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REGULARITY OF MILD SOLUTIONS TO FRACTIONAL
CAUCHY PROBLEMS WITH RIEMANN-LIOUVILLE
FRACTIONAL DERIVATIVE

YA-NING LI, HONG-RUI SUN

ABSTRACT. As an extension of the fact that a sectorial operator can determine
an analytic semigroup, we first show that a sectorial operator can determine a
real analytic a-order fractional resolvent which is defined in terms of Mittag-
Leffler function and the curve integral. Then we give some properties of real
analytic a-order fractional resolvent. Finally, based on these properties, we
discuss the regularity of mild solution of a class of fractional abstract Cauchy
problems with Riemann-Liouville fractional derivative.

1. INTRODUCTION

Fractional differential equations are widely and efficiently used to describe many
phenomena arising in viscoelasticity, fractal, porous media, economic and science.
More details on this theory and its applications can be found in [2, 5], 9} 12} 13} 18]
19, 20, 21, 23] 25).

Recently, fractional abstract Cauchy problems have attracted much attention due
to their wide application. Bajlekova [3] defined a solution operator which extends
the classical semigroup to study the fractional abstract Cauchy problem. Under the
condition that the coefficient operator is the generator of a solution operator, some
authors got the existence and uniqueness of mild solution of the inhomogeneous
a-order abstract Cauchy problem [I0] (14} [I5] [16]. Under the condition that the
coefficient operator generates a Cy-semigroup, there is another tool to deal with
the fractional abstract Cauchy problem, it is a new operator described by the
Cy-semigroup and the probability density function. For more details, we refer to
[0, 7, [8, 241 26|, 271, 28].

However, these papers considered the fractional abstract Cauchy problem only
in the Cupto’s sense. Heymans and Podlubny [T1] showed that in some examples
from the field of viscoelasticity, it is possible to attribute physical meaning to initial
conditions expressed in terms of Riemann-Liouville fractional derivative or integral.
Li, Peng and Jia [I7] developed an operator theory to study fractional abstract
Cauchy problem with Riemann-Liouville fractional derivative. They proved that
a homogeneous a-order Cauchy problem is well posed if and only if its coefficient
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operator is the generator of an a-order fractional resolvent, and gave sufficient
conditions to guarantee the existence and uniqueness of weak solutions and strong
solutions of an inhomogeneous a-order Cauchy problem. On the other hand, it is
well known that a sectorial operator can determine an analytic semigroup. Thus, it
is natural to ask whether a sectorial operator can determine a real analytic a-order
fractional resolvent.

Our first aim in this paper is to show that a sectorial operator of angle 6 €
[0, (15 )7) determines a real analytic a-order fractional resolvent {7 (t)}:>o which
is defined in terms of Mittag-Leffler function and the curve integral. We also present
some properties of {T () }i>o0-

Our second purpose is to study the regularity of mild solution of an inhomoge-
neous a-order abstract Cauchy problem. To the best of the authors’ knowledge,
the regularity of mild solution of fractional abstract Cauchy problem is a subject
that has not been treated in the literature. So, in this paper, we will fill the gap in
this area. We discuss the regularity of mild solution of the problem

Deu(t) + Au(t) = f(t), te(0,T],
, (1.1)

(92—o¢ * u)(O) = 07 (92—(1 * u) (O) =,
where 1 < a < 2, A is a sectorial operator of angle § € [0, (1 — §)7 ) Df‘ is the a-

order Riemann-Liouville fractional derivative operator, ga_o(t) = F(2 a) fort >0
and ga—o(t) =0 for t <0, f: 0, T] — X X is a Banach space, = € X We prove
that if f € LP((0,7); X) withp € (£, L 1) then the mild solution of (1.1)) is Holder
continuous on (g,7T] for every ¢ > 0. We also show that, the Holder contmulty of
f ensures that the mild solution u of is a classical solution and Au, Dfu is
Holder continuous.

The rest of this paper is organized as follows. In Section 2, we provide some
preliminaries of the fractional calculus and the Mittag-Leffler function. In Section
3, we introduce an operator family {7, (t)};>0 and analyze its properties. The
regularity of mild solution of is established in Section 4.

2. PRELIMINARIES

Throughout this paper, let X be a Banach space, B(X) denotes the space of
all bounded linear operators from X to X. If A is a closed linear operator, p(A)
and o(A) denote the resolvent set and the spectral set of A respectively, R(\, A) =
(M — A)~! denotes the resolvent operator of A. L'(RT, X) denotes the Banach
space of X-valued Bochner integrable functions.

For convenience, we recall the following known definitions. By % we denote the

convolution of functions (f*g)( fo 7)dT, t > 0. Let go (e > 0) denotes
the function )
[
ga(t) — T'(a)’ t > 0,
0, t <0,

and go(t) = do(t), the Dirac delta function.
The Riemann-Liouville fractional integral of order o > 0 of f is defined by

JEF () = (ga * ().

The Riemann-Liouville fractional derivative of order a > 0 of f can be written as

dm
D) = S T f (),
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where m is the smallest integer greater than or equal to .. For more details about

fractional calculus, we refer to [I3] 20, 2T, 25].
The Mittag-Leffler function is defined by

o0 Zn
Eqp5(z) = ;m 2,8 €C, Rea > 0.

The Mittag-Leffler function has the following properties (see [13]):

oo )\a—ﬁ
/ e MPTIE,, p(ut™)dt = - , ReX > |uY%, (2.1)
0 AY =
dn oa— (0% ax—n— (0%
(1 B (%) = 17" B (), € 2. (2.2)

The following lemma gives asymptotic formulae for the Mittag-Lefller functions.

Lemma 2.1 (2T, Theorem 1.4]). If 0 < a < 2, 8 is an arbitrary real number, then
for an arbitrary integer N > 1,

N-1 n
z T

E, — - My, = <m, 2.

50 == 3 gy HOUT G <z < 29

as |z| — oo.

Remark 2.2. Since ﬁ =0,n=0,1,2,..., from (2.3), we know if § —a = —n,
(n=0,1,2,...),

C TQ
|Ea,p(2)| < -

~ W’ 2 < ‘al"gz| S ™, (24)

where C' is a real constant.

Now, we present introduction to sectorial operators.

Definition 2.3 ([4, Definition 1.2.1]). Let A be a densely defined closed linear
operator on Banach space X, then A is called a sectorial operator of angle w € [0, 7)
(A € Sect(w), in short) if

(1) o(A) C X, where

s . {z€C:2z#0and |argz| <w}, w >0,
i (0700)7 UJ:O,

(2) for every ' € (w,7), sup{||zR(z, A)|| : 2 € C\ X/} < <.

For a closed linear operator A on a Banach space X, recall the following state-
ment.

Lemma 2.4 ([1l Proposition 1.1.7]). Let A be a closed linear operator on X and I be
an interval in R. Let f: I — X be Bochner integrable. Suppose that f(t) € D(A)
fort € I and Af : I — X is Bochner integrable. Then [, f(t)dt € D(A) and

Af, ft)dt = [, Af(t)dt.
The following definition is a direct consequence of [I7, Definition 3.1 and Theo-
rem 3.12].

Definition 2.5. Let A be a closed linear operator defined on X and 1 < o < 2.
A family {T,,(t)}+>0 C B(X) is called an a-order fractional resolvent generated by
A, if for every t > 0, T,,(t) is strongly continuous and there exists w € R such that

{A*:ReX >w} C p(A) and (N> — A)~la = [ e MT,(t)xdt, ReA > w, z € X.
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{Tw(t)}+>0 has the following property [I7, Proposition 3.7]: If —A is the gen-
erator of {T,(t)}+>0, then for every ¢ > 0 and 2z € X, (9o * To)(t)z € D(A),
and

To(t)r = ga(t) — A(ga * Ta) (t). (2.5)

Below the letter C' denotes various positive constants, and C, denote various
positive constants depending on .

3. THE OPERATOR T,(t)

For the rest of this article, let 1 < a < 2, A € Sect(f) with 0 € [0,(1 — §)7)
and 0 € p(A). Inspired by the expression of an analytic semigroup determined by
a sectorial operator A, we introduce an operator family {7, (¢)}¢>0 by

1
Tot) = g [ 47 Bual)ud + ), (3.1)
T—0

= o
where the integral path T'y_g := {Rte/™=} U {Rte~""=9} is oriented counter
clockwise. First, we show some basic properties of {T} () }¢>o0-

Theorem 3.1. For every t > 0, T, (t) is well defined and {To(t)}i>0 s a real
analytic a-order fractional resolvent. Moreover, there exists a constant C, such
that

1To(t)]| < Cot*™t, t>0. (3.2)
Proof. A € Sect(f) implies that ¥,;_y C p(—A) and
1 C
lar + 4770 < S0 e oo\ (01 (3.3)
which combines with Remark we can get that, for every ¢t > 0, T, (t) is well
defined. For p € T'y_g, since (ul + A)~! is a bounded linear operator, it is easy to
see that T, (t) is also a bounded linear operator.
Now, we show that {T,(t)}+>0 is an a-order fractional resolvent generated by

—A. We first show that, for every ¢t > 0, T,(t) is a strongly continuous operator.
Fix tg > 0, then for ¢t > 0, x € X, we have

1

T, (t)x — T, (t = —
(t)x (to)x o Jr.

(1 Eaa(ut®) — 157" Ba,a () (] + A) ™ adp.

—0

Then by the continuity of ta’lEa@(Mta) and the dominated convergence theorem,
we know that lim; ., T (£)x = Ty (o).
Let 6y € (%,7=%), 0> 0, and

logy = {Te_w”, o<r<oo}U {Qew, lp] < 6o} U {Tew", 0<r<oo} (3.4)

be oriented counter clockwise. Then for A € lp,, \* € X,_g C p(—A), hence
{A*: Rel > g} C p(—A). In view of (2.1)), we know that

1
t 7 By o (ut®) = Tm/l MY —p)Trd\, p €Ty yp. (3.5)
6
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For x € X, from Fubini’s theorem, (3.5)) and the Cauchy’s integral formula, we see
that

1
To(t)r = 5— 0 B (ut®) (ul + A) ™ adp
2mi Jr_,
1 1

MO — ) a\(ul + A)"Lzdp

271 Tr_o 271 l@g

1 1 (3.6)
= — e)‘t—,/ (A — p) " + A) L adpd)
271 l90 21 Tr_o
1
=— [ MO+ A)lzad
211 log
Then taking Laplace transform on both sides, we obtain
oo
AT+ A) e = / e M, (H)xdt, Rel>p, z€X. (3.7)
0

Next, we prove that the estimate (3.2) holds. It is clear that T,(0) = 0. For
t > 0, in view of (3.6)) and (3.3]), we deduce

_ L At (ya -1
170l = 5z [ 0T+ ) ]

log

1 W 41
= m((Eyer + 4)71og
el [ et ) Saul
ta—l
< Z [ e = Caret.
2m |l

lgo
Finally, we verify that T, (t) is real analytic. From the dominated convergence
theorem and (2.2)), we have, for n € NT,

1 e o B
T = 5 [ Bt T+ 4)
T Tr_g
L[ e O+ A L
2mi Jro LT e te
This combined with (3.3), yields
1T @) < Cat™™™ 1, £ >0, (3.8)

1
Let ¢ := inf,en+{Cqa " }, where C,, is given in (3.8). For fixed z € R, denote % :=
11—«

—a _ 1
inf, e+ {2157}, Choose |t — 2| < KéZ,0 < K < 1, then |t — 2| < KCy " 215
Thus, the series

Ta(z)+ Y T 2y
n=1
is convergent by means of the operator topology. So T,(t) is real analytic. (|
c
t

Theorem 3.2. Fort > 0 and x € X, we have Ty (t)x € D(A) and ||[AT,(t)] <
Proof. From AN*T + A)~L =T - (A>T + A)~! for t > 0 and x € X, we have

/ MANCT + A) "l d)

log
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= / Medx— [ MANT + A) T wdr
log log
1 1
- / e = / e (Ey (5 1+ A S dp,
y, oot t t

where lg, is given by (3.4). Since 0y < ’TT*&, for pu € Iy, we have pu® € ¥, g C
p(—A), and

o _ Ct*
I/ T+ A7 < (3.9)
Consequently,

At « —1 c c
I eMANT + A)T ad) || < — le#]|dp| < —. (3.10)

log t Jy, t
Thus, by (3.6), , the closeness of A and Lemma [2.4] we conclude that for
every v € X and t > 0, To(t)z € D(A) and ||AT,(t)]| < 7. O

4. MAIN RESULTS

In this section, we apply the theory developed in Section 3 to discuss the reg-
ularity of mild solution of the following linear inhomogeneous fractional Cauchy
problem

Diu(t) + Au(t) = f(t), te€(0,1],
(92-a *u)(0) =0, (g2-a *u)'(0) ==,
where f € L*((0,T); X) and z € X.

To present definition of mild solution of problem (4.1), we give the following
lemmas.

(4.1)

Lemma 4.1. Suppose u € C([0,T]; X) such that (ga—a *u) € C*((0,T]; X),u(t) €
D(A) fort € [0,T],Au € L*((0,T); X) and u satisfies (4.1). Then

t
u(t) = To(t)z + / To(t —s)f(s)ds. (4.2)
0
Proof. If u satisfies the assumptions, we can write u as
u(t) = ga(t)z — A(ga * u)(t) + (9o * £)(t), t€[0,T]. (4.3)
Applying the Laplace transform to (4.3)), then, for A > 0,
a(\) = A% — AT AG(\) + A f(N);

that is

a(\) = AT+ A) e+ AT+ AL (), A>0. (4.4)
Then taking inverse Laplace transform to (4.4]) and by (3.7), we obtain the conclu-
sion. d

Lemma 4.2. If f € L'((0,T); X), then the integral fot T, (t — 8)f(s)ds exists and
defines a continuous function.

Proof. Since f € L'((0,T); X), To(t) € B(X) for t € (0,T), by [22, Theorem 1.3.4],

we know that (T, * f)(t) = fot T.(t — s)f(s)ds exists and defines a continuous
function. g
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Definition 4.3. The function u € C([0,T], X) given by

t
ul(t) = Ta(t)a:—i—/ To(t — 5)f(s)ds
0
is called a mild solution of the Cauchy problem (4.1)).

By Definition 4.3 and Lemma for f € L1((0,7); X), we know the Cauchy
problem (4.1]) has a unique mild solution.

Definition 4.4. A function u € C([0,T], X) is called a classical solution of (4.1)
it D¢u € C((0,T],X), and for all t € (0,7, u(t) € D(A) and satisfies (4.1]).

Theorem 4.5. Let u be the mild solution of (4.1). If f € LP((0,T); X) with
é <p< ﬁ, then u is Holder continuous with exponent ap;l on [e,T) for every
e > 0.

Proof. By (3.8), we have ||T.,(¢)|| < C,t*2, then from the mean value theorem, we
know that T, (¢)x is Lipschitz continuous on [e, T for every & > 0. If i <p<l1,we
show the Holder continuity of T, (t)x at 0, é < p < 1 implies that « — 1 > %71,

ap—1

thus || 7o (t)z[| < Callz]|t*~" < Callz[ft ™7
Now we show that v(t) := fg T, (t—s)f(s)ds is Holder continuous with exponent

SE=1. For h >0 and ¢ € [0,T — h], we have

t+h ¢
v(t+h) —o(t) = /0 To(t+h—s)f(s)ds— /0 To(t —s)f(s)ds

t+h t
:/ Ta(t—f—h—s)f(s)ds—i—/ (To(t+h—3)—Ta(t—9))f(s)ds
t 0
=1 + b,
By (3.2) and p > 1/a, we have

t+h
1L < Ca / (£ + h— )2 f(s) |ds
t

t+h o p—1
<Co [ wn—9"ds) T I
t

ap—1

< CaHf”LPh P
To estimate Is, we use that implies
ITo(t+h) = To(t)|| < CoT*
On the other hand, from the mean value theorem and , we obtain
(| To(t+h) — To(t)|| < Cut™ 2h.

Therefore,
| Tt + h) — To(t)|| < p(h,t) := Coumin{T*, t*2h}. (4.5)
Using (4.5) and the Hélder’s inequality, we have

IL] < Ca / lhyt— 9)||f(5)]|ds

p—1

t . =
< Calflus ([ tht = 5)7*as)
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p—1

= Calllr ([ wthryrtsar) ™

p—1

< Callflr ([ wthr)rar) 7

—1 ® pla=2) qu
= Collflle T h+ca||f||m(/ P250s) 7 b

h
pa—1
= Coll floT  h+ Co|fllLoh ™7
< Coll fllnh ™7

O

Theorem 4.6. Suppose f € CV([0,T]; X) forv € (0,1); that is, there is a constant
k > 0 such that
1f(@) = f(s)l < k[t —s", 0<t,s <T.

Then for every x € X, the mild solution of (4.1) is a classical solution.
Proof. We first show that, for x € X, T, (¢)x is a classical solution of (4.1)) with
f=0and z € X. By (2.5) and Theorem we have

To(t)x = ga(t)xr — A(ga *To) () = go()x — (9o * AT )(t)x, t>0, x € X. (4.6)
Then

d2
D?Ta(t)x = @92—01 * (ga(t);z: - (ga * ATa)(t)x)
d? d?
== @(92—11 * ga)(t)m - @(92—(1 * o * ATa)(t):L'
d2 2
= @gz(t) e (92 * ATo)(t)z
= —AT,(t)x,

and it is clear that (ga—q * To)(0)z = 0, (g2—q * ) (0)z = .
Now, we verify that v(t) := fg T.(t — s)f(s)ds is a classical solution of the

problem
Deu(t) + Au(t) = £(t), te (0,7T],

(g2-a xu)(0) =0,  (g2-a *u)'(0) =0.
Lemma [4.2] implies v € C([0,T]; X). It is clear that v(t) = I1(t) + I2(t), where

(4.7)

Il(t)z/o To(t— s)(f(s) — f())ds, 0<t<T,

I(t) = /OtTa(t—s)f(t) ds, 0 <t <T.

Firstly, we show that v(t) € D(A) for ¢ € (0,7].
For fixed ¢ € (0, T}, from Theorem and Holder continuity of f, we have

ATt~ $)(F(5) — FO < 75— ()7 € ' (0,1)

According to the closeness of A and Lemma we see I1(t) € D(A). To prove
the same conclusion for I(t), from (3.6) and the Laplace transform property of
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convolution, we see that

t 1
12(t):/ Ta(t—s)f(t)dSZ(I*Ta)(t)f(t):ﬂ/ MAT(AT + A)~Ld).
0 T Jig,
On the other hand,
/ e’\t)ﬁlA(/\aIJrA)*ld)\:/ e/\t)\*ld/\—/ MNTIONNT + A) A

I log log

1 1
:/ e“—du—/ e (U (Eyer+ A L
Uy 12 Uo

Thus, by (3.3)), we have

I [ eataper + A)ytda| < c/ e L idul < ¢,
lo, Uy |l
which implies that the integral fleo eMATTA(NT + A)~1d) is convergent. Then the
closeness of A and Lemma [2.4] conclude that

(1+T,)(t)r € D(A), ze€X, and |[AQ«T,)@)| <C. (4.8)
Thus ,(t) € D(A).

Next, we show that Dfv € C((0,T]; X). Equality implies
2

T e
2

d
= 25 (g2 % ))(0) + (g2 % ATo x [)(1))
= f(t) + A(Ta = )(#)
= f(t) + Av(t).
Therefore, it remains to prove Av = Al (t)+ Al (t) € C((0,T]; X). Since Al(t) =
(1%T,)(t)f(t), and from the assumption on f and Theorem [3.1} we see that Al(t)

is continuous on (0, 7.
For AI1(t),if h > 0 and t € (0,7 — h], we have

D&u(t) (g2—a * Ta x f)(t)

AL (t+ h) — AL, () = /O A[To(t+h —s) — Ta(t — 8)](f(s) — £(£))ds
+Aluhu+h—sXﬂﬂ—f@+hD%

t+h
—I—/t AT, (t+h—s)(f(s) — f(t+ h))ds
= hy + ha + hs.
For hyq,
limn AT, (¢ +h = )(f(s) — [(8)) = ATa(t = 5)(/(5) = (1),
and from Theorem we know that
IATu(t +h = s)(f(s) = fO) S Ct +h—5)" (t— )7 <C(t—s)""" € L}(0,1).

Thus, by means of the dominated convergence theorem, we obtain that h; — 0 as
h — 0.
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For hsy, we have
[[ha]l = II/ ATo(t+h —s)(f(t) = f(t+ h)) ds]]

<c/ t+h—s)"'h7ds
=C(ln(t+ h) —Inh)h?,
s0, ho — 0 as h — 0. Also

N
||h3||§C’/ (t+h—s)_1(t+h—s)'yds—CTh—>O as h — 0.
t

Consequently, Av € C((0,T]; X). It is easy to see that (ga—q * v)(0) = 0, (ga—q *
v)’(0) = 0. O

Lemma 4.7. Suppose f € CY([0,T); X) for~v € (0,1), denote

B(o)= [ Tult=s)(fs) = F0)ds. te 0.7
then I (t) € D(A) for 0 <t <T and A € C"([0,T]; X).

Proof. The fact that I1(¢) € D(A) for 0 < ¢t < T is an immediate consequence of
the proof of Theorem [£.6] so we only need to prove the Holder continuity of Al (t).
From the dominated convergence theorem and (2.2)), we have

d

— AT, (¢

SATL (1)

_

o
1 1

= t* 2 Eq a1 (ut*)dp — — t2E, oo (ut® I+ A"
omi 1(put)dp omi Jo a—1(pt)p(pl +A)" dp
1 a—2 a—2 é- 6

t Ea,afl(g)i 6_ P t Eoz,afl(f) ( aI+A) dg

T—0

21t 271'2 te
T™—0

£ Bam1 (ut®) A(pl + A) ™ dp

T—6

In view of (3.3]), we deduce that

d
||%ATC,(L‘)|| <Cut™2, 0<t<T. (4.10)
Thus, for every 0 < s <t <T, we obtain
AT, () - AT = | [ AT )]
< [ 1t araetar (411)

¢
< Ca/ 772dr = Cut st — 5).

For h > 0 and ¢ € [0,T — h], from (4.9), we know that
AL (t+h) — AL (t) = hy + ha + hs. (4.12)
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From f € C7([0,T]; X) and (4.11)), it follows that
t
[[ha]l < /0 [ATo(t + h = s) = ATo(t = s)[|[1f(s) — f(D)]l ds
t
< Cah/ (t+h—)"Y(t—s)~1ds
0
t
= C’ah/ (s+h)"ts7 ds (4.13)
0

h
<ca/ h
- 0 S+h

h 0o
<C, / 7 Nds + Ca/ 7 2hds = C, R,
0 h

(e%e] s'yfl

hds

7 Yds + C, /
h s+ h

For hs, by Theorem [3.2] and the mean value theorem, we have

Iha s/o IATo(t+ b — s)[I£(t) — F(t+ )] ds

t t+h
go/ (t—i—h—s)’ldshV:C/ s~ldsh? (4.14)
0 h
t C
— h’7< 7h“/
Corra =gt

where 6 € (0,1).
For hs, it follows from Theorem [3.2] and the assumption on f, we see that

t+h
[[7s]] S/ [ATo(t +h = s)|llf(s) = f(t+ h)|lds
¢ (4.15)

t+h
< C/ (t+h—s)"tds < Ch.
t

Combining (4.12)) with the estimates (4.13)), (4.14]) and (4.15]), we obtain that Al
is Holder continuous with exponent « on [0,T]. O

Theorem 4.8. Suppose f € C7([0,T]; X) for~ € (0,1). Ifu is a classical solution
of the problem (4.1) on [0,T], then
(i) For everye >0, Au € C7([e,T); X) and Du(t) € C7([e, T); X).
(ii) If x € D(A), f(0) =0, then Au and D{u(t) are continuous on [0,T].
(iii) If =0, f(0) =0, then Au, D{u(t) € C7([0,T]; X).

Proof. (i) If u is a classical solution of the initial value problem (4.1)) on [0, T, then
t
u(t) =To(t)z + / Tt —s)f(s)ds = Ty (t)z + v(t).
0

By (4.10)), we know that AT, (t)z is Lipschitz continuous on [e,T] for every £ > 0.
So, it suffices to show that Av € C7([e, T]; X). As in Theorem [4.6] we write v(t) as

v(t) = I (t) + I2(t) :/0 To(t —s)(f(s) —f(t))ds+/0 To(t — s)f(t)ds,

for 0 <t < T. It follows from Lemma [4.7] that A, € C7([0,T]; X). So it remains
to verify that Al € C7([e,T]; X) for every € > 0. To this end, let h > 0 and
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€ [e,T — h], then

t+h

AL (t+h) — AL(t) = AT, (t+h—8)f(t+h)ds — /t AT, (t —s)f(t)ds
0 0

t+h t
_ / AT (s) (¢ + h) ds — / AT (5) (1) ds
0 0

t+h t+h
:/o ATa(s)(f(t+h)—f(t))ds+/t AT, (s)f(t)ds.
This combined with (4.8) yield

h
AL (t + ) — Al (8)[| < Cl[A(L+ Ta)(t + h)[|A7 + C/ s~ ds| ]l
0

< Ch" + gh < Ch7,

where || flloe = maxosicr ()]

(ii) If x € D(A), then AT,(t)z € C([0,T];X). By Lemma and (i), we
know that A} € CV([0,T]; X), Al, € C7([e,T]; X). We need to show that Al
is continuous at ¢ = 0. Since f(0) = 0 and (4.8), we have ||AL(t)]| < (1 =
T )OO < C|f(@)]] — 0 as t — 0. This completes (ii).

(iii) We only to show that Al € C7([0,T]; X).

IAL(e+ 1) - 4120
t+h
< / AT (5)(F(t+h) — £(8)) ds]| + | / AT, (s)£(t) ds]|
t+h
< (1% ATt + WG+ B) — F(2)]| ds + / JAT.(s)]1£(2) — F(O)]lds
< Ch" + /Hh sHYds < ChY + /Hh 771 ds

h h
< ChY —|—/ (t+s)tds < Ch? —|—/ s771ds
0 0
< Ch".
(]
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