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LIPSCHITZ STABILITY FOR DEGENERATE
PARABOLIC SYSTEMS

IDRISS BOUTAAYAMOU, ABDELKARIM HAJJAJ, LAHCEN MANIAR

ABSTRACT. In this article, we study an inverse problem for weakly degenerate
coupled parabolic systems with one force. We establish Lipschitz stability for
the source term from measurements of one component of the solution at a
positive time and on a subset of the space domain. The key ingredient is the
derivation of a Carleman-type estimate.

1. INTRODUCTION

The null controllability and inverse problems of parabolic equations and par-
abolic coupled systems have attracted much interest in the previous years; see
[3L 4L (5L 6l re, 141 151 [16] 17, [19] 20, 22, 24], 25], 26]. The main result in these article
is the development of adequate Carleman estimates, which is a crucial tool to ob-
tain observability inequalities and Lipschitz stability for term sources, initial data,
potentials and diffusion coefficients. The above systems are considered to be non-
degenerate. In other words, the diffusion coefficients are uniformly coercive. The
case of degenerate coefficients at the boundary is also considered in several papers
by developing adequate Carleman estimates. The null controllability of degenerate
parabolic equations is studied in [IT], [12] [13], 23], and the null controllability of cou-
pled degenerate parabolic systems in [II 2, 10, 2I]. While, the inverse problem for
degenerate parabolic equations is studied in [9] 27, 28 29]. In this article, we con-
sider the Lipschitz stability of an inverse problem for the linear coupled degenerate
parabolic systems with two different diffusion coefficients.

up — (% ug )z + b11(2)u+ bio(x)v =F, (t,2) € Q,

v — (%?0;) 5 + bo1()u + bao(x)v =0, (¢, z) € Q,

u(t,0) =u(t,1) =v(t,0) =v(t,1) =0, ¢€(0,T),
uw(0,x) = up(x), v(0,2) =vo(x), € (0,1),

(1.1)

where ug, vg € L?(0,1), ag,a9 € (0,1), T > 0 fixed, Q := (0,7) x (0,1) and
bij € L>(0,1), i,j = 1,2. For ty € (0,T) given, let QL = (to,T) x (0,1) and
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T':= T4k, For a given Cy > 0, we denote by S(Cp) the space
S(Co) == {F € H'(0,T;L*(0,1)) : |Fy(t, )| < ColF(T",2)], (t,z) € Q}.

Our purpose is to determine F', belonging to the space S(Cjp), from the measure-
ments (x*'u,),(T',-) and additional observations of the component wu.

The main ingredient to obtain Lipschitz stability is Carleman estimates. We
prove a Carleman estimates for the coupled system , similar to the one obtained
in [9] but with different weight functions, that are necessary for the case of different
exponents a1 and aa. Having the Carleman estimates in hand, we follow the method
developed in [7, Bl 20] to obtain the Lipschitz stability results.

If we restrict ourselves to the particular case F € {rf : f € L?(0,1)} for some
given function r, uniqueness results can be shown for the system as an imme-
diate consequence of our Lipschitz stability results, see [7, 20, [25].

To prove our Carleman estimates, we use the following Hardy-Poincaré inequality

proved in [2]
1 4 1
/ 2 202dr < 72/ x”’vidm,
0 (1=r)2 Jo

for k < 1 and v locally absolutely continuous on [0, 1], continuous at 0 and satisfying
v(0) = 0 and fol Fvidr < oo.

This paper is organised as follows: in Section 2, we discuss the well-posedness of
the problem . Then, we establish different Carleman estimates for parabolic
equations and parabolic systems and the last section treats the Lipschitz
stability of F'.

2. WELL-POSEDNESS OF SYSTEM

To study the well-posedness of (|1.1)), we introduce the following weighted spaces,
for0<a<1:

H0,1) := {u € L?(0,1) : u abs. cont. in [0, 1],
2%, € L2(0,1), u(0) = u(1) = o}
with the norm [|ul|3;, := [|ull72( ;) + 2920z |32 0.1y and
HZ(0,1) := {u € Ho(0,1) s z%uy € H'(0,1)}, [lullFya = llullfy + (e ua)all72(0.1)-

We recall from [8] [I1] that for i = 1,2, the operator (A;, D(4;)) defined by A;u :=
(2% ug)e, u € D(A;) = H2 (0,1) is closed self-adjoint, negative with dense domain
in L2(0,1). In the Hilbert space H := L?(0,1) x L%*(0,1), system can be
transformed into the Cauchy problem

X'(t) = AX(t) — BX(t)+ h(t), te(0,T),

X(0) = (:}‘0

0
u(t) Al 0 F(t)
where X (t) = o(t) ) A= 0 A,) D(A) = D(A;1) x D(Ay), h(t) = 0
and B = lb711 212) Since A is a diagonal operator and B is a bounded pertur-
21 022

bation of A, the following wellposedness and regularity results hold.
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Proposition 2.1. (i) The operator A generates a contraction strongly continuous
semigroup (T'(t))i>o0-

(ii) For all (ug,vo) € H2 x H2, and F € H'(0,T;L*(0,1)), problem has
a unique solution (u,v) € C([0,T],HZ, x HZ )N C'(0,T;H).

(iii) For all F € L*(Q), ug,vo € L*(0,1), and € € (0,T), there exists a unique
mild solution (u,v) € Xp := H'([e, T],H)NL*(e,T; H2 x HZ)) of satisfying

s ) s < Cr (10, vo)lIE + I(F, G)IIE )
Moreover, for F € H(0,T;L?(0,1)) and € € (0,T),
(u,v) € C([e,T), H2, x H2,) N C* (e, T; H).

3. CARLEMAN ESTIMATES

The main goal of this section is to establish a Carleman estimate for a degenerate
parabolic single equation with a boundary observation on the right hand side. Then,
we will deduce the one for the degenerate system with locally distributed
observations of (u,v).

Some of these estimates were obtained in [2] for a null controllability purpose.
In the forthcoming theorems we will prove additional estimates on w and wu;, that
are crucial to prove Lipschitz stability results.

As in [2], we introduce the following weight functions which will be used through-
out the paper

1
@(t,il?) = G(t)p(x), a(t) RV Y YR
(t—to)" (T —t)* (3.1)
p(z) := A (1’276 —d), n(t):=T+ty—2t,
where tg > 0 is a fixed initial time, T' > 0 is a final time, d > 1 and [ is a constant

that will be chosen later.

3.1. Carleman estimates for parabolic equations. Consider the parabolic
equation
Yt — (@%z)a +0(x)y = f(t,x), (t,2) €Q,
y(ta O) = y(t’ 1) =0, te (O’T)v (32)
y(0,z) =yo(x), =€(0,1)
We assume that o € (0,1), b € L>(0,1) and f € L?(Q), and state the first
Carleman estimate for smooth initial data.

Theorem 3.1. For all T > 0 and 8 € [a,1), there exist two positive constants C
and so such that for all s > sg, the solution y of (3.2) with yo € HL(0,1) satisfies

<c(

1
(5393$2+2a735y2 T sﬁx%"ﬁyi i ?ytz 4 803/2|77p|y2)62sg0(t,w) dt da
s

T (3.3)
F2(t, x)e?** ") dt da + / s0(t)y2(t, l)ezsw(t’l)dt).

Q% to

Proof. For s > 0 and a solution y of (3.2)), the function w := e*¥y satisfies

—(2%Wy)y — 81w — $2T*P2w + Wy + 25T%Ppwy + (TP, )pw = fe*f — bw.
—

Pj—w Psw fs
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By [2, Theorem 3.2], we have

| Pw||? + || Py wl|? + / (5022 Pw? 4 s30322+29738y?) dt da
QT

R (3.4)
< c( / £ dt du + / sOy2(t,1)e2se D) dt).
QEQ) to

On one hand we have
sgn(n)0YwPFw = 450%/2|npw? — s2X2(2 — ) sgn(n)0°/ *a2 =282
- Sgn(ﬁ)91/4w($awz)m

where sgn(n) denotes the sign function of 1. So, integrating by parts and using
Young and Hardy-Poincaré inequalities and 8 € [a, 1), for s large, we obtain the
following inequalities

/ s0°/2|np|w?
T

to

2 2
< 1 91/4wP+w + A (2 — ﬂ) / 8269/4x2+a—25w2 + 1/ (91/4{an2
4 T s 4 QT 4 T ®
to to to

1 1
<GPl g [, 0 [ O s s,
"0
Qr

(3.5)
and

/ 0'2w? dt do = / (01/4x0‘7§71w)(91/41’170&%10) dt dx
o o
1
< 7/ (61/21,2(1—[3—2“}2 + 91/2x2—2a+5w2) dt dx (36)
< / (50220 Puw? + s39322+20=35?) dt du.
T
to

On the other hand we have

\/%P;w = \/%wt +2X(2 = B)Vs0z T Buw, + A2 — B)(1 4 a — B)Vs0z*Pw.

Therefore, using Hardy-Poincaré inequality and 8 € [a, 1), we obtain

1
—wldtde < C(||P7w|? + s0x21207282 4 5022 2Pw?) dt dx
T 89 ¢ 8 T ®
Qto Qfo

< C<||Ps_w||2 + /QT (80220 Pw? + s022=F=2w?) dt d:c) (3.7)

to

<C(||R;w||2+/ 50@2""ﬁwidtdx).
QT

to

Hence, combining (3.4)-(3.7)), it follows that

- 1 .
/ (5303x2+2°‘73ﬂw2 + s0x2 Pw? + —ewf + 503/2|1]p\w2> dt dx
T S

x

to
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T
< C(/ f2e2s0(t,m) dtdx—l—/ Sg(t)yi(t,l)eQSw(t’l)dt)
T

to to

Finally, the definition of w yields
w=ye*?, y2e**? <22 + 5?2022 Pw? yre® P < 2wl + 0895/4|17p\w2,
and thus the estimate (3.3)) can be deduced. O

The estimate (3.3)) is obtained for regular initial data, by density we deduce the
following result for general initial data.

Proposition 3.2. For all T > 0 and § € [a, 1), there exist two positive constants
C and so such that for every yo € L*(0,1) and all s > sq, the solution y of (3.2)

satisfies

1
/ <5393$2+o¢—25y2 + s02%y2 + 79th n 593/2|,’7p|y2)625<p(t,r) dt da
T S

to

T
< C( f2<t7x)62$¢(t,x) dt dz +/ sO(t)y2(t, 1)625¢(t’1)dt).
T

to to

Proof. Using the density of HL(0,1) in L2(0,1), there exists a sequence (y&), C
HL(0,1) converging to yo. Let y™ be the unique solution in the space Zr :=
L3(to,T; H2) N H(ty, T; L?(0,1)) of the equation associated to the initial
data y. The sequence (y™) satisfies

T
ly™ = y" (%, = / 222 (™ = y™")allZ20,0) + 1@ @™ = y™)a)alF2 (0,0 dt
to

T
+/\w-wnéun+mt—%ﬁmﬁw

to
2
< Crlyg" — yg)l”Lz(O,l)v
hence, it has a limit y in the Banach space Zp. Using classical argument of semi-

group theory, it is easy to show that y is the solution of (3.2) associated to the
initial data yo € L?(0,1). Note that for all ¢ € (o, T) we have

SeeQSga(t,l) < L= maX<ye—2/\(d—1)y)_
y=>0

=

Hence, using the Sobolev trace theorem, o € (0, 1) and (3.8)) with m — oo, one has

T
/ sO()| (Y2 — ya) (¢, 1)|2e2*¢ "D gt

to
T

<o [ 10 =l i+ [
to to

< COrllyg — yo||2L2(o,1)~

T
17 (4" = g)e)all3 o) dt)

On the other hand since 2 < 2?77 and 2?2268 < 2220738 inequality (3.3)
provides

J

. 1 .
(5303x2+a72ﬁ|yn|2 + nga|y;t|2 + @|y?|2 + 593/2|17p”yn|2)625tp(t,a:) dt dx

T
to
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T
<c( F2(t, )2 gt dy + / s@(t)|yg|2(t,l)e2s¢(t’l)dt).

Q:;’;) to
Consequently, since the functions s°6%¢2¢, L ¢2¢ and 2 are bounded, passing to
the limit, we obtain the claim. ([

3.2. w-Carleman estimates for the system (|1.1). In the present subsection, we
shall derive an internal Carleman inequality. As in [I8], let

O(t,x) = U(2)0(t), W(z):= (er”® —ellolle), (3.9)
with 6 defined in (3.1)) and o is a function in C?([0, 1]) satisfying o(x) > 0 in (a, 1),
o(a) =o0(1) =0 and |o,(z)| > 0 in [0, 1]\wy for some open wy CC w := (a,b). We

2pllolloo
4ln2 © <A<

and €
lo[loo d—1

choose the parameters d, A and p, such that d > 5, p > I
3%(62””‘7”°° — ePlloll). Thus, one has 3P <p<O.

Let &, € C([0,1]) such that ( =1—-¢, 0 < &(x) < 1, &(x) =1 for x € (0,a”)
and {(z) =0 for x € (b”,1), where 0 < a < a” < b’ <b< 1. Set also w’ := (a’, V')
and w” := (a”,b") where 0 < a < @’ < a” <V’ <V <b< 1. Toobtain a Carleman
estimates for the system with internal observations, we will use the following
propositions, that provide some local Carleman estimates for the parabolic equation

B2).

Proposition 3.3. For allT > 0 and § € [, 1), there exist two constants C' and
so such that, for every yo € L*(0,1) and all s > sq, the solution y of (3.2)) satisfies

/Q?o

<c(

1
(5393$2+a—2552y2 + s0roe2y? + EEQth + 893/2‘77p|£2y2>6234p(t,m) dt da

T
E2f2(t, x)e2*? ) dt da + / / (f? + s%0%y*)e?*¢ dx dt).
Q’tlz) t() w’

Proof. The function z := £y satisfies the parabolic equation
2= (#%%)e + b2 = £f = &aye — (#%&Y)2, 2 €(0,1), £ €(0,T),
z(¢,0) = 2(t,1) =0, ¢€(0,7),
2(0,z) = &(z)yo(x), x € (0,1).
Using Proposition [3.2] z satisfies the estimate

J

<O [ (€212 + (La%ys + (2%62y)0)?)e2 () gt da.

T
to

1 ;
<s393x2+°‘_2522 + 50222 + —oz? + 893/2|17p|z2)625“’(t’z) dt dx
T S
to

(3.10)

So using supp(&;) = w” and the Caccioppoli inequality (5.2) applying for p; =
2 = p, we obtain

T
/ (Epx™yp + (x%E4y)s)2e* ¥ dt dx < C / [y2 + yi]e%“" dx dt
QZ:) tO w!’

; (3.11)
< C/ / (f? + s%0%y*)e?*¢ du dt.
to w’
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By the definition of z and &, we get

J

Thus, from (3.10)-(3.12) and the definition of £ we deduce the desired estimate. O

T
s0x2E2y2e? P dt da < 2/ s0x% 22e>5% dt dx—|—2/ / s0y*e**? dt dx. (3.12)

T T ’
to Qt() toJw

Proposition 3.3 gave a Carleman estimate in (0,a’). For the rest of the interval,
we have the following Proposition. Its proof is similar to the previous result using
[18, Lemma 1.2] and Cacciopoli inequality (5.2)) applying for p; = p, and s = 0.

Proposition 3.4. For all T > 0 and 8 € [, 1), there exist two constants C' and
so such that, for every yo € L*(0,1) and all s > so, the solution y of (3.2)) satisfies

J

<c(

1
(539395“0‘_233/2 + s0z%y? + fayt2 + 893/2|77p|y2) 2?52 gt dg:
T S
to
T
C2f2(t, m)625<1>(t,x) dtdx + / / <f2e2sgo + 8393y2628(2¢7¢)) dx dt) .
QZ:) to w’
And if f =0,

1
/ <S393x2+a—26y2 i s@:co‘yf, n —oyf n 893/2|np‘y2)c2e2s<1>(t,x) dt da
S

T
to
T
<C’// $303y%e2® dx dt.
to w’

Using the above propositions, we show a Carleman estimate for our coupled
system with locally distributed measurements.

Theorem 3.5. Let T > 0 and f = max(ai,aq). There exist two constants C,
so > 0 such that, for every (ug,vo) € (L?(0,1))? and all s > sq, the solution (u,v)

of (1.1) satisfies

I(& u,v) == /T (5303(302*“1*2Bu2 + 222 =2892) 4 sf (1 u2 + 19202)
to

1
5 +0}) + 562 p(u? 4+ 02) ) 22910 dit da

<O(/Q
and

(¢, u,v)

/Q?o

1
+ Q(uf + 02) 4 s6°/2|np|(u? + UQ))CZeZ“D(t’m) dt dx

T
E2F2e25¢ ) (it dy + // (F? + 520%(u® + v?))e*? dx dt),
to w’

T
to

(5393($2+°‘1_2ﬁu2 + x2+a2_26v2) + s@(xo‘lui + x‘”vi)

(3.13)

T
< C( C2F262s<1>(t,x) dtdl‘—‘r// (8393U2628¢+F2628¢+u2) dl’dt)
toJ w’

T
QtO
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Proof. The first component u is the solution of the parabolic equation (3.2). Ap-
plying Proposition for s large enough, we obtain

1 ;
/ (8393952"’0‘1_25”@2 + sfx™u? + —eu? + 393/2|np|u2)§262w(t’”) dt dx
T S

to

(EF? + &bp0%)e#(00) dt du + / /

T
< Cz(/
Q% to w’

(F% + 0% + 520%u?)e?¢ dx dt).

(3.14)
Proceeding as in (3.6)), for s large enough, we have
Cy Evi0%e* P dtde < C (x%flﬁvew)(xlf%z§vew) dt dx
Qly 0
1
< 3 / (sﬁx‘”ﬁ%g + 5393x2+a2_2ﬁ§2v2)e25“’ dtdx
T
to
T
+ C/ / 520202 e5% dx dt.
to w’
(3.15)

Therefore, by (3.14]) and (3.15) we deduce

1
/ <3393m2+0‘1*2’8u2 + sfx1u? + —euf + 393/2|77p|u2)§2e25“’(t’””) dt dx
QT S

to

T
<o [ erertn was [[ 5200t vty i) @
toJw’

T
Qto

1
+ 5/ (3393332""“_25112 + s@x“zvi)ge%% dtdz.
T
to

The same can be done for v and we obtain
/QtTo
T
< C(/ / $20% (u? + v?)e**? da dt) (3.17)
toJ w’
1

+ 3 / (539322172042 1 sx1u2)E2e%5¢ dt d.
Q

1
<8393x2+0‘2_2ﬁv2 + sx*2v2 + —gvf + 593/2|77p|112)§26259"(t’z) dt dx
s

T
to

Therefore, summing (3.16]) and (3.17) we obtain

J

1
5w + ) + 562 pp|(u? 4 02) ) 2270 dit da

(5303 (x2+a172'8u2 + x2+0‘272ﬁv2) + se(zalui + zazvg)

T
to

T
<C( £2F2e2scp(t,m) dtdaz—!—// (F2—|—5202(u2—|—v2))625"° dxdt).
toJw’

T
Qf‘O

Similarly, applying Propositionto each equation of ([L.1]), we obtain the estimate
(13.13]). |
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4. INVERSE PROBLEM

In this section we establish a Lipschitz stability for the term F'. More precisely,
we show some inequalities estimating F' with an upper bound given by some mea-
surements of the component u only. For this aim, we start by giving adequate
Carleman estimates for a system .

The following result play a crucial role to absorb the observations on the com-
ponent v. For the proof one can adapt a similar technique used in [2, Lemma 3.4]
for the adjoint of degenerate parabolic systems.

Lemma 4.1. Let wy CC wyi. Moreover, assume that big > >0 on wy. There
is C > 0 such that the solution (u,v) of (1.1) satisfies

T T
/ / s3030%e® P da dt < eJ(v) +C F2e2% dx dt + C / u? dz dt,
to Jws Q7 to Jw

where € > 0 is small enough, s is large enough and

J(v)_/Q?

The following theorem is a consequence of Theorem Lemma[4.1] and the fact
that

(s@xa2 vi + 5303z2+°‘27w02> e2%% dx dt.

1
/ F2e% dg < 2/ F2(§2 + 42)625“’ dx < 2/ F2(£2625"° + C262S¢) dx.
w w 0

Theorem 4.2. Let T > 0 and f = max{«ay,as}. Moreover, assume that
bia>p>0 onw Ew. (4.1)

There ezist two positive constants C and so such that, for every (ug,vo) € (L2(0,1))2
and for all s > so, the solution (u,v) of (1.1) satisfies

JO(”) 1)) = I(ga u, U) + I(Ca u, U)
T
g C{ F2(<2628‘I’(t,$) + 5262850(75,1)) dt dx +/ / U2 dt d$} (42)
QtTO to w

=: J1(F,u).
The main result of this article is as follows.

Theorem 4.3. Let aj,as € (0,1) and Cy > 0. There exists a positive constant
C = C(T,to, 89, Co, a1, ) such that, for all F € S(Cy) and (ug,vo) € (L?(0,1))?2,
we have

1Pl 0
< 1l iy + 1@ 0o (T VB0 + (T o)

Proof. The functions y = u; and z = v;, where (u,v) is the solution of (1.1]), are
solutions of the system

Y — (%Y )e +bu1y + b2z = Fy,  (t,x) € Q,
2zt — (2% 2)p + b1y + 022z =0, (t,2) € Q,
Y(£,0) = y(t.1) = 2(£,0) = 2(£,1) =0, ¢ (0,T).

(4.3)
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When we apply Carleman estimate (4.2) to (y, z), we obtain
JO(% Z) = I(§7 Y, Z) + I(C7 Y, Z)

T
FtQ(CQGQSfb(t,z) +§2€25¢(t,z))dt dx—i—/ / Y2 dt dm} (4.4)
Q% toJw

= Jl (Ft7 y)
The terms appearing in (4.3) are well defined, indeed, by Proposition we have
y € L? (to,T; H2) N H' (to,T; L?(0,1)). As in [7], we divide the proof into three
steps.
Step 1. We show first that there exists a constant C' > 0 such that

<cf

Ji(Fou) + J1(Fyy) < / FX(T',2)(C%e 250(T" ) 52628¢(T/’$))d£[}
\[ (4.5)
*wwywm+wmmw@)

where, we used T" = %

To obtain (4.5)), it remains to prove that

/ (F2 + Ft2)(c2e2s<1>(t,x) + €2e2scp(t,x)) dr dt
T
to

C /1 5
< —= F (T’,{)S) 2 25<I>(T ,x) +£2 2sp(T", x))d
Vs Jo

Since O(T") = :(T") = 0, P(t) < —1p < 0 and e (t) < —1v1 < 0, then Taylor’s
formula provides

O(t,2) S OT2) = 2T plt,a) <p(T',a) = 5 (t=T')?
and then
/T 625<I>(t,x)dt < 1 625<I>(T/,m) /OO e_lzdl < 2623<I>(T’,x)
to V Vos —00 \/g ’
/T ertp(t,m)dt < 1 6254,9(T',r) /OO Gilel < Qe2s<p(T',a:).
to V s —0o0 \/g
So,

/ F2( )(42 2s®(t,x) + £2 2s¢(t, I)) dx dt

/ F2(T',2) (22T 0) 4 ¢2o250(T @)y g
For F € S(Cy), one has
|F(t,z)| < |F(T',z)| + /t/ |Fi(s,z)|ds < C|F(T', z)|. (4.6)
Thus '
/ (F? 4+ F2)(¢2e2®t0) 4 ¢2e250(00)) gy gt

F2 C2 2s® (T’ ,x) +£2 2sp(T', w))d,fL'
G
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The purpose of the first step is then achieved.
Step 2. Now, let us show that there exists a constant C' > 0 such that

1
/ (YT, @)+ bizv(T', @) (P T 4 220 T du < C(T1(Fyu) + 1 (Fr, y)).
0

(4.7)
Since, for a.e. x € (0,1),
Jim (y(t, @) + bav(t, 2))* (2P0 4 Ze20(00) = .
Hence
1
| 0T 0) - baao(@ )PP 4 22Ty
0
1,7’ b
— // & ((y + b12v)2(<2e2s<1>(t,m) + 52625ap(t,x))> dt dz
0Jt
T’Ul (4.8)
:/ / 2(y+blzv)(yt+b12z)(<-2€2s<1>(t,z) +é-2e2s<,a(t,z))dxdt
tg J 0
T 1
+ / / (y + b1ov)?(25B, 2P 4 950,£2e25°(0)) iy (it
toJ0O
Using the Young inequality, for s large enough, we obtain
T pl
| / / 2(y -+ b12v) (g + bi22) (>0 4 €2¢2900)) dy
fo: 0 (4.9)

1
(50y2 + 5022 + s6v? + —
s

ey?) (C2625<I>(t7w) + 52625“’(””)) dx dt.

<J.
Q

T
to

On one hand, using Young and Hardy-Poincaré inequalities, we obtain
s0(y* + z2)§2625“’(t’:’3) dtdr < / sO(x 72y% 4 x27222) €259 dt dx
T

/ij,; to

< / 89{96“1 [€ys + &oy + 5028Y)° + 2% (€20 + &z + ssamé“ZF}e%“’ dt da
Q

<C (sexalyg + 30322 T =202 4 50252 4 53933024'0‘2_2622)52625“" dtdx
T

to

T
to

T
+C// s0(y* + 2%)e*? du dt.
tod w!

(4.10)
By the definition of {, we obtain
/ sO(y* + 2%)¢%e* P00 dt d
T
o (4.11)
<C (8303x2+a1—25y2 + 8393$2+a2—25z2)c262s¢> dt de.
Qd
Similarly

/ 5002(62625<p(t,x) + C2625¢'(t,m)) dt dx
T

to
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<C (s0z*202 + 5303x2+°‘272ﬁv2) (€2e25% 4 (2e® ) dt du
T

T
+C’// s0v2e%¢ dx dt.
tod w!

On the other hand, since |0;] = | — 4703 | < C|n|603/2 and |¥] < |p|, we have

/ / (y + b12v)?(25P, 22T 4 950,£2e25°(00)) dy dt

fo 70 (4.12)

<C / 503/ np|(y? + v?) (2?9 + (2e*®) dt dx.
ar,

Thus, Lemma [4.1] ({£.2), (4.4) and (4.8)-(£.12) yield the estimate (4.7).

Step 3. Combining (4.5) and (4.7), we deduce
1
/ (T ) + bazo(T", 2)) 2 (PP 4 22020 dy
0

1t , ,
C(ﬁ‘/o F2(TI,CE)(C2€2S(1)(T 71) + 62628¢(T 7$))d{1} + ||UH%2(UJ;1;) + ||ut||i2(wt7(‘]))7
(4.13)
Since y + biov satisfies

y(T’,l‘) + leU(T/ax) = (zaluI)I(Tlvx) - bllu(T/7x) + F(T’,:C),

it follows that

1
F2 C2 2s® (T’ ,x) +£2 2sp(T, a:))d

[}

< (Il(w “aa)o (T2 (0,0) + 10T 1220,y (4.14)

+

[ W)+ b1 a2 4 2o 1),
0

Hence, by (4.13))-(4.14), for s large enough, we obtain

1
/ F2(Tl7x)(€26254p(T',z) +4-262s<1>(T',95))dl,
0 (4.15)
O (s sz + 1) oy + 1) ) o )-

Moreover, by % <€ +¢% and e2se(T'2) L 252(T",2)  then
1
2!
'y/ F*(T',z)dx
0
Ol 2y + 1 1o T, Mo + (T o)

where v = mingje[o)l]{eQS*"(T/*f”)}. Thus (4.6) and (4.16) gives the thesis. O

(4.16)
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5. APPENDIX: CACCIOPOLI INEQUALITY

As in [11 2, 10], we adapt the proof of the Caccioppoli inequality for nonhomogen-
uous degenerate parabolic equations. Let w; and ws two arbitrary non empty open
subsets of (0,1) such that Wy C w;y. Consider the equation

U — (2°Us)s + b(2)U = Fy(t,2), (b2) € w0 % (b0, T) i= Quys  (5.1)
where Fy € L?(Qy,) and b € L*®(Qy, ).

Lemma 5.1. Let piq, po € C?(w1,R™) such that %,ug < p1 < po. Then, there exists
a constant C' > 0 such that for any solution U of (5.1), one has

T T T
// U§6250(t)#2(z) dt dx < C( // U2 dt dx + // F12€259(t)#1 (z) dt dI),
tod wao to/ w1 tod w1

(5.2)

where 6(t) = k>1.

1

Proof. Let x € C*(0, 1) such that supp x C w; and x = 1 on wy. We have

T d 1
0= / — [/ x2U26250(t)“2(1)dx} dt
to dt 0

— _2/ Y2 U2es 0Dz () dxdt+/ (2 (x2e250Or2(@)) |y U2 da dt
T
to

T
to

_ 2/ bX2U26239(t)uz(a:) de dt + 2/ S%X2U2e2se(t)uz(m) dax dt
Q7 Q

T
to
+ 2/ YU Fe20Mr2(2) qg gt
fo
Then
/ X2maU2e239(t)u2(w) dr dit
Qr, ’
to
— / (xa (X2€259(t)ug(m))w)xU2d.r _ bX2U2€250(t),u2(z) dx dt
QY QY%

+/ s<th2U2€259(t)I‘«2(w) dx dt-I—/ XQUF16239(t)u2(1) dx dt
T QtTO

to

< / {(xa (X2€239(t)u2(1))w)wU2 + X2U2 (be259(t)y2(m) + S(pte259(t)p2(fc)
T
to

n 36289@)(2#&2(30)*#1(:1?)))} d di + % / FLe200m @ gy gp.
T

to

Therefore, since y is supported in wy, x = 1 in ws and %/J,g < p1 < po. Then, one
obtains

T
// Uﬁezse(t)“"’(z) dx dt
to w2

< C/ xzzo‘UﬁeQSe(t)“Q(z) dx dt
T

to
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T T
< C(// 520202250 (0) 2uz (@) —n1(2)) 1o qt + // F126280(t)m(w) dx dt)
tod wy to/ w1

T T
<c( / / U2 da dt + / / F2e250®m (@) dxdt).
tod w1 tos wi

This completes the proof. (I
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