1 P(Q), sequentially weakly lower semicontinuous and coercive. Hence, it
admits a global minimum uy € WO1 P(Q) which is a weak solution of the problem
—Apu = Afo(r,u) in £,
u=0 on 0.

From assumption (i) and Lemma we have uy € C1(2) and

1 L
[urlloo < CHAPT || sup [f(-, O[5
[t|I<C

In particular, if A < A;' we obtain |juy||ec < C. Consequently, uy is a weak
solution of problem (1.1). Now, let n and B,(z() be as in the hypotheses. Let us
to show that, if A > A7 ", then inequality holds. To this end, it is sufficient to
show that Wy (o) < 0 for some @ € W, *(12). Define

)2 (r = |z —2x0]) if € Br(wo),
p(z) = {0 if x € Q\ By(z9).

Observe that p(z) € [0,C] for all x € Q. Thus, if we denote by wy the volume
of the unit ball in RY and use the polar coordinates and the integration by parts
formula, we can compute ¥ () as follows

Wa(p)
1 N p(x)

= —WwpT pnp—)\/ / flz, t)dt )dx
; I BT@O)(O (. )dt)

1 r n(1-2)
< 5riN*p|n|P — )\NWN/ (/ essinf,ep, (zo) f(x,t)dt)prldp
0 0

1 1 np
= EWNTN_PV]V) — )\NwNTN/ (/ essinfyep, (z0) f(a?,t)dt)(l — p)N_ldp
0 0

1 1
= };riN’p|77|p - )\wNTN/ (1 —t)N essinf e, (zo) f(z, nt)dt
0

From A > Afl, we promptly obtain ¥ () < 0. |

Remark 2.3. Observe that the key inequality A; > A, in Theorem is auto-
matically satisfied if limsup, o A1(n) = +oo. This is true, for instance, if

i f(f essinfyep, (ng) (2, t)dt

S G = +o00. (2.4)

Indeed, putting F(§) = fof essinfyep, (z,) f(2,t)dt for short, we have

Jo (L= )N essinfucp, w) S nt)dt _J' (0~ OV F(€)d
[l - [V '

(2.5)
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Moreover, one has

L R NNy [ Nt
i [ = P ©d = (V1) V=) [ = 9" R
foralli=1,...,N —1, and
ay o
i [ =" P = (¥ = 1)iF )

Therefore, using (2.4)), (2.5) and the de L’'Hopital rule, we easily obtain

1 .
m Jo (A =t)N essinfoep, ) f(@,mt)dt _ oo

li
n|P

n—

that is to say lim, o Aq(n) = +oo.

If f is nonnegative, i.e., if F is nondecreasing (and so nonnegative in [0, 40|
and non-positive in | — o0, 0]), then to guarantee the limit limsup, o A1(n) = +oc
it is sufficient requiring that

. (&)
lim sup = +o00. 2.6
£—0 |£|p ( )
Indeed, let {£,} C R\ {0} be a sequence such that &, — 0 and
F(&n)
— +00. 2.7
el =0

Without loss of generality, we can suppose &, > 0, for all n € N. Then, we have

J55 (260 = OVIF(©de  Jo (260 — O F(©)dg

(an)Nﬂ? - (2§n)N+p
F,) Jorm (26, — N 1de
(3 N R EeT
1 F(&)

- N2NFP (¢,)P
for all n € N. Hence, in view of (2.5) and (2.7), we have

1 .
- fo (1 —t)Ness inf e B, (zo) f (@, 28nt)dt
n—+oo 126, [P

that is to say limsup, o A1(n) = +oo.

Remark 2.4. For applications of Theorem [2.2] it is useful to have upper estimates
of the constant C, (v €] max{1, %}, +00]). For the constant Cos an upper estimate
is easy to find. Indeed, let Z € R™ and R > 0 such that Br(Z) 2 Q and define

up(z) = R7T — |z — Z|7-1, for all € Bg(%).

Then, ur € C}(Br(z)) and a simple computation shows that

—Ayup(z) = N(]%)fH for all z € Bg(Z).
Now, let h € L>=(£2) and put M = esssupq |h| = ||h]|co- Also, let up, be the unique
solution of the problem

—Apu=h(z) inQ
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u=0 onof.

Then, we have

_AP<X;LE£) - % 1= %(%)p_l(_ApuR(x)) = _Ap< 4 _11 UR(JJ)),

for all z € 2. Since

u -1
h(if) < p -
M7»-T pN7»-T

by the comparison principle for the p-Laplacian, one has

ug(z), forall x € 90,

—1 -1 e oL
un(z) < L2 M7 Tug(z) < L R 0| %7, for all z € Q.
pN»=1 pN?»—T
It follows that )
Coo < L= R#*r.
pN#=T

Remark 2.5. Note that, if f(z,t) = 0 for all (z,t) € Qx] — 00,0] and f(z,t) >0
for all (z,t) € 2x]0, +00], the nonzero solutions of problem are positive in
by the Strong Maximum Principle. Thus, if f satisfies the above condition, we can
compare Theorem with [5) Theorem 8.1]. In our case, differently to [5], where a
polynomial growth up to the critical exponent on f was imposed (being the same
function independent of x € ), to guarantee the existence of a positive solution
for small \'s, besides and the summability condition ), no other condition is
required on f.

2.2. Multiplicity of solutions. We now state and proof our multiplicity result.

Theorem 2.6. Assume that f satisfies (i) and (i) of Theorem [2.4 Moreover,
suppose that there exists 6 > 0 such that

3
ess supxeg/ flz,t)dt <0, forall & € [-4,4]. (2.8)
0

Then, for each X\ €]A1(n)~', A5'], problem (T.1) admits at least two weak solutions
ux, vy € WP () N CHQ) such that

] ux () 1 v (2)
_ p _ P
HOVIES / ( / fadt)do, sl > A / ( / (e t)dt ) d.

Proof. Let fc be as in ([2.2) and, for A €]A;(n)~', A5 '], let ¥y be as in (2.3)). From
the proof of Theorem we know that ¥y is a C'-functional that admits a global

minimum uy € W, "*(€2) such that ¥y (uy) < 0. Moreover, again from the proof of
Theorem [2.2] we have that every critical point of ¥ is a weak solution of problem
(1.1). Thus, if we show that u = 0 is a local minimum for ¥, conclusion follows by
the mountain pass theorem of Pucci-Serrin [12]. To this end, it is sufficient to show
that u = 0 is a local minimum for ¥ in the C}(Q2) topology (see [8, Theorem 3.1]).
Indeed, for each sequence {un}nen in Cg(Q) such that lim,— 4o [[unllcr g = 0,
we have, thanks to , Uy (u,) > 0 for n € N large enough. Hence, 0 is a local

minimum for ¥,. [l

Here is a consequence of Theorem [2.6
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Corollary 2.7. Let R > 0 be the radius of the smallest ball containing 2 and let
h,g:]0,+00[— R be two continuous functions such that h(0) = g(0) = 0 and

Jim, W = +oo, (2.9)
5l_i>rél+ foggg(:)ﬁ = 400, for some s €]0,p|. (2.10)
Finally, let
=g G e o))

Then, for each A €]0, M|, there exists uy > 0 such that, for each u €]0, [, the
problem

—Apu = A(h(u) — pg(u)) in Q,
u=0 on o

admits at least two nonzero and nonnegative solutions.

Proof. Let A €]0, M[ and let C' > 0 be such that
N/ Cp \»—1 -1
AL —|—— h(t .
w(oo1) (o)

Put f(x,t) = h(t) for each (x,t) € Q x [0,4+00[ and f(z,t) = 0 for each (z,t) €
Q x [—00,0[. Let B,(xg) be a closed ball contained in . Thanks to (2.9) and
Remark we have

1
: : " \p N-1
lim A = lim p(-— / 1—t h(nt)dt = +o0.
Jim Moo = tim p()” [0 0¥ o)
Therefore, we can find 79 €]0, C[ and gy > 0 such that

-1

[p(i)p /1(1 — )N (h(not) — ug(not))dt]

"o 0
N, Cp \p-1 -1
A< —(—— h(t) — ug(t .
A< 2 =) () = o (0)])
for all p €]0, pa[. From Remark it turns out that

N, Cp \p-1 -1 Coo\p—1 -1
— (—— sup |h(t) — pug(t < [(—~ sup |h(t) — pg(t .
o) (e h) = pel) < [(GF)" sup_ 1n(0) = o 0]

Moreover, from (2.9) and (2.10)), for each p €]0, px[, there exists d,, > 0 such that

£
/0 (h(t) — pg(t))dt < 0,

for each & € [0,0,]. Conclusion now follows from Theorem applied to the
function h(t) — ug(t), extended by continuity to the whole real axis by putting
h(t) — ug(t) = 0 for all t €] — 00, 0], and from the maximum principle. O

Example 2.8. Let R > 0 be as in Corollary Moreover, let s €]1,p[ and
r €]1,s[. Then, Corollary can be applied to the functions h(t) = t*~le! and
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g(t) = t"lel. In this case, the constant M can be explicitly computed and one
has:

N Op o NN p e psies
Vgt o) (g o)) = G

We conclude that, for each A €]0, M|, there exists py > 0 such that for each
i €]0, pa[, the problem

—Apu = Au"! = pu" e in Q,
u=0 onodf

admits at least two nonzero and nonnegative solutions.
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