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LIPSCHITZ STABILITY FOR DEGENERATE
PARABOLIC SYSTEMS

IDRISS BOUTAAYAMOU, ABDELKARIM HAJJAJ, LAHCEN MANIAR

Abstract. In this article, we study an inverse problem for weakly degenerate
coupled parabolic systems with one force. We establish Lipschitz stability for

the source term from measurements of one component of the solution at a
positive time and on a subset of the space domain. The key ingredient is the

derivation of a Carleman-type estimate.

1. Introduction

The null controllability and inverse problems of parabolic equations and par-
abolic coupled systems have attracted much interest in the previous years; see
[3, 4, 5, 6, 7, 14, 15, 16, 17, 19, 20, 22, 24, 25, 26]. The main result in these article
is the development of adequate Carleman estimates, which is a crucial tool to ob-
tain observability inequalities and Lipschitz stability for term sources, initial data,
potentials and diffusion coefficients. The above systems are considered to be non-
degenerate. In other words, the diffusion coefficients are uniformly coercive. The
case of degenerate coefficients at the boundary is also considered in several papers
by developing adequate Carleman estimates. The null controllability of degenerate
parabolic equations is studied in [11, 12, 13, 23], and the null controllability of cou-
pled degenerate parabolic systems in [1, 2, 10, 21]. While, the inverse problem for
degenerate parabolic equations is studied in [9, 27, 28, 29]. In this article, we con-
sider the Lipschitz stability of an inverse problem for the linear coupled degenerate
parabolic systems with two different diffusion coefficients.

ut − (xα1ux)x + b11(x)u+ b12(x)v = F, (t, x) ∈ Q,
vt − (xα2vx)x + b21(x)u+ b22(x)v = 0, (t, x) ∈ Q,
u(t, 0) = u(t, 1) = v(t, 0) = v(t, 1) = 0, t ∈ (0, T ),

u(0, x) = u0(x), v(0, x) = v0(x), x ∈ (0, 1),

(1.1)

where u0, v0 ∈ L2(0, 1), α1, α2 ∈ (0, 1), T > 0 fixed, Q := (0, T ) × (0, 1) and
bij ∈ L∞(0, 1), i, j = 1, 2. For t0 ∈ (0, T ) given, let QTt0 = (t0, T ) × (0, 1) and
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T ′ := T+t0
2 . For a given C0 > 0, we denote by S(C0) the space

S(C0) := {F ∈ H1(0, T ;L2(0, 1)) : |Ft(t, x)| 6 C0|F (T ′, x)|, (t, x) ∈ Q}.

Our purpose is to determine F , belonging to the space S(C0), from the measure-
ments (xα1ux)x(T ′, ·) and additional observations of the component u.

The main ingredient to obtain Lipschitz stability is Carleman estimates. We
prove a Carleman estimates for the coupled system (1.1), similar to the one obtained
in [9] but with different weight functions, that are necessary for the case of different
exponents α1 and α2. Having the Carleman estimates in hand, we follow the method
developed in [7, 5, 20] to obtain the Lipschitz stability results.

If we restrict ourselves to the particular case F ∈ {rf : f ∈ L2(0, 1)} for some
given function r, uniqueness results can be shown for the system (1.1) as an imme-
diate consequence of our Lipschitz stability results, see [7, 20, 25].

To prove our Carleman estimates, we use the following Hardy-Poincaré inequality
proved in [2] ∫ 1

0

xκ−2v2dx 6
4

(1− κ)2

∫ 1

0

xκv2
xdx,

for κ < 1 and v locally absolutely continuous on [0, 1], continuous at 0 and satisfying
v(0) = 0 and

∫ 1

0
xκv2

xdx <∞.
This paper is organised as follows: in Section 2, we discuss the well-posedness of

the problem (1.1). Then, we establish different Carleman estimates for parabolic
equations and parabolic systems (1.1) and the last section treats the Lipschitz
stability of F .

2. Well-Posedness of system

To study the well-posedness of (1.1), we introduce the following weighted spaces,
for 0 < α < 1:

H1
α(0, 1) :=

{
u ∈ L2(0, 1) : u abs. cont. in [0, 1],

xα/2ux ∈ L2(0, 1), u(0) = u(1) = 0
}

with the norm ‖u‖2H1
α

:= ‖u‖2L2(0,1) + ‖xα/2ux‖2L2(0,1) and

H2
α(0, 1) :=

{
u ∈ H1

α(0, 1) : xαux ∈ H1(0, 1)
}
, ‖u‖2H2

α
:= ‖u‖2H1

α
+‖(xαux)x‖2L2(0,1).

We recall from [8, 11] that for i = 1, 2, the operator (Ai, D(Ai)) defined by Aiu :=
(xαiux)x, u ∈ D(Ai) = H2

αi(0, 1) is closed self-adjoint, negative with dense domain
in L2(0, 1). In the Hilbert space H := L2(0, 1) × L2(0, 1), system (1.1) can be
transformed into the Cauchy problem

X ′(t) = AX(t)−BX(t) + h(t), t ∈ (0, T ),

X(0) =
(
u0

v0

)
,

where X(t) =
(
u(t)
v(t)

)
, A =

(
A1 0
0 A2

)
, D(A) = D(A1) ×D(A2), h(t) =

(
F (t)

0

)
and B =

(
b11 b12

b21 b22

)
. Since A is a diagonal operator and B is a bounded pertur-

bation of A, the following wellposedness and regularity results hold.
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Proposition 2.1. (i) The operator A generates a contraction strongly continuous
semigroup (T (t))t>0.

(ii) For all (u0, v0) ∈ H2
α1
×H2

α2
and F ∈ H1(0, T ;L2(0, 1)), problem (1.1) has

a unique solution (u, v) ∈ C([0, T ], H2
α1
×H2

α2
) ∩ C1(0, T ; H).

(iii) For all F ∈ L2(Q), u0, v0 ∈ L2(0, 1), and ε ∈ (0, T ), there exists a unique
mild solution (u, v) ∈ XT := H1([ε, T ],H)∩L2(ε, T ;H2

α1
×H2

α2
) of (1.1) satisfying

‖(u, v)‖XT 6 CT
(
‖(u0, v0)‖2H + ‖(F,G)‖2H

)
.

Moreover, for F ∈ H1(0, T ;L2(0, 1)) and ε ∈ (0, T ),

(u, v) ∈ C
(
[ε, T ], H2

α1
×H2

α2

)
∩ C1

(
ε, T ; H

)
.

3. Carleman estimates

The main goal of this section is to establish a Carleman estimate for a degenerate
parabolic single equation with a boundary observation on the right hand side. Then,
we will deduce the one for the degenerate system (1.1) with locally distributed
observations of (u, v).

Some of these estimates were obtained in [2] for a null controllability purpose.
In the forthcoming theorems we will prove additional estimates on u and ut, that
are crucial to prove Lipschitz stability results.

As in [2], we introduce the following weight functions which will be used through-
out the paper

ϕ(t, x) := θ(t)p(x), θ(t) :=
1

(t− t0)4(T − t)4
,

p(x) := λ
(
x2−β − d

)
, η(t) := T + t0 − 2t,

(3.1)

where t0 > 0 is a fixed initial time, T > 0 is a final time, d > 1 and β is a constant
that will be chosen later.

3.1. Carleman estimates for parabolic equations. Consider the parabolic
equation

yt − (xαyx)x + b(x)y = f(t, x), (t, x) ∈ Q,
y(t, 0) = y(t, 1) = 0, t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1)
(3.2)

We assume that α ∈ (0, 1), b ∈ L∞(0, 1) and f ∈ L2(Q), and state the first
Carleman estimate for smooth initial data.

Theorem 3.1. For all T > 0 and β ∈ [α, 1), there exist two positive constants C
and s0 such that for all s > s0, the solution y of (3.2) with y0 ∈ H1

α(0, 1) satisfies∫
QTt0

(
s3θ3x2+2α−3βy2 + sθx2α−βy2

x +
1
sθ
y2
t + sθ3/2|ηp|y2

)
e2sϕ(t,x) dt dx

6 C
(∫

QTt0

f2(t, x)e2sϕ(t,x) dt dx+
∫ T

t0

sθ(t)y2
x(t, 1)e2sϕ(t,1)dt

)
.

(3.3)

Proof. For s > 0 and a solution y of (3.2), the function w := esϕy satisfies

−(xαwx)x − sϕtw − s2xαϕ2
xw︸ ︷︷ ︸

P+
s w

+wt + 2sxαϕxwx + s(xαϕx)xw︸ ︷︷ ︸
P−s w

= fesϕ − bw︸ ︷︷ ︸
fs

.
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By [2, Theorem 3.2], we have

‖P+
s w‖2 + ‖P−s w‖2 +

∫
QTt0

(sθx2α−βw2
x + s3θ3x2+2α−3βw2) dt dx

6 C
(∫

QTt0

f2e2sϕ dt dx+
∫ T

t0

sθy2
x(t, 1)e2sϕ(t,1) dt

)
.

(3.4)

On one hand we have

sgn(η)θ1/4wP+
s w = 4sθ3/2|η|pw2 − s2λ2(2− β)2 sgn(η)θ9/4x2+α−2βw2

− sgn(η)θ1/4w(xαwx)x,

where sgn(η) denotes the sign function of η. So, integrating by parts and using
Young and Hardy-Poincaré inequalities and β ∈ [α, 1), for s large, we obtain the
following inequalities∫

QTt0

sθ3/2|ηp|w2

6
1
4

∫
QTt0

θ1/4wP+
s w +

λ2(2− β)2

4

∫
QTt0

s2θ9/4x2+α−2βw2 +
1
4

∫
QTt0

θ1/4xαw2
x

6
1
8
‖P+

s w‖2L2(QTt0
) +

1
8

∫
QTt0

θ1/2w2 +
∫
QTt0

(s3θ3x2+2α−3βw2 + sθx2α−βw2
x),

(3.5)
and ∫

QTt0

θ1/2w2 dt dx =
∫
QTt0

(θ1/4xα−
β
2−1w)(θ1/4x1−α+ β

2w) dt dx

6
1
2

∫
QTt0

(θ1/2x2α−β−2w2 + θ1/2x2−2α+βw2) dt dx

6
∫
QTt0

(sθx2α−βw2
x + s3θ3x2+2α−3βw2) dt dx.

(3.6)

On the other hand we have
1√
sθ
P−s w =

1√
sθ
wt + 2λ(2− β)

√
sθx1+α−βwx + λ(2− β)(1 + α− β)

√
sθxα−βw.

Therefore, using Hardy-Poincaré inequality and β ∈ [α, 1), we obtain∫
QTt0

1
sθ
w2
t dt dx 6 C

(
‖P−s w‖2 +

∫
QTt0

(sθx2+2α−2βw2
x + sθx2α−2βw2) dt dx

)
6 C

(
‖P−s w‖2 +

∫
QTt0

(sθx2α−βw2
x + sθx2α−β−2w2) dt dx

)
6 C

(
‖P−s w‖2 +

∫
QTt0

sθx2α−βw2
x dt dx

)
.

(3.7)

Hence, combining (3.4)-(3.7), it follows that∫
QTt0

(
s3θ3x2+2α−3βw2 + sθx2α−βw2

x +
1
sθ
w2
t + sθ3/2|ηp|w2

)
dt dx
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6 C
(∫

QTt0

f2e2sϕ(t,x) dt dx+
∫ T

t0

sθ(t)y2
x(t, 1)e2sϕ(t,1)dt

)
.

Finally, the definition of w yields

w = yesϕ, y2
xe

2sϕ 6 2w2
x + cs2θ2x2−2βw2, y2

t e
2sϕ 6 2w2

t + csθ5/4|ηp|w2,

and thus the estimate (3.3) can be deduced. �

The estimate (3.3) is obtained for regular initial data, by density we deduce the
following result for general initial data.

Proposition 3.2. For all T > 0 and β ∈ [α, 1), there exist two positive constants
C and s0 such that for every y0 ∈ L2(0, 1) and all s > s0, the solution y of (3.2)
satisfies∫

QTt0

(
s3θ3x2+α−2βy2 + sθxαy2

x +
1
sθ
y2
t + sθ3/2|ηp|y2

)
e2sϕ(t,x) dt dx

6 C
(∫

QTt0

f2(t, x)e2sϕ(t,x) dt dx+
∫ T

t0

sθ(t)y2
x(t, 1)e2sϕ(t,1)dt

)
.

Proof. Using the density of H1
α(0, 1) in L2(0, 1), there exists a sequence (yn0 )n ⊂

H1
α(0, 1) converging to y0. Let yn be the unique solution in the space ZT :=

L2(t0, T ;H2
α) ∩ H1(t0, T ;L2(0, 1)) of the equation (3.2) associated to the initial

data yn0 . The sequence (yn) satisfies

‖ym − yn‖2ZT :=
∫ T

t0

‖xα/2(ym − yn)x‖2L2(0,1) + ‖(xα(ym − yn)x)x‖2L2(0,1)dt

+
∫ T

t0

‖ym − yn‖2L2(0,1) + ‖ymt − ynt ‖2L2(0,1)dt

6 CT ‖ym0 − yn0 ‖2L2(0,1),

(3.8)

hence, it has a limit y in the Banach space ZT . Using classical argument of semi-
group theory, it is easy to show that y is the solution of (3.2) associated to the
initial data y0 ∈ L2(0, 1). Note that for all t ∈ (t0, T ) we have

sθe2sϕ(t,1) 6 L := max
y>0

(ye−2λ(d−1)y).

Hence, using the Sobolev trace theorem, α ∈ (0, 1) and (3.8) with m→∞, one has∫ T

t0

sθ(t)|(ynx − yx)(t, 1)|2e2sϕ(t,1) dt

6 C
(∫ T

t0

‖xα/2(yn − y)x‖2L2(0,1) dt+
∫ T

t0

‖(xα(yn − y)x)x‖2L2(0,1) dt
)

6 CT ‖yn0 − y0‖2L2(0,1).

On the other hand since xα 6 x2α−β and x2+α−2β 6 x2+2α−3β , inequality (3.3)
provides∫

QTt0

(
s3θ3x2+α−2β |yn|2 + sθxα|ynx |2 +

1
sθ
|ynt |2 + sθ3/2|ηp||yn|2

)
e2sϕ(t,x) dt dx
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6 C
(∫

QTt0

f2(t, x)e2sϕ(t,x) dt dx+
∫ T

t0

sθ(t)|ynx |2(t, 1)e2sϕ(t,1)dt
)
.

Consequently, since the functions s3θ3e2sϕ, 1
sθ e

2sϕ and xα are bounded, passing to
the limit, we obtain the claim. �

3.2. ω-Carleman estimates for the system (1.1). In the present subsection, we
shall derive an internal Carleman inequality. As in [18], let

Φ(t, x) = Ψ(x)θ(t), Ψ(x) :=
(
eρσ(x) − e2ρ||σ||∞

)
, (3.9)

with θ defined in (3.1) and σ is a function in C2([0, 1]) satisfying σ(x) > 0 in (a, 1),
σ(a) = σ(1) = 0 and |σx(x)| > 0 in [0, 1]\ω0 for some open ω0 ⊂⊂ ω := (a, b). We
choose the parameters d, λ and ρ, such that d > 5, ρ > 4ln2

||σ||∞ and e2ρ||σ||∞

d−1 < λ <
4
3d (e2ρ||σ||∞ − eρ||σ||∞). Thus, one has 4

3Φ < ϕ < Φ.
Let ξ, ζ ∈ C∞([0, 1]) such that ζ = 1− ξ, 0 6 ξ(x) 6 1, ξ(x) = 1 for x ∈ (0, a′′)

and ξ(x) = 0 for x ∈ (b′′, 1), where 0 < a < a′′ < b′′ < b < 1. Set also ω′ := (a′, b′)
and ω′′ := (a′′, b′′) where 0 < a < a′ < a′′ < b′′ < b′ < b < 1. To obtain a Carleman
estimates for the system (1.1) with internal observations, we will use the following
propositions, that provide some local Carleman estimates for the parabolic equation
(3.2).

Proposition 3.3. For all T > 0 and β ∈ [α, 1), there exist two constants C and
s0 such that, for every y0 ∈ L2(0, 1) and all s > s0, the solution y of (3.2) satisfies∫

QTt0

(
s3θ3x2+α−2βξ2y2 + sθxαξ2y2

x +
1
sθ
ξ2y2

t + sθ3/2|ηp|ξ2y2
)
e2sϕ(t,x) dt dx

6 C
(∫

QTt0

ξ2f2(t, x)e2sϕ(t,x) dt dx+
∫ T

t0

∫
ω′

(f2 + s2θ2y2)e2sϕ dx dt
)
.

Proof. The function z := ξy satisfies the parabolic equation

zt − (xαzx)x + bz = ξf − ξxxαyx − (xαξxy)x, x ∈ (0, 1), t ∈ (0, T ),

z(t, 0) = z(t, 1) = 0, t ∈ (0, T ),

z(0, x) = ξ(x)y0(x), x ∈ (0, 1).

Using Proposition 3.2, z satisfies the estimate∫
QTt0

(
s3θ3x2+α−2βz2 + sθxαz2

x +
1
sθ
z2
t + sθ3/2|ηp|z2

)
e2sϕ(t,x) dt dx

6 C
∫
QTt0

(ξ2f2 + (ξxxαyx + (xαξxy)x)2)e2sϕ(t,x) dt dx.

(3.10)

So using supp(ξx) = ω′′ and the Caccioppoli inequality (5.2) applying for µ1 =
µ2 = p, we obtain∫

QTt0

(ξxxαyx + (xαξxy)x)2e2sϕ dt dx 6 C
∫ T

t0

∫
ω′′

[y2 + y2
x]e2sϕ dx dt

6 C
∫ T

t0

∫
ω′

(f2 + s2θ2y2)e2sϕ dx dt.

(3.11)
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By the definition of z and ξ, we get∫
QTt0

sθxαξ2y2
xe

2sϕ dt dx 6 2
∫
QTt0

sθxαz2
xe

2sϕ dt dx+2
∫ T

t0

∫
ω′
sθy2e2sϕ dt dx. (3.12)

Thus, from (3.10)-(3.12) and the definition of ξ we deduce the desired estimate. �

Proposition 3.3 gave a Carleman estimate in (0, a′). For the rest of the interval,
we have the following Proposition. Its proof is similar to the previous result using
[18, Lemma 1.2] and Cacciopoli inequality (5.2) applying for µ1 = p, and µ2 = Ψ.

Proposition 3.4. For all T > 0 and β ∈ [α, 1), there exist two constants C and
s0 such that, for every y0 ∈ L2(0, 1) and all s > s0, the solution y of (3.2) satisfies∫

QTt0

(
s3θ3x2+α−2βy2 + sθxαy2

x +
1
sθ
y2
t + sθ3/2|ηp|y2

)
ζ2e2sΦ(t,x) dt dx

6 C
(∫

QTt0

ζ2f2(t, x)e2sΦ(t,x) dt dx+
∫ T

t0

∫
ω′

(
f2e2sϕ + s3θ3y2e2s(2Φ−ϕ)

)
dx dt

)
.

And if f = 0,∫
QTt0

(
s3θ3x2+α−2βy2 + sθxαy2

x +
1
sθ
y2
t + sθ3/2|ηp|y2

)
ζ2e2sΦ(t,x) dt dx

6 C
∫ T

t0

∫
ω′
s3θ3y2e2sΦ dx dt.

Using the above propositions, we show a Carleman estimate for our coupled
system with locally distributed measurements.

Theorem 3.5. Let T > 0 and β = max(α1, α2). There exist two constants C,
s0 > 0 such that, for every (u0, v0) ∈ (L2(0, 1))2 and all s > s0, the solution (u, v)
of (1.1) satisfies

I(ξ, u, v) :=
∫
QTt0

(
s3θ3(x2+α1−2βu2 + x2+α2−2βv2) + sθ(xα1u2

x + xα2v2
x)

+
1
sθ

(u2
t + v2

t ) + sθ3/2|ηp|(u2 + v2)
)
ξ2e2sϕ(t,x) dt dx

6 C
(∫

QTt0

ξ2F 2e2sϕ(t,x) dt dx+
∫ T

t0

∫
ω′

(F 2 + s2θ2(u2 + v2))e2sϕ dx dt
)
,

and

I(ζ, u, v)

:=
∫
QTt0

(
s3θ3(x2+α1−2βu2 + x2+α2−2βv2) + sθ(xα1u2

x + xα2v2
x)

+
1
sθ

(u2
t + v2

t ) + sθ3/2|ηp|(u2 + v2)
)
ζ2e2sΦ(t,x) dt dx

6 C
(∫

QTt0

ζ2F 2e2sΦ(t,x) dt dx+
∫ T

t0

∫
ω′

(s3θ3v2e2sΦ + F 2e2sϕ + u2) dx dt
)
.

(3.13)
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Proof. The first component u is the solution of the parabolic equation (3.2). Ap-
plying Proposition 3.3, for s large enough, we obtain∫
QTt0

(
s3θ3x2+α1−2βu2 + sθxα1u2

x +
1
sθ
u2
t + sθ3/2|ηp|u2

)
ξ2e2sϕ(t,x) dt dx

6 C2

(∫
QTt0

(ξ2F 2 + ξ2b212v
2)e2sϕ(t,x) dt dx+

∫ T

t0

∫
ω′

(F 2 + v2 + s2θ2u2)e2sϕ dx dt
)
.

(3.14)
Proceeding as in (3.6), for s large enough, we have

C2

∫
QTt0

ξ2b212v
2e2sϕ dt dx 6 C

∫
QTt0

(x
α2
2 −1ξvesϕ)(x1−α2

2 ξvesϕ) dt dx

6
1
2

∫
QTt0

(sθxα2ξ2v2
x + s3θ3x2+α2−2βξ2v2)e2sϕ dt dx

+ C

∫ T

t0

∫
ω′
s2θ2v2e2sϕ dx dt.

(3.15)
Therefore, by (3.14) and (3.15) we deduce∫

QTt0

(
s3θ3x2+α1−2βu2 + sθxα1u2

x +
1
sθ
u2
t + sθ3/2|ηp|u2

)
ξ2e2sϕ(t,x) dt dx

6 C
(∫

QTt0

ξ2F 2e2sϕ(t,x) dt dx+
∫ T

t0

∫
ω′

(F 2 + s2θ2(v2 + u2))e2sϕ dx dt
)

+
1
2

∫
QTt0

(s3θ3x2+α2−2βv2 + sθxα2v2
x)ξ2e2sϕ dt dx.

(3.16)

The same can be done for v and we obtain∫
QTt0

(
s3θ3x2+α2−2βv2 + sθxα2v2

x +
1
sθ
v2
t + sθ3/2|ηp|v2

)
ξ2e2sϕ(t,x) dt dx

6 C
(∫ T

t0

∫
ω′
s2θ2(u2 + v2)e2sϕ dx dt

)
+

1
2

∫
QTt0

(s3θ3x2+α1−2βu2 + sθxα1u2
x)ξ2e2sϕ dt dx.

(3.17)

Therefore, summing (3.16) and (3.17) we obtain∫
QTt0

(
s3θ3(x2+α1−2βu2 + x2+α2−2βv2) + sθ(xα1u2

x + xα2v2
x)

+
1
sθ

(u2
t + v2

t ) + sθ3/2|ηp|(u2 + v2)
)
ξ2e2sϕ(t,x) dt dx

6 C
(∫

QTt0

ξ2F 2e2sϕ(t,x) dt dx+
∫ T

t0

∫
ω′

(F 2 + s2θ2(u2 + v2))e2sϕ dx dt
)
.

Similarly, applying Proposition 3.4 to each equation of (1.1), we obtain the estimate
(3.13). �
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4. Inverse problem

In this section we establish a Lipschitz stability for the term F . More precisely,
we show some inequalities estimating F with an upper bound given by some mea-
surements of the component u only. For this aim, we start by giving adequate
Carleman estimates for a system (1.1).

The following result play a crucial role to absorb the observations on the com-
ponent v. For the proof one can adapt a similar technique used in [2, Lemma 3.4]
for the adjoint of degenerate parabolic systems.

Lemma 4.1. Let ω2 ⊂⊂ ω1. Moreover, assume that b12 > µ > 0 on ω1. There
is C > 0 such that the solution (u, v) of (1.1) satisfies∫ T

t0

∫
ω2

s3θ3v2e2sΦ dx dt ≤ εJ(v) + C

∫
QTt0

F 2e2sϕ dx dt+ C

∫ T

t0

∫
ω

u2 dx dt,

where ε > 0 is small enough, s is large enough and

J(v) =
∫
QTt0

(
sθxα2v2

x + s3θ3x2+α2−2βv2
)
e2sϕ dx dt.

The following theorem is a consequence of Theorem 3.5, Lemma 4.1 and the fact
that ∫

ω

F 2e2sϕ dx 6 2
∫
ω

F 2(ξ2 + ζ2)e2sϕ dx 6 2
∫ 1

0

F 2(ξ2e2sϕ + ζ2e2sΦ) dx.

Theorem 4.2. Let T > 0 and β = max{α1, α2}. Moreover, assume that

b12 > µ > 0 on ω′ b ω. (4.1)

There exist two positive constants C and s0 such that, for every (u0, v0) ∈ (L2(0, 1))2

and for all s > s0, the solution (u, v) of (1.1) satisfies

J0(u, v) := I(ξ, u, v) + I(ζ, u, v)

6 C
{∫

QTt0

F 2(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) dt dx+
∫ T

t0

∫
ω

u2 dt dx
}

=: J1(F, u).

(4.2)

The main result of this article is as follows.

Theorem 4.3. Let α1, α2 ∈ (0, 1) and C0 > 0. There exists a positive constant
C = C(T, t0, s0, C0, α1, α2) such that, for all F ∈ S(C0) and (u0, v0) ∈ (L2(0, 1))2,
we have

‖F‖2L2(Q)

6 C
(
‖u‖2H1(t0,T ;L2(ω)) + ‖(xα1ux)x(T ′, ·)‖2L2(0,1) + ‖u(T ′, ·)‖2L2(0,1)

)
.

(4.3)

Proof. The functions y = ut and z = vt, where (u, v) is the solution of (1.1), are
solutions of the system

yt − (xα1yx)x + b11y + b12z = Ft, (t, x) ∈ Q,
zt − (xα2zx)x + b21y + b22z = 0, (t, x) ∈ Q,

y(t, 0) = y(t, 1) = z(t, 0) = z(t, 1) = 0, t ∈ (0, T ).
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When we apply Carleman estimate (4.2) to (y, z), we obtain

J0(y, z) := I(ξ, y, z) + I(ζ, y, z)

6 C
{∫

QTt0

F 2
t (ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) dt dx+

∫ T

t0

∫
ω

y2 dt dx
}

=: J1(Ft, y).

(4.4)

The terms appearing in (4.3) are well defined, indeed, by Proposition 2.1, we have
y ∈ L2

(
t0, T ;H2

α1

)
∩H1

(
t0, T ;L2(0, 1)

)
. As in [7], we divide the proof into three

steps.
Step 1. We show first that there exists a constant C > 0 such that

J1(F, u) + J1(Ft, y) 6 C
( 1√

s

∫ 1

0

F 2(T ′, x)(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx

+ ‖u‖2L2(ωTt0
) + ‖ut‖2L2(ωTt0

)

)
,

(4.5)

where, we used T ′ = T+t0
2 .

To obtain (4.5), it remains to prove that∫
QTt0

(F 2 + F 2
t )(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) dx dt

6
C√
s

∫ 1

0

F 2(T ′, x)(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx

Since Φt(T ′) = ϕt(T ′) = 0, Φtt(t) 6 −ν0 < 0 and ϕtt(t) 6 −ν1 < 0, then Taylor’s
formula provides

Φ(t, x) 6 Φ(T ′, x)− ν0

2
(t− T ′)2, ϕ(t, x) 6 ϕ(T ′, x)− ν1

2
(t− T ′)2

and then ∫ T

t0

e2sΦ(t,x)dt 6
1
√
ν0s

e2sΦ(T ′,x)

∫ ∞
−∞

e−l
2
dl 6

C√
s
e2sΦ(T ′,x),∫ T

t0

e2sϕ(t,x)dt 6
1
√
ν1s

e2sϕ(T ′,x)

∫ ∞
−∞

e−l
2
dl 6

C√
s
e2sϕ(T ′,x).

So, ∫
QTt0

F 2(T ′, x)(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) dx dt

6
C√
s

∫ 1

0

F 2(T ′, x)(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx.

For F ∈ S(C0), one has

|F (t, x)| 6 |F (T ′, x)|+
∫ t

T ′
|Ft(s, x)|ds 6 C|F (T ′, x)|. (4.6)

Thus ∫
QTt0

(F 2 + F 2
t )(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) dx dt

6
C√
s

∫ 1

0

F 2(T ′, x)(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx.
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The purpose of the first step is then achieved.
Step 2. Now, let us show that there exists a constant C > 0 such that∫ 1

0

(y(T ′, x)+b12v(T ′, x))2(ζ2e2sΦ(T ′,x) +ξ2e2sϕ(T ′,x))dx 6 C(J1(F, u)+J1(Ft, y)).

(4.7)
Since, for a.e. x ∈ (0, 1),

lim
t→t0

(y(t, x) + b12v(t, x))2(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) = 0.

Hence ∫ 1

0

(y(T ′, x) + b12v(T ′, x))2(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx

=
∫ 1

0

∫ T ′

t0

∂

∂t

(
(y + b12v)2(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x))

)
dt dx

=
∫ T ′

t0

∫ 1

0

2(y + b12v)(yt + b12z)(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) dx dt

+
∫ T ′

t0

∫ 1

0

(y + b12v)2(2sΦtζ2e2sΦ(t,x) + 2sϕtξ2e2sϕ(t,x)) dx dt.

(4.8)

Using the Young inequality, for s large enough, we obtain∣∣∣ ∫ T ′

t0

∫ 1

0

2(y + b12v)(yt + b12z)(ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)) dx dt
∣∣∣

6
∫
QTt0

(
sθy2 + sθz2 + sθv2 +

1
sθ
y2
t

)(
ζ2e2sΦ(t,x) + ξ2e2sϕ(t,x)

)
dx dt.

(4.9)

On one hand, using Young and Hardy-Poincaré inequalities, we obtain∫
QTt0

sθ(y2 + z2)ξ2e2sϕ(t,x) dt dx 6
∫
QTt0

sθ(xα1−2y2 + xα2−2z2)ξ2e2sϕ dt dx

6
∫
QTt0

sθ
{
xα1 [ξyx + ξxy + sϕxξy]2 + xα2 [ξzx + ξxz + sϕxξz]2

}
e2sϕ dt dx

6 C
∫
QTt0

(
sθxα1y2

x + s3θ3x2+α1−2βy2 + sθxα2z2
x + s3θ3x2+α2−2βz2

)
ξ2e2sϕ dt dx

+ C

∫ T

t0

∫
ω′′
sθ(y2 + z2)e2sϕ dx dt.

(4.10)
By the definition of ζ, we obtain∫

QTt0

sθ(y2 + z2)ζ2e2sΦ(t,x) dt dx

6 C
∫
QTt0

(
s3θ3x2+α1−2βy2 + s3θ3x2+α2−2βz2

)
ζ2e2sΦ dt dx.

(4.11)

Similarly ∫
QTt0

sθv2(ξ2e2sϕ(t,x) + ζ2e2sΦ(t,x)) dt dx



12 I. BOUTAAYAMOU, A. HAJJAJ, L. MANIAR EJDE-2014/149

6 C
∫
QTt0

(
sθxα2v2

x + s3θ3x2+α2−2βv2
)
(ξ2e2sϕ + ζ2e2sΦ) dt dx

+ C

∫ T

t0

∫
ω′′
sθv2e2sϕ dx dt.

On the other hand, since |θt| = | − 4ηθ
5
4 | 6 C|η|θ3/2 and |Ψ| 6 |p|, we have∫ T ′

t0

∫ 1

0

(y + b12v)2(2sΦtζ2e2sΦ(t,x) + 2sϕtξ2e2sϕ(t,x)) dx dt

6 C
∫
QTt0

sθ3/2|ηp|(y2 + v2)(ξ2e2sϕ + ζ2e2sΦ) dt dx.
(4.12)

Thus, Lemma 4.1, (4.2), (4.4) and (4.8)-(4.12) yield the estimate (4.7).

Step 3. Combining (4.5) and (4.7), we deduce∫ 1

0

(y(T ′, x) + b12v(T ′, x))2(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx

6 C
( 1√

s

∫ 1

0

F 2(T ′, x)(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx+ ‖u‖2L2(ωTt0
) + ‖ut‖2L2(ωTt0

)

)
,

(4.13)
Since y + b12v satisfies

y(T ′, x) + b12v(T ′, x) = (xα1ux)x(T ′, x)− b11u(T ′, x) + F (T ′, x),

it follows that∫ 1

0

F 2(T ′, x)(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx

6 C
(
‖(xα1ux)x(T ′)‖2L2(0,1) + ‖u(T ′)‖2L2(0,1)

+
∫ 1

0

(y(T ′, x) + b12v(T ′, x))2(ζ2e2sΦ(T ′,x) + ξ2e2sϕ(T ′,x))dx
)
.

(4.14)

Hence, by (4.13)-(4.14), for s large enough, we obtain∫ 1

0

F 2(T ′, x)(ξ2e2sϕ(T ′,x) + ζ2e2sΦ(T ′,x))dx

6 C
(
‖u‖2H1(t0,T ;L2(ω) + ‖u(T ′)‖2L2(0,1) + ‖(xα1ux)x(T ′)‖2L2(0,1)

)
.

(4.15)

Moreover, by 1
2 6 ξ

2 + ζ2 and e2sϕ(T ′,x) 6 e2sΦ(T ′,x), then

γ

∫ 1

0

F 2(T ′, x) dx

6 C
(
‖u‖2H1(t0,T ;L2(ω)) + ‖(xα1ux)x(T ′, ·)‖2L2(0,1) + ‖u(T ′, ·)‖2L2(0,1)

)
,

(4.16)

where γ = minx∈[0,1]{e2sϕ(T ′,x)}. Thus (4.6) and (4.16) gives the thesis. �
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5. Appendix: Cacciopoli inequality

As in [1, 2, 10], we adapt the proof of the Caccioppoli inequality for nonhomogen-
uous degenerate parabolic equations. Let ω1 and ω2 two arbitrary non empty open
subsets of (0, 1) such that ω2 ⊂ ω1. Consider the equation

Ut − (xαUx)x + b(x)U = F1(t, x), (t, x) ∈ ω1 × (t0, T ) := Qω1 , (5.1)

where F1 ∈ L2(Qω1) and b ∈ L∞(Qω1).

Lemma 5.1. Let µ1, µ2 ∈ C2(ω1,R−) such that 4
3µ2 6 µ1 6 µ2. Then, there exists

a constant C > 0 such that for any solution U of (5.1), one has∫ T

t0

∫
ω2

U2
xe

2sθ(t)µ2(x) dt dx 6 C
(∫ T

t0

∫
ω1

U2 dt dx+
∫ T

t0

∫
ω1

F 2
1 e

2sθ(t)µ1(x) dt dx
)
,

(5.2)

where θ(t) = 1
tk(T−t)k , k > 1.

Proof. Let χ ∈ C∞(0, 1) such that suppχ ⊂ ω1 and χ ≡ 1 on ω2. We have

0 =
∫ T

t0

d

dt

[ ∫ 1

0

χ2U2e2sθ(t)µ2(x)dx
]
dt

= −2
∫
QTt0

χ2xαU2
xe

2sθ(t)µ2(x) dx dt+
∫
QTt0

(xα(χ2e2sθ(t)µ2(x))x)xU2 dx dt

− 2
∫
QTt0

bχ2U2e2sθ(t)µ2(x) dx dt+ 2
∫
QTt0

sϕtχ
2U2e2sθ(t)µ2(x) dx dt

+ 2
∫
QTt0

χ2UF1e
2sθ(t)µ2(x) dx dt.

Then ∫
QTt0

χ2xαU2
xe

2sθ(t)µ2(x) dx dt

=
∫
QTt0

(xα(χ2e2sθ(t)µ2(x))x)xU2dx−
∫
QTt0

bχ2U2e2sθ(t)µ2(x) dx dt

+
∫
QTt0

sϕtχ
2U2e2sθ(t)µ2(x) dx dt+

∫
QTt0

χ2UF1e
2sθ(t)µ2(x) dx dt

6
∫
QTt0

{
(xα(χ2e2sθ(t)µ2(x))x)xU2 + χ2U2(be2sθ(t)µ2(x) + sϕte

2sθ(t)µ2(x)

+
1
2
e2sθ(t)(2µ2(x)−µ1(x)))

}
dx dt+

1
2

∫
QTt0

F1e
2sθ(t)µ1(x) dx dt.

Therefore, since χ is supported in ω1, χ ≡ 1 in ω2 and 4
3µ2 6 µ1 6 µ2. Then, one

obtains∫ T

t0

∫
ω2

U2
xe

2sθ(t)µ2(x) dx dt

6 C
∫
QTt0

χ2xαU2
xe

2sθ(t)µ2(x) dx dt
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6 C
(∫ T

t0

∫
ω1

s2θ2U2e2sθ(t)(2µ2(x)−µ1(x)) dx dt+
∫ T

t0

∫
ω1

F 2
1 e

2sθ(t)µ1(x) dx dt
)

6 C
(∫ T

t0

∫
ω1

U2 dx dt+
∫ T

t0

∫
ω1

F 2
1 e

2sθ(t)µ1(x) dx dt
)
.

This completes the proof. �
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