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EXISTENCE OF INFINITELY MANY SOLUTIONS FOR
NONLINEAR NEUMANN PROBLEMS WITH
INDEFINITE COEFFICIENTS

DAISUKE NAIMEN

ABSTRACT. We consider the nonlinear Neumann boundary-value problem
—Au+u=a(@)|uP 2w inQ,

ou

v
where N > 3 and Q C R¥ is a bounded domain with smooth boundary.
We suppose a and b are possibly sign-changing functions in Q and on 9Q
respectively. Under some additional assumptions on a and b, we show that
there are infinitely many solutions for sufficiently small A > 0if 1 < ¢ < 2 <
p < 2¥ =2N/(N — 2). When p = 2*, we use the concentration compactness
argument to ensure the PS condition for the associated functional. We also
consider a general problem including the supercritical case and obtain the
existence of infinitely many solutions.

= \b(x)|u|?7"2u  on IR,

1. INTRODUCTION

In this article we study the nonlinear Neumann boundary value problem
—Au+u = a(x)|ulP?u in Q,
ou (1.1)

i q—2
5 Ab(z)|u|?*u  on 9,

where N > 3, Q@ C R¥ is a bounded domain with smooth boundary and 9/9v
denotes the outer normal derivative. In addition, let 1 < ¢ < 2 < p < 2% =
2N/(N — 2) and suppose a and b are possibly sign-changing functions in Q and on
0N respectively. Main purpose of this paper is to show the existence of infinitely
many solutions for . To do that, we define the energy functional associated to

@1,
f(u)zl/ (1Vul? + u?) da:—l/a(xﬂu\pdx—é/ b(a)|u|?do.
2 Jo pJa q Jog

We can easily verify that F is well-defined on H'(Q) and continuously Fréchet
differentiable on that space. In this paper, we define the solutions of (1.1)) as the
critical points of F.
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To state our results, we put a condition on b,

(B1) there exist an open set D C RY with D N9 # () and a positive constant
6 > 0 such that b > § on D N 9.

Our main result is the following.

Theorem 1.1. Let 1 < ¢ < 2 < p < 2* = 2N/(N —2). Suppose a € C(),
b e L>(0Q) and further, b satisfies the condition (B1). Then there exists a constant
A > 0 such that has infinitely many solutions (uy) C HY(Q) for every 0 <
A < A. Moreover F(ug) < 0 and F(ug) — 0 as k — oo.

Remark 1.2. It is sufficient to choose a € L () if p < 2*.

Remark 1.3. If we assume b € C(0f2) and there exists a point zg € 9 such that
b(xg) > 0, then b satisfies the hypotheses in Theorem [1.1

In 1994, Ambrosetti, Brezis and Cerami [I] considered the elliptic problem with
the convex-concave nonlinearities. They obtained several existence results for the
Dirichlet boundary value problem, including multiple positive solutions and infin-
itely many ones which may change their signs. Recently some authors have begun
to consider such problems with nonlinear Neumann boundary conditions. As a
pioneering work, Garcia-Azorero, Peral and Rossi [3] study problem for the
case ¢ = 1 and b = 1. They obtain the Ambrosetti-Brezis-Cerami type results.
One of their results shows that if 1 < ¢ < 2 < p < 2* and XA > 0 is sufficiently
small, there exist infinitely many solutions for with negative energies. Mo-
tivated by their result, we consider a general case; i.e., the indefinite coefficients
a and b. Consequently we obtain Theorem We emphasize that a and b may
change their signs. Note that in Theorem [I.1] we also consider the critical case; i.e.
p = 2* which is not considered in [3]. If p is critical, a typical difficulty occurs in
proving the PS condition for F because of the lack of the compactness of the embed-
ding H'(Q2) — L* (). We overcome this difficulty by applying the concentration
compactness lemma by Lions [6] and conclude Theorem

This paper is organized as follows. In Section 2, we give the proof of Theorem
for the subcritical case, i.e. p < 2*. To this aim, we use the variational method
in [3]. By careful reading of the proof in [3] and considering the conditions on
the coefficients a and b, we can get the result. Especially see the proof of Lemma
Next, in Section 3, we give the proof of Theorem for the critical case, i.e.
p = 2*. As we indicated before, the main difficulty arises in the proof of the PS
conditions for F. In view of this, we shall show the proof of LQ*(Q) convergence
for the PS sequences. This is the key of the proof of this section, see Lemma [3.1]
Lastly in Section 4, we consider a general problem. Utilizing the argument in [§],
we give a result including the supercritical case. In the following sections we use
the characters C7, Co, C3 and so on, to denote several positive constants.

2. SUBCRITICAL CASE

In this section, we consider the subcritical case. Let 1 < g < 2 < p < 2*. Here we
use the variational argument in [3]. First of all, since in general, F is not bounded
from below, we perform the appropriate truncation for the functional F. To do
that, first notice that by the Sobolev embedding and the trace theorem,

o] ACs

1
F(u) > S lullfne) - ?IIUIlip(Q) = =g el o) = Al @)
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1.2 _ Cip _ ACy
q

where fi(z) := 52° — Lo x?. Take Ag > 0 so small that maxjy ) fx is

positive for all 0 < A < Ag. Choose 0 < m < xg < 21 < M so that f(m) <0<
f(zo) < f(z1) < f(M) where m and M are local minimum and maximum points
of f respectively. Now consider a cut off function 7 € C'(R) defined by

1 if 0 <€ < o,
=4 U=t

0 if &> xq,
0<7(8) <1 ifag<&<Luy,

and a C! functional on H'(2),

®(u) = 7([[ull g1 (@))-
Finally we give the truncated functional,

*1 ul? + u? :cf1 a(z)®(u)|ulP scfé x)|ulldo
Fw =5 [ (Ve +a?) do— [ a@@@lde =2 [ boulra

We can easily check that F is well-defined and continuously Fréchet differentiable
on H'(Q). Notice also that F = F on some neighborhood of u satisfying F(u) < 0.
In addition observe that F(u) is even in u and F(0) = 0. Now we can get the
following lemma.

Lemma 2.1. Assumea € L®(Q) and b € L>®(Q). Then F is bounded from below
and satisfies the (PS). condition if ¢ < 0.

Proof. Let us first show that F is bounded from below. In fact, by the definition
of ®(u), if [[ullgi) < 1, 0 < @(u) < 1 and if [|ul|g1) > 21, P(u) = 0. So
@(u)||u||§{1(m < z¥. Hence by the Sobolev embedding and the trace theorem,

~ 1 4 AC,
F(u) = 5”“”%{1(9) - ?@(U)HUH%(Q) B [ullF o
1 leL‘p ACo
> 5”“”%11(9) - L v ullF -

Since ¢ < 2, F is bounded from below. We next prove that F satisfies the (PS).
condition if ¢ < 0. To do that, let (u;) be a (PS). sequence for F at level ¢ < 0.
By the property of F, F(u;) = F(u;) for large j since ¢ < 0. Therefore (u;) is also
a (PS). sequence for F; i.e., F(u;) — ¢ and F'(u;) — 0 in H~ (). Now we claim
that (u;) is bounded in H'(£2). Actually

1 1
ct+ 12> Fluy) - ]3<f'(uj)7uj> + 5<}-/(Uj)7uj>
1 1 1 1
> (5 - 5)||Uj||§11(n) - /\(5 - g)bOOHung[l(Q) = [lullzr ()
for large j, where bo := [|b||L~(s0). Since 1 < ¢ < 2 < p, (u;) is bounded in

H'(Q). Therefore we can assume there exists a function u € H'() such that
u; — u weakly in H'(£2). Moreover noting that p < 2* and ¢ < 2, by the Rellich
Theorem, we can also assume

u; —u in LP(Q),

2.1
uj —u in LY(0Q). (2.1)

[conv]
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Then we obtain
alu;[P~?u; — alulP~*u in H™H(Q),
bluj|7 2u; — blu|?%u  in HH(Q).
By the Lax-Milgram Theorem, we conclude
u; —u in H(Q).
This completes the proof. O

The condition (B1) on the indefinite function b in Theorem is essential for
the following lemma.

Lemma 2.2. Suppose a € L>®(2), b € L>(0Q) and further, b satisfies condition
(B1). Then for every n € N, there exist an n-dimensional subspace E, C H(Q),
and constants p > 0 and € > 0 such that

F(u) < —¢
for all u € E, with |[u g1y = p-
Proof. From condition (B1) on b € L*°(99), for every n € N, we can construct an
n-dimensional subspace E,, in {u € C®(Q) : w =0 on dQ\ D} such that if u € E,,

u = 0 on 0N if and only if uw = 0. Then we take a nonzero function u € FE,, with
|lull g1 () = p. By the Sobolev embedding, we obtain

F L 2 2 —1 a(x)®(u)|ul? a:—i x)|u|?do
P = [ (9uP+0) o= [ a@o@lrar =2 [ y@ua

1 C. A6
< P TS 7/ |u|?da,
2 q Joo

p

where ao = ||al| (). Since E, is finite dimensional, we obtain

- 1 C AOC,

Flu) < oot 4 222 pr = 202,

2 P q
As g < 2 < p, there exist constants p > 0 and € > 0 such that
Flu) < —¢

for all u € E,, with ||u||g1(q) = p. This concludes the proof. O

Now we introduce the genus as a topological tool [B] 2 [7]. We give the following
definition according to [7]: Consider the class

Y ={AcC HQ)\{0}: Ais closed, A = —A}.
Then we define the genus, v : ¥ — {0} UNU {oo} so that
7(A) = min{k € N : there exists an odd map ¢ € C(4,R*\ {0})}.

If there exists no such a minimum, we put y(4) = oco. In addition we define
~v(0) = 0. Consequently we obtain the following properties of the genus([7]). Let
A, B € ¥ then

(g1) Normalization: If  # 0, y({z} U {—2}) = 1.

(g2) Mapping property: If there exists an odd map f € C(A, B) then v(A) <

v(B).
(g3) Monotonicity property: If A C B, v(A) < ~(B).
(g4) Subadditivity: v(AU B) < ~(A) + v(B).
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(g5) Continuity property: If A is compact, then v(A4) < oo and there exists
d > 0 such that Ny = {u € HY(Q) : dist(u, A) < d} € ¥ and v(N4) = v(4).
Here we prove the following lemma.
Lemma 2.3. Letn € N and € > 0 be as given by Lemma[2.4 Then
YFF) 2 n.
where F¢ = {u € H'(Q) : F(u) < c}.
Proof. We define S, , = {u € E, : ||ul|g1q) = p} where the n-dimensional sub-

space E,, and a constant p > 0 are given by Lemma Then we have S, , C Fe.
By the monotonicity of the genus, we conclude that

7(-7:-76) 2 V(Sp,n) =n.

O
Finally we prove the main result of this section.
Theorem 2.4. Let
Y={AC HQ)\{0}: Ais closed, A= —A}, Y, ={AcT:v(A) >k}
and put )
cr = Aiélgk 21613 F(u),
then ¢y, is a negative critical value of F. Moreover if ¢ := ¢y = cpp1 =+ = Clar
Y(Ke) =7 +1

where K. = {u € HY(Q) : F(u) = ¢, F'(u) = 0}.

For a proof of the above theorem, see [3, Theorem 2.1]. Using Theorem [2.4] we
show the following corollary.

Corollary 2.5. Let ¢i, be defined as in Theorem[2. Then ¢ — 0.

Proof. Since ¢y, is negative and nondecreasing, there exists a constant ¢y < 0 such
that ¢ — cg as k — oco. Let us assume ¢y < 0 on the contrary. First notice that
¢, < ¢o for all k € N. In fact, if ¢, = ¢¢ for large k € N, y(K,,) = oo by Theorem
On the other hand, the (PS)., condition for F implies that K., is compact.
Thus, the continuity of genus shows that v(K,,) < co. This is a contradiction. We
set y(K,,) = r. Now, take £ > 0 so that ¢y + & < 0. For large k € N, we also have

co — € < ck. (2.2)

For such a k, there exists a set Agy, € Xy, such that sup,ecy, ., F(u) < co+e.
Here as K., is compact, there exists a neighborhood Nj(K, ) such that v(K,.,) =
v¥(Ns(K,,)). Using the odd homeomorphism 7 : [0,1] x H() — H}(Q) (con-
structed in [7, Appendix A] for example), we conclude that

(L, Aprr \ No(Key)) © (1, Feote \ Ny(Ke,)) € Fo°. (2.3)

On the other hand, from the mapping property and subadditivity of the genus, we
obtain

YL, Akr \ N5 (Koo ))) 2 7 (Akgr \ No(Key)) = ¥(Argr) = 7(Ns(Keo)) = k.
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It follows that (1, Akyr \ Ns(K¢,)) € k. Therefore, recalling (2.3), we obtain

cr < sup F(u) <co—e.
u€n(1,Ap4r\Ns (Key))
This contradicts (2.2]). The proof is complete. O

Proof of Theorem[I_]] for the subcritical case. We suppose a € L>®(Q), b € L™
(09) and further, b satisfies the condition (B1). Choose A = Ag and take 0 < A < A
as in the first paragraph of this section. Then by Theorem we have the neg-
ative critical values ¢y, co,... of F. In addition from Corollary we conclude
that the set {cj : k € N} has infinitely many distinct elements. This completes the
proof. ([

3. CRITICAL CASE

In this section we prove Theorem for the critical case, i.e., p = 2*. Let
1 < ¢ < 2 and consider the functional

1 1 x A
Flu) = 5/9 (IVul]* + u?) dz — > Qa(:13)|u|2 dx — . /BQ b(z)|ulldo.

The organization of the proof is same with that for the subcritical case, once we
ensure the strong L% () convergence for PS sequences. We begin with the following
lemma.

Lemma 3.1. Assume a € C(Q) and b € L>(99Q). Let ¢ < 0 and (u;) C H*(Q) be
a (PS). sequence for F. Then there exists a constant Ay > 0 such that for every
0 < XA < Ay, (uj) strongly converges in L (Q) up to subsequences.

Proof. By the same argument in the proof of Lemma we ensure that (u;) is
bounded in H'(2). Hence we can assume there exists a function u € H*(Q) such
that u; — u weakly in H'(Q). Furthermore, by the Rellich Theorem, we can also
assume that

uj —u in L*(),

uj — u in LI(0R), (3.1)

uj; —u a.e. on €.

We now apply the concentration compactness lemma by Lions [6]. By that, we can
assume there exist some at most countable set J, distinct points (zx)res C 2 and
positive constants (vg)res, (fr)res such that

Vg = dpe > [Vu? + 3 i,
keJ

lu | = dv = |ul* + Z Vil s
keJ

(3.2)

in the measure sense, where ¢, denotes the Dirac measure with mass 1 concentrated
at € RY. In addition by the result in the proof of [3, Lemma 7.1],

e > S (ke J), (3.3)

where ) ,
S= g Ao(VuPru)de
A ON O NIES da:)w
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Let us show that there exists a constant A; > 0 such that J =0 for all 0 < A < A
if ¢ < 0. To do that, assume ¢ < 0 and take 0 < A < Ay where Ay > 0 is determined
later. Now we suppose on the contrary, J # @. Then for all & € J we introduce a
cut off function ¢ € C°(RY) with 0 < ¢ < 1 such that

() 1 if z € B(xg,¢),
€Tr) =
0 if z € B(zg,2e)°.

Furthermore we can assume that [V¢| < 2/e. Since (u;) is bounded in H'(Q2) and
F'(uj) — 0 in H-Y(Q), recalling (3.1), (3.2) and the assumption a € C(2), we
obtain

0= lim (F'(u;),u;¢)
j—oo
= lim { QVuj-V(ujd))dx—f—/QU§¢dx—/Qa(x)|uj|2*¢dx

J—00

A [ bl 5.0
= lim [ (Vu;-Vé)u; dx+ﬂ¢du+/u2¢dx—ﬂa(x)¢du
Q Q

J=ee Ja Q

- A/m b()|ul? bdo

Here using the Schwartz inequality, the boundedness and L?(§2) convergence in
(3-1) of (u;) and further, applying the Hélder inequality, we obtain

0< lim \/(vuj-w))uj da|
Q

J—00

1/2 1/2
< lim (/ |Vu,|? dx) (/ u?|Vol|? dx)
] QNB(x,2¢) QNB(z,2¢)

. 1/2" 1/N
<) 797 )

. 1/2*
gC’G(/ dx) —0 ase—0,
QﬂB(Zk,QE)

where for the above inequality we use the assumption |V¢| < 2/e. Taking ¢ — 0

for (3.4]), we obtain

e — a(zg)ve < 0. (3.5)
Since py, and vy, are positive, we can assume a(z) > 0. Considering (3.3) and .

together, we have
S \N/2
v > ( ) .
* = Nafay)

So using this inequality and (3.2)) again, we have for all k € J,

c= lim {F(u;) %(]—"(uj),uﬁ}

j—o0

1 1
= lim {— / )| |* de — A= — 7)/ b(z)|u;|%do} (3.6)
s ¢ 2 )

o S
> 5 [ o@ll dr ) (25" <AC - 3) [ bwulran
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Now since u is a critical point of F, we have

1 o= Ll - % [ s
5 L a@ e = el = 5 [ bl

Substituting this equality into (3.6)), noting ¢ < 2 and using the trace theorem, we
have

SN2 L 11 1
> —— =+ = “AM-+=-2)C 4 .
¢z a(xk)NEQ + N”u”Hl(Q) (q + N 2) 7||u||H1(Q)
Hence noting N/2 — 1 > 0, we obtain
SN2
c> ————— —AT1K
aéN—Q)/2

where ag := max_ g a(z) >0 and K > 0 is some constant which is independent of
A > 0. Now we take A; > 0 so small that the right-hand side of the above inequality
is greater than 0 for all 0 < A < A;. Then we obtain the contradiction since ¢ < 0.
Here observe that we can choose A; > 0 uniformly for k& € J. It follows that

/ lu;|? da —>/ lu|? de.
Q Q

This completes the proof. (I

The above lemma enable us to ensure the (PS). condition for F. Now we can
prove Theorem 1] for the critical case by the same argument in Section 2.

Proof of Theorem [I.1] for the critical case. We suppose a € C(2), b € L>(99) and
further, b satisfies the condition (B1). As we already said, the organization of the
proof for the critical case is same with that for the subcritical case. So we give
only a comment for the choice of A > 0. To perform the appropriate truncation
for the functional F, we first choose Ay > 0 by the same argument with that in

Section 2. Next we take A; > 0 from Lemma [3.1] Then it is enough to select
A = min{Ag, Ay }. O

4. GENERAL CASE

As we can observe from the proof of Theorem the concave term in (1.1)) is
essential for the existence of infinitely many solutions with negative energies. Here
let us generalize the convex term in ([1.1). To this aim, we consider the problem
—Au+u= f(z,u) inQ,
ou
— = \b(x)|u|"%u on 09,
S = el

where f(z,u): Q@ x R — R. Now we can ask that

(4.1)

Under what conditions on f(z,u), can we ensure the existence of
infinitely many solutions with negative energies?
To answer this question, we put two conditions on f:
(F1) there exists a constant o > 0 such that f(x,t) is a continuous function on
QO x [~o,0] and odd in t for all z € Q if t € [—0, 7],
(F2) f(z,t) =o(|t]) ast — 0.
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Under the conditions (F1) and (F2) on f, we formally define the (weak) solutions
for (.1 and the associated functional. We call u € H'(Q) N L*>(Q) is a (weak)
solution of (4.1) if and only if u satisfies

Vu-Vhdr — [ f(xz,u)hdx — / b(x)|u|?*uhdo =0 (4.2)
Q Q Fro)

for all h € H(£2). The associated energy functional is given by

I(u) = %/ (|Vul]® +u?) — /QF(x,u) dzr — :]\/69 |ul? do, (4.3)

where F(z,u) = [}’ f(x,t)dt. Note that thanks to (F1), (£.2) and (4.3) have mean-
ings for all u € Hl(Q)ﬁLOO(Q) with [|ul| L) < 0. We give the following Theorem.
A comparable result for Dirichlet boundary value problem is found in [4].

Theorem 4.1. Suppose 1 < q < 2 and f satisfies the conditions (F1) and (FQ)
Assume further, b € L*°(09Q) and satisfies the condition (B1). Then has
infinitely many solutions (uy) C H(Q)NL>(2) for every A > 0. Moreover I(uk) <
0, I(ux) — 0 and |Jug| =) — 0 as k — oo.

Remark 4.2. We need no restriction for A > 0 to be sufficiently small for the
existence.

As a consequence of Theorem we obtain a similar conclusion to Theorem
including the supercritical case.

Corollary 4.3. Let 1 < ¢ <2 < p < oo. We suppose a € L>®(Q), b € L>®(0Q)
and further, b satisfies the condition (B1). Then with f(z,u) = a(x)|ulP~%u
has infinitely many solutions (u) C H'(Q) N L>®(Q) for every X\ > 0. Moreover
I(ur) <0, I(ur) — 0 and [Jug| =) — 0 as k — oc.

Remark 4.4. We point out the delicate difference between theorems above and
Theorem In the theorems above, the solutions must converge to zero (as long
as obtaining from our method below). But the solutions we got in Theorem may
not do that. Thus the solutions we can get here seem to be more restricted. But
this is reasonable, since we are considering the general case including supercritical
case. We need to utilize more careful cut off techniques and regularity arguments.
See the details below.

Next, we shall prove Theorem To this aim, we utilize the argument in [g].
Let 1 < g < 2 as previous sections and f(z,u) satisfy (F1) and (F2). To the
beginning we construct a modified function f(x, u) € C(Q x R,R) using f(x,u) so
that

(F1) |F(z,u)| < u?/4 where F(x,t) = fo f(x,s)ds,

(F2) there exists a constant 0 < < (2—q)/2 such that f(z,u)u —qF(u) < fu?,

(F3) there exists a constant 0 < a < ¢/2 such that f(z,u) = f(z,u) if |u| < a.

Lemma 4.5. Let f : Q@ x R — R satisfy conditions (F1) and (F2). Then there
exists a continuous funftion flz,t) in Q x R which is odd in t and satisfies the
conditions (F1), (F2), (F3).

Proof. For fixed 0 < 6 < (2 —q)/2, take 0 < ¢ < 6/14. From (F2) there exists a
constant 0 < a < ¢ /2 such that |f(x,u)u| < eu? and |F(z,u)| < eu? if Ju| < 2a.
Now define a cut off function p € C*(R) such that p(t) = 1if [t| < a, p(t) =0

weaksolofgpde
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if [t| > 2a and 0 < p < 1 otherwise. Furthermore, we can assume |p'(t)| < 2/a.
Firstly, we define

F(z,u) = pu)F(z, u) + (1 = p(u)) Foo (u)
where Fiy,(u) = Bu? for some 0 < 3 < 6/16. Then we have

~ 1
|F(x,u)| < ZuQ. (4.4)
Indeed, if |u| < 2a, we obtain
|F ()| < [F(z,u)] + Foo(,u) < (e + B)u® <

and if |u| > 2a, we obtain

Next we put

Then we obtain

fx,u) = p'(u)F(a,u) + p(u) f(z,u) = p'(u) Fos (u) + (1 = p(u)) FZ (u).

By (F1), clearly f(ac, w) is a continuous function in Q x R, odd in u and

flz,u) = f(z,u) if |u] < a. (4.5)

In addition, a direct calculation implies
fla, u)u — gF(z,u) = (p (u)u — gp(w)) F(z,u) + p(u) f (2, u)u

= (p'(w)u + q(1 = p(w))) Foo(u) + (1 — p(w)) F, (u)u.

Here we claim 3 )
f(z,u) — qF(z,u) < 0u?. (4.6)
In fact, if |u|] < 2a, we have
f(z,u) — qF (z,u) < (Te + 83)u? < Ou?,
and if |u| > 2a, we obtain
f(z,u) — qF (z,u) < 46u® < Ou?.

Inequalities , and conclude the proof. O

Let f (z,u) be the function constructed in Lemma We consider the modified
problem )
—Au+u= f(z,u) inQ,
(4.7)
% = Ab(x)|u|?%u  on 09,

and the associated functional

I(u) = %/ﬂ (|Vul® +u?) dm—/ﬂF(%u) dx — A/m b(z)|u|?do,

where F(z,t) = fot f(x,s)ds. Noting condition (F1), we can easily check that I
is well-defined on H'(Q2) and continuously Fréchet differentiable on that space.
Furthermore from the condition (F3), we can conclude that every critical point
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uw e H'(Q) N L®(Q) with [Ju| (o) < a is a weak solution of (4.1)). Next we show
an important property of the modified functional.

Lemma 4.6. (I'(u),u) =0 and I(u) =0 if and only if u = 0.
Proof. Suppose (I'(u),u) = 0 and I(u) = 0. Then we have
0= (I'(u),u) = / (IVul]* + u?) dz — )\/ b(z)|ul? do —/ f(z,u)udr, (4.8)
Q X9) Q
and

0=ql(u) = %/ﬂ (IVul® +u?) dz — A b(z)|ul?do — q/ F(z,u)ude. (4.9)

oQ Q
Substituting (4.9) in (4.8) and noting the condition (F2), we obtain
2—q - -
(5D lulE g = /Q (F(@,wyu — aF (@,u)) dz < Oullfs o)
Hence u = 0. This concludes the proof. ([l

Considering the oddness of f(fzc,u) and the condition (F1) on f(x,u), we can
check the following properties of I,
(il) f( ) is even in u,

1(0) =0,

I is bounded from below

positive constants p > 0and e > 0 such that I(u) < —¢ for all u € E, with
[ull () = p-
Most parts of the proof are analogous to the ones in Section 2. So we omit it. The
above properties of I are enough to obtain the existence of infinitely many solutions
(ux) C HY(Q) for with I(ug) < 0 and I(uz) — 0 as k — oo as in Section 2.
Finally we come to the proof of Theorem

The proof of Theorem[].1 Firstly assume b € L>°(9f2) and satisfies the condition
(B1). Since I(uk) — 0 and I'(u) = 0, the sequence of solutions (uy) is (PS)o

sequence for I. Then by the (PS)o condition for I, we can assume uy, converges to
some function u € H'(Q). We claim v = 0. In fact, from the continuity of I,
I(u) = 0. Thus Lemma confirm the claim. Considering a priori estimate (see
Section 4 in [3]), we obtain for all 8> 1, (ux) C WHA(Q) and uy, — 0 in WHA(Q).
Consequently, by the Morrey inequality, we also have ||u1c||c(§) — 0. Thus we
obtain [lug| ) < a for large k € N. This completes the proof. O

Acknowledgments. The author is grateful to Professor Kimiaki Narukawa for his
helpful suggestions and so many discussions on the results in this article. He also
thanks Professor Futoshi Takahashi for his help in preparing this article.

REFERENCES

[1] A. Ambrosetti, H. Brezis and G. Cerami; Combined effects of concave and convex nonlinear-
ities in some elliptic problems, J. Funct. Anal. 122 (1994) 519-543

[2] C. V. Coffman; A minimum-mazimum principle for a class of non-linear integral equations,
J. Analyse. Math. 22 (1969) 391-419.



12 D. NAIMEN EJDE-2014/181

[3] J. Garcia-Azorero, I. Peral, J. D. Rossi; A convez-concave problem with a nonlinear boundary
condition, J. Differential Equations 198 (2004) 91-128.

[4] Z. Guo; Elliptic equations with indefinite concave nonlinearities near the origin, J. Math.
Anal. Appl. 367 (2010) 273-277.

[6] M. A. Krasnoselskii; Topological Methods in the Theory of Nonlinear Integral Equations,
MacMillan, New York, 1964.

[6] P. L. Lions; The concentration-compactness principle in the calculus of variations. The limit
case. Part 1., Rev. Mat. Iberoamericana 1 (1985) 145-201.

[7] P. H. Rabinowitz; Minimaz methods in critical point theory with applications to differen-
tial equations, in “CBMS Regional Conference Series in Mathematics” , Vol. 65, American
Mathematical Society, Providence, RI, 1986.

[8] Z.-Q. Wang; Nonlinear boundary value problems with concave nonlinearities near the origin,
Nonlinear Differ. Equ. Appl. 8 (2001) 15-33.

DAISUKE NAIMEN
FACULTY OF SCIENCE, GRADUATE SCHOOL OF SCIENCE, OSAKA CITY UNIVERSITY, 3-3-138 SUGI-
MOTO SUMIYOSHI-KU, OSAKA-SHI, OSAKA 558-8585, JAPAN

E-mail address: d12sax0J51@ex.media.osaka-cu.ac. jp



	1. Introduction
	2. Subcritical case
	3. Critical case
	4. General case
	Acknowledgments

	References

