Electronic Journal of Differential Equations, Vol. 2014 (2014), No. 150, pp. 1-13.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

MULTIPLE SOLUTIONS FOR SCHRODINGER-MAXWELL
SYSTEMS WITH UNBOUNDED AND DECAYING RADIAL
POTENTIALS

FANGFANG LIAO, XTAOPING WANG, ZHIGANG LIU

ABSTRACT. This article concerns the nonlinear Schrédinger-Maxwell system
—Au+ V([z)u+ Q(lz))du = Q(|z]) f(u), inR?
—A¢ = Q(lz))u?,  in R?
where V' and @ are unbounded and decaying radial. Under suitable assump-
tions on nonlinearity f(u), we establish the existence of nontrivial solutions

and a sequence of high energy solutions in weighted Sobolev space via Moun-
tain Pass Theorem and symmetric Mountain Pass Theorem.

1. INTRODUCTION

This article concerns the nonlinear Schrodinger-Maxwell system

—Au+V(|z))u+ Q(z))pu = Q(|z[) f(u), inR?

—A¢ = Q(|z|)u?, in R3. (1)

Such a system, also known as the nonlinear Schrédinger-Maxwell system, arises
in an interesting physical context. Indeed, according to a classical model, the
interaction of a charge particle with an electromagnetic field can be described by
coupling the nonlinear Schrédinger and the Maxwell equations. For more details on
the physical aspects, we refer to [I]. In particular, if we are looking for electrostatic-
type solutions, we just have to solve (|1.1)).

For this problem in a bounded domain, there are some works. Let us recall some
recent results. Benci and Fortunato obtained the existence of infinitely many solu-
tions of an eigenvalue problem in [I]. D’Aprile and Wei [2] studied concentration
phenomena for the system in the unit ball B; of R? with Dirichlet boundary condi-
tions. Candela and Salvatore [3] considered the problem with a non-homogeneous
term and obtained infinitely many radially symmetric solutions.

Recently, the problem in the whole space R? was considered in some works, see
for instance [4 — 15] and the references therein. We recall some of them as follows.
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Ruiz [4] considered the system

—Au+V(x)u+ Mpu = Q(z) f(u), inR3

~Ap=u? inR3 (1-2)
and obtained the existence and nonexistence of radial solutions for with
Viz) = Q(x) = 1, f(u) = wP(1 < p < 5). Later, Ambrosetti and Ruiz in [5]
obtained multiplicity results for with V() = Q(x) = 1. For the critical
growth case, we refer to [6]. Zhao and Zhao established the existence of a positive
solution by the concentration compactness principle. Sun, Chen and Nieto [7] ob-
tained the existence of ground state solutions when V(z) = 1, A = K(z) and f(u)
is asymptotically linear at infinity. When the potential V is not a constant, Wang
and Zhou [§] also considered that the case f(x,u) is asymptotically linear and the
positive potential V' is bounded and non-radial. Mercuri [9] considered the potential
V may vanish at infinity and bounded; i.e., 77w < V(z) < A for some « € (0,2],
a, A > 0. By using the classical Mountain Pass Theorem, the author obtained the
existence of positive solutions with A =1 and f(u) = up(l <p< %Jrg, =3,4,5).
Soon after, Sun, Chen and Yang [I0] considered the asymptotically linear case un-
der the assumptions in [9], the existence and nonexistence of solutions are obtained
depending on the parameters A\. When A = 1 and @ = 1, Chen and Tang [11]
considered the potential V() satisfies some coercive condition, i.e.,

(VO) V € C(R3R) satisfies inf,egs V(x) > 0 and for each M > 0, meas{z €
R3|V(z) < M} < 400,

and proved that has infinitely many high energy solutions under the condition
that f(z,u) is superlinear at infinity in u by fountain theorem established in [12].
Soon after, Li, Su and Wei [13] improved their results. For V(z) and f(z,u)
are l-periodic in each . Zhao and Zhao [I4] considered this case and obtained
the existence of infinitely many geometrically distinct solutions. For the result of
semiclassical solutions, we refer to [17].

In the present paper, we will consider more general radial potential, that is, the
potential V(z) may be unbounded, decaying and vanishing. We make the following
assumptions:

(V1) V(r) € C((0,400)), V() > 0 and there exist ap and ay such that

lmint V) < 0, liminf Vir)
r—0 a0

r—4oo rai

>0,

(Q0) Q(r) € C((0,+0)), Q(r) > 0 and there exist by and b; such that
Q( ) Q(r)
) r 1

r—0 r—-+00

Next we introduce notation. Let C§°(R?) denote the collection of smooth functions
with compact support and

Coo(R?) = {u € C°(R?) : w is radial}.

Let D}?(R?) be the completion of C§%.(R?) under the norm

1/2
full e = [ 1Vufao)
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Define

LP(R3; Q) = {u : R® — R;u is measurable and / Q(|z])|ulPdz < oo}
R3

with norm

full, = ( [, @aDlulraz) ™.

E=H}(R*V)=D*R’)NL*R*V),

Set

which is a Hilbert space with the norm

1/2
lull = (/ Vul? + V(jalyudr)
R3
Corresponding to [15], if (V1) and (QO) are satisfied, for N = 3, we define

6+ 2b07 bO > _2a ag 2 _2a

Plaog,by) = { Bghe=0e - 2 > qg > —4, by > ay,
oo, apg < _4a bO > _4a
8-‘4—4[1112(1—12(11’ bl 2 ay > _27
B(alvbl) = 6+2b17 by > 723 a1 < 723
2, by < max{ay, —2}.

On the other hand, recently, Su, Wang and Willem [I5] studied the nonlinear
Schrédinger equation

—Au+V(|z[)u = Q(«]) f(u), inRY

1.3
u(x) — 0, as |z| — oo. (1.3)

and assumed the Ambrosetti-Rabinowitz condition holds; i.e., there exists u > 2
such that

0 < puF(u) <uf(uw), Yu€eR,

where F(u) = [;' f(s)ds. They proved the existence of ground states solutions
when V and @ satisfy the assumption (V1) and (QO).

Motivated by the above facts, as in [15], the purpose of this paper is to extend the
existence results of problem (|1.3) to Schrodinger-Maxwell system ([1.1)). Moreover,
we assume

(Q1) Q € L#12 (R?) for all p > 12/5.

To reduce our statement, we first make the following assumption on f.

(F1) f € C(R,R), and |f(w)] < c(|u["* " + [ul?>~)

for some p < p1 < pa <P (p,p will be defined later), where c is a positive constant.
Throughout this article we denote by ¢;, C; various positive constants, ||, denotes
the usual LP(R?)-norm, and | - ||, denotes the L9(R3, Q)-norm.
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2. PRELIMINARIES
To prove our results, we use the following lemma from [I5].
Lemma 2.1. Assume (V1) and (QO0) with p = p(ao,bo) > p = p(a,b1). Then
HL(R%; V) — LP(R%; Q)

for p < p <P whenp < oo and for p < p <D when p = oo. Furthermore, if by >
max{a, —2}, the embedding is compact for p < p < p, and if by < mar{ai, -2},
the embedding is compact for 2 < p < p.

Remark 2.2. In particular, we can take p = p(ao, bo) p = max{p(a,b1),12/5}
if we take suitable ag, by. Clearly, p = max{p(al,bl), = 21 > ( b1). Thus, Lemma

. holds for p=max{p(a1,b1),12/5}.

It is well known that system ([1.1)) is the Euler-Lagrange equation of the functional
J: E x D}?(R3) — R defined by

1 1 1
Huo) = 5lult =5 [ VoPdr+ 3 [ QUebonide— [ QUahP(u)ds

For any u € E, consider the linear functional T, : D}?(R3) — R defined as

v) = /R Q| u2vda.

For p < p <P, by (Q1), the Hélder inequality and Lemma we have

/ Qlx))u?vdz

/ Q)7 Q) PuPvd

5p—12

( Q) 57 2 12dm) o (Ag(Q(|x|)2/p“2>p/2d$>2/p(/RSU6dw)1/6

— — 2
<SS 1|Q|65—12 /]R3 (Q(|.Z‘Dup) /;DH'U”D}2

Bp—12

p—2
< 015_1|Q|65—12 ||u||]25\|v||D1,2.
Bp—12

where S is the best Sobolev embedding constant. Hence, the Lax-Milgram theorem
implies that for every u € E, there exists a unique ¢, € D}?(R?) such that

/ Q(|z|)uv = / Vo, -Vu, for any v € DM?(R?),
R3 R3
Using the integration by parts, we obtain

Vo, Vodr = —/ vA¢,dr, for any v € D}?(R?);
R3 R3

therefore, —A¢, = Q(|z|)u®>. We can write an integral expression for ¢, in the

form
by = L QyDw*(y) ,

— , 2.1
A Jps |z =y v 1)
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for any u € C§°(R?), by density it can be extended for any u € E. Moreover, the
functions ¢, possess the following properties:

$u 20, bullprz < callully < esllulf.

In fact, clearly, ¢, > 0 by (2.1). Using integration by parts, —Ad, = Q(|z|)u?, the
Holder inequality and the Sobolev inequality, for any v € E, we obtain

2 — . = — .
~ [ QUahsuitds
Rf}

p=2
< 01571|Q|65—}§ HUIlill%IID,{’z
5p—

< colul} || Gull pr.2-
It follows that
pull pr2 < collull? < csllull-

Moreover, there exists ¢4 > 0 such that
[, QUabuids < cilull. (2:2)
R

So, we can consider the functional I : E — R? defined by I(u) = J(u, ¢,). By (2.1
the reduced functional takes the form

I = gl + 5 [ @Uebosido— [ QUehF@dn. (23)

It is clear that I is well defined. Moreover, Our hypotheses imply that I € C1(E,R)
and a standard argument shows that (u,¢) € E x D}2(R?) is a critical point of J
if and only if w is a critical point of I and ¢ = ¢,, (see [22]).

Lemma 2.3. If assumptions (V1), (Q0), (Q1), (F1) hold, then I € C*(E,R) and
(I'(u),v) = / (Vu - Vo + V(|z|)uv)dz —I—/ Q(|z|)puuvdr — (V' (u),v), (2.4)
RS

where W(u) = [5s Q(|2])F(u)dz.

Proof. First, we prove the existence of the Gateaux derivative of ¥. From (F1), we
have

()] < c(jul 7"+ JulP27T), (2.5)
1 p1 i u|P?
[F(u)] < 6(171|U| + p2| 7). (2.6)

For any u,v € E and 0 < |¢| < 1, by the mean value and (2.5)), there exists 0 < § < 1
such that

1Q(|z]) F(u + tv) — Q(|z]) F(u)]
|t
= |Q(|z]) f(u + Otv)v|
< cQ(|a])(Ju+ Otv[Pr = 4 [u+ Otv[P> 1) u]

< esQUa))[(u ol + [v]P) + (JulP o] + [v]?*)]
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The Hélder inequality implies
g(@) == cQz)[(Jul ol + [0]P*) + (JulP* o] + [v[P2)] € L'(R).

Consequently, by the Lebesgue’s dominated convergence theorem, one has
W(w).0) = [ QUalfwyds.

Next,we show that ¥/(-) : E — E* is continuous. Assume that v, — u in E. By
Lemma we know that u,, — u in LP(R?; Q), for p < p < p when p < oo and for
p <p < p when p = oco.

On the space LP1(R3; Q) N LP2(R3; Q), we define the norm

[ellprnps = llullp, + llullp,

O R § R
8 R

On the space LP1(R3; Q) + LP2(R3; Q), we define the norm
[llpsvps = nf {[[0]lp, + [lwllp, : v € L (R%; Q) w € LP* (R Q),u = v +w} .

Since p < p1 < p2 < P, one has u,, — u in LP*(R?; Q) N LP?(R?; Q). Similar to [22)
Theorem A.4], we have

flun) = fu) in IR Q) + L7 (R Q).
By the Holder inequality, we have
(W (un) — O (), v)| <[ f(un) — f(u)”p’lvp’z”vaApz
< o)l f (un) = f()llpgvps V]l
where p, = p;/(p;i — 1), i = 1,2. Hence
19" (un) = W' ()| < coll f(un) = f(u)llpyvpy, — 0 asn— oo
This shows ¥'(:) : E — E* is continuous. This completes the proof. (]

Lemma 2.4. Under the condition (F1), if {u,} C E is a bounded sequence with
I'(un) — 0, then {u,} has a convergent subsequence.

Proof. Since {u,} C E is bounded and the embedding E — L*(R?; Q) is compact
for each s € (p, p), passing to a subsequence, we can assume that u, — v in E, and

u, —u in L*(R%Q), s € (p,p).
Note that
<I/(un) - I’(u),un - u)
—len =l + [ (@Uel)6, 2~ Qlol) o, w) d
R3

+ [ (@ = Qe do = [ Qel) (F(un) = £(w) (a — w)do.
We have

[ — ull %

= (0" (wn) = 1)ty =) = [ (@Jel)6, 22— Qlol) s, 1) d

R3
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- / (Qa))dut® — Q2] putinu) da + / QUl) (f(un) — £(0)) (t — ).
R3 R3

Since u, — w in F and I'(u,) — 0, we have
(I'(up) — I'(u),up, —u) — 0 asn — oo.

On one hand, by (Q1), for p < p <P, we have
[ QU@ ~ b0, un)de = [ QU unu, ~ w)ds
R3 R3

p—2
< Qg2 lun — U||p||un||p||¢un||6
Bp—12

< crllun — u||p||un||p||¢un| DL2-

Hence,
[ @) (60,18~ bu,uau) d =0, a5 n = oc.
R3
Similarly,

[ @el) (600 = o) de =0, as = ox.
RS
On the other hand,

| / QUal) (7 ) — F(w) (s — )]
< / Q) (1 ()| + £ (@)]) [t — uldac
R3

< C/ Q(|z) (|un|p1_1 + P27 JufPr |u\p2_1) |y, — u|dx
R3

p1—1

1/p1 . :
SC(/RB e d:i)l ((/Rg Q(|x])un| dx)
+ (/]123 Q(‘$|)‘U|P1dm) p1 )

+ C(/R3 Qlz])un — ulmalx)l/iﬂ’2 ((/R3 Q(\xl)\un|p2dx) 2
+ ([ QUeblulae)

P2 )

Since up, — u in L*(R3;Q), s € (p,p), we have

[ QUi () = 70 (= s 0 a5 0 .

So we have ||u, — u||g — 0. This completes the proof. O

3. MAIN RESULTS

Theorem 3.1. Assume that conditions (V1), (Q0), (Q1) hold. If (F1) and the
following conidition hold

(F2) There exists g and r > 0 such that max{p,4} < p <p < oo, and
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Then system (1.1]) has a nontrivial solution. Furthermore, if f(u) is odd in u, then
system (1.1)) has a sequence {(un, ,)} of solutions in E x D}2(R?) with |lu,|| — oo
and I(u,) — +o0.

Proof. From (F1), we have

1 1
Fu)| < e(—|ulPr + —|ulP?).
|F'(u)]| (p1| | p2| 72)

Note that
1 1
1) = i+ 7 [ @Uelouidr— | Qe Fuds

> 5y - [ Qe Fu)ds

1 c c
> - 2 _ - P _ P2
> 5l — -l —

1
> 2l — esllullf — eolull-
Since p1,p2 > 2, we can take a small p such that
1
Ilom, > §P2 —cgp’t —cgp?? :=0 > 0,

where B, = {u € E : |Ju|lg < p}.
For z € R, set
h(t) := F(t '2)t*, Vt e [l,+o0).
For |z| > r and t € [1,|z|/7], by (F2), one has
W(8) = F(E'2) (=)t + Pt )t~
=t' N (uF(t'2) =t 2 f(t712)) < 0.

So, we have

_ 2l o B
F(z) = h(1) > h(Z) > Lpepp.
Since p > 4, there exists a constant max{p,4} < o < p such that o < p1, and hence
F
®) _ oo (3.1)

For any finite dimensional space F; C E, by the equivalence of norms in the
finite space, there exists a constant c(,) > 0, such that

lulla > callulle, Yu€ E; (3.2)

where « is the constant appearing in (3.1). For any o > 0, by (F1), there is a
constant ¢, > 0 such that

|F(u)| < coluf, Vu| <o.
Hence, by 7 we know that for M > 0, there is a constant Cj; > 0 such that
F(u) > M|u|* — Cplul?, YueR. (3.3)
By and (3.3)), we have

1 Cq o p
I(u) < Slulle + - lulle = Mllull§ + Carllullz
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1 Cq D
< Sllulls + L llulle = Mcglulls + Cullullz,

for all w € E;. Consequently, there is a large 1 > 0 such that I < 0 on E1\B,,.
Consequently, there is a point e € E with |le|| g > p such that I(e) < 0.

Now, we prove that I satisfies the Palais-Smale condition. By Lemma we
know that it is sufficient to prove {u,} is bounded in E. Indeed, if a sequence
{un} C E such that I(u,) is bounded and I'(u,) — 0, then there is positive
constant My such that for large n, one has

1
Mo + |lunllz = I(un) — ;<I’(un),un>

1 1 9 1 1 2
2 (5=l + G ) [ @Uabou e

+ [ Qa (F = )
1 1

> (5 - ;)Ilunll%

This implies {u,} is bounded.

Obviously, I(0) = 0. Hence I possesses a critical value n > ¢ by [20, Theorem
2.2], thus problem has a nontrivial solution. Moreover, obviously, I is bounded
on each bounded subset of E and f(u) is odd which implies I is even. Hence the
second conclusion follows from [20, Theorem 9.12]. This completes the proof. O

Note that ¢ > 4 in condition (F2). Now, we consider the weak case p = 4. At
this one, we have the following Theorem.

Lemma 3.2. Assume that conditions (V1), (Q0), (Q1), (F1) and the following
conditions hold:

(F3) Tu(‘li) — 400 as |u| — +oo.

(F4) wf(u) > 4F (u) for all u € R.
If p < 4 <D, then system has at least one nontrivial solution. Furthermore,

if f(u) is odd in u, then system (1.1) has a sequence {(un,dn)} of solutions in
E x DY2(R®) with ||uy|| — oo and I(u,) — +oo.

Proof. From the proofs of the first segment in Theorem we know that there
exist constants p > 0 and § > 0 such that

I|6Bp >6>0.

Moreover, for any finite dimensional space E1 C E, by the equivalence of norms in
the finite space, there exists a constant C' > 0, such that

lulla = Cllullp, ¥u € By. (3.4)

Since p < 4, by (F1) and (F3) we know that for any M > ;27, there is a constant
Cyr > 0 such that

F(u) > M|u|* — ¢«(M)|ul?, VYueR. (3.5)
Hence

1 1
1) < glulls + 5 [ | QUel)ow, utde = Ml +Cosul
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By (8.4) and (3.5), we know
1 cy4 D
I(u) < Slulls + lullz = MCHlullp + Callullg

for all u € E;. Consequently, there is a large r1 > 0 such that I < 0 on F1\B,,.
Consequently, there is a point e € E with ||e||g > p, such that I(e) < 0.

Next we prove that I satisfies the Palais-Smale condition. Indeed, if a sequence
{un} C E is such that {I(u,)} is bounded and I’(u,) — 0, then there is a positive
constant M7 such that for large n, one has

"
- Z<I (Un), Un)

=l + [ QUaD G Ay — Fu)do
1

My + ||lunlle > I(un)

>

This implies {u,} is bounded. Hence {u,} C E has a convergent subsequence by
Lemma [2:4] This shows that I satisfies the Palais-Smale condition. Finally, the
conclusions follows from [20, Theorem 2.2 and 9.12]. O

Corollary 3.3. Assume that conditions (V1), (Q0), (Q1), (F1), (F3) and the fol-

lowing conditions hold:
(F4") u — f(u)/lul? is increasing on (—o0,0) and on (0, +00).
If p < 4 <D, then system (L.1)) has at least one nontrivial solution. Furthermore,

if f(u) is odd in u, then system (1.1) has a sequence {(un,Pn)} of solutions in
E x DY2(R3) with ||uy|| — oo and I(u,) — +oo.

Proof. Tt is sufficient to prove that (F4’) implies (F4). In fact, whenever u > 0,

Flu) = /01 Flut)udt = /01

Whenever u < 0,

fut) 4,3 1Mu43 1 W
(ut)3utdt§/0 g et = g

_ [ I A (O W) gy
F(u) = /0 flut)udt = _/0 mu t3dt < ; Wu t3dt = Zf(u)u
This shows (F4) holds. U

Theorem 3.4. Assume that condition (V1), (Q1), (F1), (F3) and the following
condition hold:
(F5) F(u) > 0 for all u € R and G(s) < G(t) whenever (s,t) € RT x RT and
s <t, where G(u) = f(u)u —4F (u).
If p < 4 <D, then system (L.1)) has at least one nontrivial solution. Furthermore,
if f(u) is odd in u, then system (1.1) has a sequence {(un,dn)} of solutions in
E x DY2(R?) with ||uy|| — oo and I(u,) — +oo.

Proof. Similar to the proof of Lemma we know that there exist p > 0, § > 0
such that
I|6B,, >6>0.

Moreover, for any finite dimensional subspace £ C F, there is a large r; > 0 such
that I <0 on E1\B,,.
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Now, we prove that I satisfies the Cerami condition. Indeed, if a sequence
{un} C FE is such that {I(uy)} is bounded and (1 + |Jun]||)!’(u,) — 0, then we
claim that {u,} is bounded. If this is false, then we can assume |u,| — +o0. Set
Uy, = W, then ||v,||g = 1. By virtue of Lemma passing to a subsequence,
we may assume

vy v in E,
un —u in L*(R%Q),s € (p,p).
Since {I(uy)} is bounded, there exists a constant C; > 0 such that
Q) F(un)
R3 l[wn %

Set 2 = {x € R3 : v(z) # 0}. Then |u,(x)| — +oo for a.e. z € Q. If meas(Q) > 0,
then, by (F4)

dr < Cp < 0.

F(un F(un
(u 4) = (u )|vn(x)|4 — 00, asn— oo.
lunlly  lual®

Since Q(|z|) > 0, using Fatou’s lemma, we obtain

Q) F(un)

re  unlf

dr — 00.

A contradiction, so meas({2) = 0. Therefore, v(z) = 0 a.e. z € R3. Next, as in [19],
we define

I(thu,) = tren[g)i] I(tuy,).

For any M > 0, set 9, = V4M = V4Muvy,. Since |F(u)| < c(p%|u|p1—|—pi2|u|p2)

for u € R,

N c - c -
[ Qab PGl < £ [ QUafinirde+ £ [ Qiaplanpds —o.
R3 b1 Jrs P2 Jgrs
as n — o0o. Consequently, for large n, one has

I(tpuy) > I(0,)

1 1
> St + 5 [ QUaben,ide = [ QUa)F(.)da
> M.

Un
lunlle

This means that lim, . I(t,u,) = co. In view of the choice of ¢,, we know that
(I' (tntin), thun) = 0 or — 0. Hence, by (F5) and the oddness of f, one has

oo — 4l (tpuy) — <I’(tnun), tntin)

= [ (VP V() do+ [ QU ()i = 4P (ty00)) da

< lually + [ | @Uel) (), = 4P (1) o
=4l (u,) — <I/(Un)7un>'

This is a contradiction, so {u,} is bounded. Consequently, {u,} C E has a conver-
gent subsequence by Lemma [2.4] This shows that I satisfies the Cerami condition.
Note that if we use Cerami condition in place of the Palais-Smale condition, then
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[20, Theorems 2.2 and 9.12] are still true. Therefore, the conclusion follows from
[20, Theorems 2.2 and 9.12]. This completes the proof. O
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