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STABILITY OF PARABOLIC EQUATIONS WITH UNBOUNDED
OPERATORS ACTING ON DELAY TERMS

ALLABEREN ASHYRALYEV, DENIZ AGIRSEVEN

ABSTRACT. In this article, we study the stability of the initial value problem
for the delay differential equation
du(t)
dt

+ Av(t) = B(t)v(t —w) + f(t), t>0,

o(t) = g(t) (~w <t<0)
in a Banach space E with the unbounded linear operators A and B(t) with
dense domains D(A) C D(B(t)). We establish stability estimates for the
solution of this problem in fractional spaces F,. Also we obtain stability

estimates in Holder norms for the solutions of the mixed problems for delay
parabolic equations with Neumann condition with respect to space variables.

1. INTRODUCTION

Stability of delay ordinary differential and difference equations and delay partial
differential and difference equations with bounded operators acting on delay terms
has been studied extensively and and developed over the previous three decades;
see, for example [II, B [ [5 6, 20, 21 23, 24] 29, BT, B2, B3] and their references.
The theory of stability of delay partial differential and difference equations with
unbounded operators acting on delay terms has received less attention than delay
ordinary differential and difference equations (see, [2] [7, [8, [ 22| 25]). It is known
that various initial-boundary value problems for linear evolutionary delay partial
differential equations can be reduced to initial value problems of the form

du(t)
dt

+ Av(t) = B(t)v(t —w) + f(t), t>0,
u(t) = g(t) (—w<t<0),

(1.1)

where F is an arbitrary Banach space, A and B(t) are unbounded linear operators
in E with dense domains D(A) C D(B(t)). Let A be a strongly positive operator,
i.e. —A is the generator of the analytic semigroup exp{—tA} (¢t > 0) of the linear
bounded operators with exponentially decreasing norm when ¢t — co. That means
the following estimates hold:

| exp{—tA}|p—r < Me™% |tAexp{—tA}|p—p <M, t>0 (1.2)
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for some M > 1,6 > 0. Let B(t) be closed operators.
A function v(t) is called a solution of problem (1.1)) if the following conditions
are satisfied:

(i) v(t) is continuously differentiable on the interval [—w, 00). The derivative at
the endpoint t = —w is understood as the appropriate unilateral derivative.
(ii) The element v(t) belongs to D(A) for all t € [—w,o0), and the function
Aw(t) is continuous on the interval [—w, 00).
(iii) v(¢) satisfies the equation and the initial condition (L.T).

A solution v(t) of the initial value problem (|1.1)) is said to be stable if

lo(®)][e < H16D<0\Ig(t)||E+/0 1f(s)l| eds (1.3)

—w<t<

for every t, —w < t < co. We are interested in studying the stability of solutions of
the initial value problem under the assumption that

IBH)A™ | p—r <1 (1.4)

holds for every t > 0. We have not been able to obtain the estimate in the
arbitrary Banach space E. Nevertheless, we can establish the analog of estimates
where the space FE is replaced by the fractional spaces F, (0 < a < 1) under
a strong assumption than . The stability estimates in Holder norms for the
solutions of the mixed problem of the delay differential equations of the parabolic
type are obtained.

The present article is organized as follows. Section 1 provides all necessary
background. In Section 2, Theorems on stability estimates for the solution of
the initial value value problem are established. In Section 3, the stability
estimates in Holder norms for the solutions of the initial-boundary value problem
for one dimensional delay parabolic equations with Neumann condition with respect
to space variables are obtained. Finally, Section 4 is conclusion.

2. THEOREMS ON STABILITY

The strongly positive operator A defines the fractional spaces E, = E,(E, A)
(0 < a < 1) consisting of all u € E for which the following norms are finite:

lull 5, = sup [IN'"*Aexp{-AA}ul 5.
A>0

We consider the initial value problem for delay differential equations of para-
bolic type in the space C'(E,,) of all continuous functions v(t) defined on the segment
[0, 00) with values in a Banach space E,. First, we consider the problem when
A~1 and B(t) commute; i.e.,

A'B(t)yu = B(t)A 'u, u e D(A). (2.1)
Theorem 2.1. Assume that the condition
_ 1—a)
BMWA Yo < (7 2.2
IBOA pp < (22)

holds for every t > 0, where M s the constant from (1.2)). Then for every t > 0 we
have

[o()[, < max ||9(t)HEa+/O 1f(s)]| £, ds- (2:3)

—w<t<0
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Proof. Tt is clear that v(t) = u(t) + w(t), where u(t) is the solution of the problem

dutt) )
p + Au(t) = B(t)u(t —w), t >0, (2.4)
u(t) = g(t) (-w<t<0),
and w(t) is the solution of the problem
dw(t) _
o T Aw(t) = B(t)w(t —w) + f(t), t>0, (25)

w(t)=0 (—w<t<0)
In [§], under the assumption of this theorem it was established that the stability
inequality

u®)l, < _max gz, 20

holds for the solution of the problem (2.4) for every ¢t > 0. Therefore, to prove the
theorem it suffices to establish the stability inequality

HMW&SAHﬂM&@. (2.7)

for the solution of the problem (2.5). Now, we consider the problem (2.5). Using
the formula

w(t) = /0 exp{—(t — s)A}f(s)ds, (2.8)

the semigroup property, and the definition of the spaces F,, we obtain

M7 Aexp{- A w(t)||p < )\1_0‘/0 |Aexp{—(A+t—s)A}f(s)||rds

t Mo
< | s Ol.ds

SAHﬂMm%

for every t with 0 <t < w and A with A > 0. This shows that

Hmwmééﬂﬂﬂm@ (2.9)

for every t, 0 < t < w. Applying the mathematical induction, one can easily show
that it is true for every ¢. Namely, assume that the inequality (2.9)) is true for
t,(n— 1w <t<nw,n=1,23,..., for some n. Using the formula
t
w(t) = exp{—(t — nw)A}w(nw) + / exp{—(t — s)A}B(s)w(s — w)ds
. e (2.10)
+ / exp{—(t — s)A}f(s) ds,
nw
the semigroup property, the definition of the spaces E,, estimate (|1.2)) and condition
(2.2), we obtain
Ao Aexp{-AA}w(t)|| s

¢ A+t—s
< )\1_"||A exp{— (A +t — nw)A}lw(nw)||g + Pt / |A exp{—TA}HEHE

nw
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A+t—s
2

+Aba/ JAexp{—(A+t — 8)A} f(s)]| s

w

x| B(s)A™ | p—pllAexp{~ AYw(s — w)||pds

¢ 1
5 lw(s —w)lE,ds

)\1_0‘ 1
N S N
llotle, + 301 -0) [ o

P —
T (A+t—nw)-

t )\lfa
+ / W”ﬂs)”}sads

/\1—@ Cu t 1 nw
< (m AT (1 - a) /W mds) /0 1£(s)l| £, ds

t
+/Hﬂw&@

=Aﬁﬂﬂ

for every t, nw <t < (n+ 1)w, n=1,2,3,... and A, A > 0. This shows that

t
[w®lz, < [ 176z, ds
0
for every t, nw <t < (n+1)w, n =1,2,3,.... This result completes the proof. O

Now, we consider the problem when
AT'B(t)r # B(t)A 'z, x € D(A)

for some ¢t > 0. Note that A is a strongly positive operator in a Banach space

E if and only if its spectrum o(A) lies in the interior of the sector of angle ¢,

0 < 2¢ < m, symmetric with respect to the real axis, and if on the edges of this

sector, S1 = [z = pexp(ip) : 0 < p < oo] and Sy = [z = pexp(—ip) : 0 < p < x]

and outside it the resolvent (z — A)~! is the subject to the bound
My

A Y pg < —
1= A e < T

E. ds

(2.11)

for some M7 > 0. First of all let us give lemmas from [J] that will be needed in the
sequel.

Lemma 2.2. For any z on the edges of the sectors

S1=[z = pexp(ip) : 0 < p < o0,

S = [z = pexp(—ip) : 0 < p < o0
and outside of it, the estimate
MEM(1+ My)t-e2@-aa

a(l —a)(1+|z])>

holds for any x € E,. Here and in the future M and M; are same constants of the
estimates and .

Lemma 2.3. For all s > 0, let the operator B(s)A=! — A='B(s) with domain
which coincide with D(A), admit a closure Q@ = B(s)A~! — A=1B(s) bounded in
E. Then for all T > 0 the following estimate holds:

|A " [Aexp{—TA}B(s) — B(s)Aexp{—TA}]z| g

|A(z = A) 7'zl <

.
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_ elo+ MM (1 + 2My) (1L + My)' 207 Q p— g2l
- Tl=era?(1 — «) ’
Here Q = A=1(AB(s) — B(s)A)A—1.
Suppose that
[A=H(AB(t) — B(t)A) A g p
< (1 — a)?a’e (2.12)
=~ eMl—i-aMll-‘rOé(l —|—2M1)(1 +M1)1—a22+a—a2(1 +C¥)

holds for every ¢ > 0. Here and in the future € is some constant, 0 < ¢ < 1.
Applications of Lemmas and enable us to establish the following fact.

Theorem 2.4. Assume that the condition

TR (I-o)(1l—¢)

AT BOl g < g pg=a— (2.13)
holds for every t > 0. Then for every t > 0 estimate (2.3)) holds.

Proof. In [§], under the assumption of this theorem it was established that the
stability inequality (2.6]) holds for the solution of the problem (2.4) for every ¢ > 0.
Therefore, to prove the theorem it suffices to establish the stability inequality (2.7))

for the solution of the problem (2.5)). Now, we consider the problem ({2.5). Exactly
same manner, using the formula (2.8]), the semigroup property, the definition of the

spaces E,, we can obtain (2.9) for every ¢, 0 < ¢t < w. Applying the mathematical
induction, one can easily show that it is true for every t. Namely, assume that the

inequality (2.9)) is true for ¢, (n — N)w <t < nw, n =1,2,3,... for some n. Using
formula ([2.10)) and the semigroup property, we can write

M7 Aexp{ - A}w(t)

= AM"Aexp{—(\ +t — nw) A w(nw)

t p— p—
+ )\1*0‘/ exp{f#A}B(s)A exp{fWA}w(s —w)ds

w

t
At — Att—
it [ o= 2 A A exp(- 2 S ALB(s) - B(s)A
nw
Att—s
2
:Il+I2+I3+I4’

AMw(s — w)ds + A2 / Aexp{—(A+1t—35)A}f(s)ds

nw

X exp{—

where
I = X' Aexp{—(\ +t — nw) A}w(nw),

t p— —
I, = /\170‘/ exp{fWA}B(s)Aexp{fyA}w(s — w)ds,
t — j—
I = )\1_0‘/ exp{—#A}[Aexp{—#A}B(s) — B(s)A
X exp{f$/l}]w(s —w)ds,

Iy =\« /t Aexp{—(A+1t—s)A}f(s)ds.

w
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Using estimate (1.2]) and condition (2.13)), we obtain
1] = A Aexp{—(\ +t — nw)A}w(nw)| &
)\l—a
D —
< oy e,

)\lfa nw
QA — d
<o ks

t
_ At+t—s -
[Ia]|m < A a/ [Aexp{————A}p—pl|A7' B(s)|e—k

A+t —

s
x || A exp{— 5 Atw(s — w)| gds

t M)\lfa227oc
< max [ATB@ s | o oads max [lu(s - o),

T nw<t<w w (/\ +t— 8)2_a nw<s<w

< (- )09 [ 1l

t Al—a t
< -_ <
e < [ sl @leds < [ 1#)n.ds

for every t, nw <t < (n+ 1w, n=1,2,3,... and \, A > 0. Now let us estimate
I5. By Lemma [2.3] and using the estimate (I.2)) and condition (2.12)), we obtain

Inlls <3 [ aexp(- 22 )l [aenl- 2 =2 a0
~ Bls) Aexp{~ T2 Y] u(s — )| ds
<A T%(1+ ) MM (14 2My ) (14 My)'— 2B
[ TP g2 (s =l
- At i—sPona?(l—a)
< max AT(ABG) ~ BEAA

y /t AT e(l+ a) MM (L4 20 ) (1 4 M)tz

w A+t—3s)?2ma?(1 — «)

x / 1F($)]z. ds

(- o) [ W

for every ¢, nw <t < (n+ 1w, n =1,2,3,... and A\, A > 0. Using the triangle
inequality and estimates for all || I||z, £ = 1,2, 3,4, we obtain

t
A Aexp{-AA}w(t)||p < / 1 (s)ll . ds
0
for every t, nw <t < (n+1)w, n =1,2,3,... and A, A > 0. This shows that

()]s, < / 1£($)]] 1, ds

for every t, nw <t < (n+1)w, n=1,2,3,.... This result completes the proof. O
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Note that these abstract results are applicable to study of stability of various
delay parabolic equations with local and nonlocal boundary conditions with respect
to space variable. However, it is important to study structure of E, for space
operators in Banach spaces. The structure of E, for some space differential and
difference operators in Banach spaces has been investigated in papers (see, [9] [10,
11), 12] 13} 141 15l 16, 177, I8, 19, [30]). In Section 3, one application of Theorem
2] to study the stability of initial-boundary value problem for one dimensional
delay parabolic equations with Neumann condition with respect to space variable
is given. It is based on the abstract result of this section and structure of E, for
one dimensional differential operator with the Neumann condition with respect to
space variables in the Banach space.

3. AN APPLICATION

We consider the initial-boundary value problem for one dimensional delay dif-
ferential equations of parabolic type

ou(t, ) Ou(t, x)
O?u(t — w, )

= b(t)( - a(m)T + du(t —w,x)) + f(t,x), 0<t<oo,xe(0,l),
u(t,z) =g(t,z), —w<t<0, ze€l0,],
Uy (t,0) = ux(t,1) =0, —w <t < oo,

(3.1)
where a(z), b(t), g(t,z), f(t,z) are sufficiently smooth functions and § > 0 is the
sufficiently large number. We will assume that a(z) > a > 0. The problem (3.1))
has a unique smooth solution. This allows us to reduce the initial-boundary value

problem (3.1)) to the initial value problem (|1.1)) in Banach space E = C]0,[] with a
differential operator A* defined by the formula

2
A%y = —a(x)% + ou (3.2)

with domain D(A%) = {u € C?[0,1] : v/ (0) = v/(1) = 0}. Let us give a number of
corollaries of the abstract Theorem 2.1]
Theorem 3.1. Assume that

l—«

sup |b(t)| < ——.
0St<oo| ( )‘ M22_a

Then for all t > 0 the solutions of the initial-boundary value problem (3.1)) satisfy
the stability estimates

t
Jutt, Mezeon < M) | max |lg®)llcan o + / 15, )leeo.ds]

—w<t<0

for 0 < a < 1/2, where M(«) does not dependent on g(t,x) and f(t,z). Here
CP[0,1] is the space of functions satisfying a Hélder condition with the indicator
8 (0,1).

The proof of Theorem [3.1]is based on the estimate
| exp{—tA"}|cio,—clo) < M, t>0,
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and on the abstract Theorem [2.I] on the strongly positivity of the operator A* in
C[0,1] (see, [26] 27]) and on Theorem on the structure of the fractional space
E, = E,(C[0,1],A*) for 0 < aw < 1/2.

Theorem 3.2. For a € (0,1/2), the norms of the space E,(C|0,1], A*) and the
Holder space C?[0,1] are equivalent.

Proof. First, we prove this statement for the differential operator A* defined by
the formula (3.2) in the case when a(x) = 1. It is easy to see that for all § > 0 and
A > 0 the resolvent equation

Au+du= ¢ (3.3)
is uniquely solvable and the following formula holds:
1
) = (4% + 2) pla) = [ Gl siN) f(s)ds. (3.4)
0
Here
1 e—\/A+6(s+a:) +€—\/A+5(x—s)
2V A+ (1—e— VATS20)2
+6—\/A+5(2l—s—z) =+ e—\/)\+6(2l+s—m) _ e—\/)\+6(2l—s+r)
e~ VAFI(2ts+a) _ o—VAFI(Al-s—z) | ef\/)\+6(4l+sfz)}
if0<s<u,
G(z,s;\) = (3.5)
1 67\/)\+6(s+z) +67\/)\+6(571)
2V AF3(1—e— VATI2L)2
_’_67\/)\+5(21757x) =+ 67\//\+§(2l+sfx) _ e*\/)\+6(2lfs+:r)
e~ VAT (2ts+a) _ o—VAFI(Al—s—a) | e—\/)\+6(4l—s+x)}
ifx<s<l.
We have that .
1
G ;A )ds = ——. 3.6
| Glesns = 545 (36)

Applying the triangle inequality, formula (3.5)), we obtain the following pointwise
estimates for the Green’s function G(z, s; A) of the operator A* defined by (3.2)) in
the case when a(z) = 1,

Gla.s N < @) Jervoemd, 0<s <, (3.7)
T TV e VIR < g <, '
“Viti(z-s) < g<
e 5 SSS T,
|G(z,550)] < M(6) {e_M(s_m)7 r<s<l. (3.8)

Using formula (3.4) and identity (3.6]), we obtain

WA ) (o) = £ 30 [ G s o)~ pleds. (39)

Let o(z) € C?¥[0,1]. Then, applying formula (3.9, the triangle inequality and
estimate ([3.7)), we obtain
XAT (AT + N) " ()|

SN !
< a+1 . _
< ssle@l+ 27 [ G s llete) - os)lds
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SN& )\a+1
< (—(SH + M(9) / VRl x|2“ds)||ap||cza01]

< My (9)lellezao,y

for any A > 0 and z € [0,!]. Therefore p(z) € E,(C[0,1], A*) and the following
estimate holds:

[l Ea(clon,az) < Mi(S)|¢llcza0,-
Let us prove the opposite estimate. For any positive operator A* in the Banach
space, we can write formula

oo
:/ AT\ + A")2p(x) d.
0
From this relation and formula (3.4)), it follows that

olz) = /OO(AI ) LA (AT 4 A) () dA

. (3.10)

:/ /G(gc7s;)\)Ax(A‘”+)\)_1<p(s)dsd)\.
0 0

Consequently,

1’2)
:/0 /0(G(l”laS;)\)—G(mz,s;)\))Ax(Ax—i—)\)_lgo(s)dsd)\ (3.11)

_ /OO Ao /1(G(x1, 5 A) — o, 5 )N AT(AT + X)L o(s) ds d.
0

Let p(z) € E4(C[0,1], A®). Then, using formula (3.10)), estimate (3.7) and the
definition of the space E,(C[0,1], A*), we obtain

[e'e) 1
o(z)] < / e / G, 5 A [X|A7 (A7 + ) p(s)] ds dA
0 0

1 1
< M(s A / e~ VOHXs=al g q) .
< M(6) i = Il 2o (cro,7,47)
M, (6)

< x
<= el £ (cro.17,42)

for any x € [0,1]. Therefore p(z) € C[0,1] and

(3.12)

lellcog <
Moreover, using (3.11]) and the definition of the space E,(C|0,1], A*), we obtain
|p(z1) — p(a2)]

|z) — 29?2
1

= fan —x2|2“/ / |G1,85A) = Gz, 8 MINTAT(AT + 2) " p(s)| ds d
1

= o =z / / |G(21,8;A) — G(22, 5 \)| ds dA|[¢| &, (cf0.17,42)-

Let
1 oo 1
Pzi/ )\_O‘/ G(x1,8A) — G(xa,8;\)| dsd.
lz1 — xo22 f, 0 |G (21 ) (22 )|
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Then
|p(x1) — p(x2)|
T T P M 3.13
21— 220 = ||90||Ea(c[o,z],A ) ( )
for any x1,xo € [0,1] and x1 # xs.
Now, we estimate P. Let |x; — 22| < 1. Then, using the triangle inequality and

estimate ({3.7)), we obtain

o] 1
PSM((S)/ A ! / (e*\/mbfﬂm\ +ef\/m|sfx1\> dsd\ < M?((S)
0 Vi+AJo «o
(3.14)

Let |x1 — 22| > 1. For more definitely we put 1 < xo. Then, using estimates (3.7))
and (3.8]), we obtain

1 o0 1 !
P<M()—F— A e~ VOtAls—aa| 4 o=VO+Als—a1]) gg g\
< MO /|| e v )

1 \;cl—xg\z 1 To
+M(5)7/ A—a/ / e~ VOrAs=elgy ds dA
0 0 Jx

|21 — 2o20

< M@E)— / ALy
|

|‘T1 _x2|2a T —x2|?

1 1 —aaf? ;
M@G)——— A~ B dN o —
+ ( )|$1 _ $2|2a /) 2 |:L'1 T2
M;(9)
~ a(l —2a)’
(3.15)
Therefore p(x) € C?¥[0,1] and from estimates (3.12)), (3.13) and (3.15) it follows

tha’t

Second, let a(x) be the smooth function defined on the segment [0,1] and a(z) >
a > 0. We prove this statement for the differential operator A* defined by the
formula . It is easy to see that if a(z) = constant, the resolvent equation
can be transformed in the last case by dividing both sides of resolvent equation
to a. We have the following estimates for Green’s function

M(d,a) |eV 54(;*(55—5)7 0<s<u,
VI+ X e V260, o <s<,
e~V 6?@*5), 0<s<uz,
e_\/éy(s_“), r<s<l|.
Since the proof of theorem is based on the estimates of Green’s function, it is true

also for this case. Under one more assumption that 6 > 0 is the sufficiently large
number, applying a fixed point theorem and last estimates and the formula

G*(x, w05 A)

ol £ (clo,17,42)-

|G* (2,5 0)] <

|Gz, 5 0)] < M(&a){

1
:Gm“(x,wo;k)+(/\+5)/ G™ (2, y; M) (—— — )GY(y, 203 \)dy,
0
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we obtain the estimates

1G* (2, 20 1)] < &9 e sV IR @m0 0 < wp < a,
U VIR e VR @, p<ag <
eV IS 0 < gy <,

S+
== (

[N

|G (2, w0; A)| < M (6, a)

ez To=x) g <y <1

for the Green’s function of the differential operator A* defined by the formula
(3.2). Therefore, the statement of theorem is true also for the differential operator
A? defined by the formula (3.2]). Theorem [3.2]is proved. O

Conclusion. In the present paper, two theorems on the stability of the initial value
problem for the delay parabolic differential equations with unbounded operators
acting on delay terms in fractional spaces FE, are established. Theorem on the
structure of fractional spaces F,, generated by the differential operator A® defined
by the formula in C[0,1] space is proved. In practice, the stability estimates in
Holder norms for the solutions of the mixed problems for delay parabolic equations
with Neumann condition with respect to space variable are obtained.
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