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A VARIATIONAL FORMULATION FOR TRAVELING WAVES
AND ITS APPLICATIONS

HAI-XTA MENG, YU-XIA WANG

ABSTRACT. In this article, we give a variational formulation for traveling wave
solutions that decay exponentially at one end of the cylinder for parabolic
equations. The variational formulation allows us to obtain the monotone de-
pendence of the velocity on the domain and the nonlinearity, since the velocity
is related to the infimum. In particular, we apply this method to Ginzburg-
Landau-type problems and a scalar reaction-diffusion-advection equation in
infinite cylinders. For the former, we not only obtain the existence, non-
existence, boundedness and regularity of the solutions, but also obtain the
monotone dependence of the velocity on the nonlinearity and the domain. For
the later, we obtain the monotone dependence of the velocity on the nonlin-
earity and the domain besides the existence, uniqueness, monotonicity and
asymptotic behavior at infinity of the solutions. Moreover, we deduce that the
influence of the advection on the traveling waves is different from a flow along
the cylinder axis considered in many articles.

1. INTRODUCTION

This article concerns the reaction diffusion equation

ur = Au+ f(u) (1.1)
in an infinite cylinder ¥ with either Neumann or Dirichlet boundary condition
(v-Vu)lox =0 or ulsps =0. (1.2)

Here u = u(z,t) € R, z = (y,2) € L = Q xR, Q c R*! (n > 3) is a bounded
domain with smooth boundary; v is the outward normal to d%. The nonlinearity
f:R+— Risin C!, and f(0) = 0, then u = 0 is the trivial solution of and
2.

It is known that traveling wave solution is an important class of solutions to
investigate the long time behavior of solutions of Cauchy problems; see, for example,
(1 21 3 4, 5], [6l, 1T, 12, [16], 17, [19]. In this article, we use a variational formulation
to study the existence of traveling wave solutions which are characterized by a fast
exponential decay at one end of the cylinder and properties of obtained traveling
wave solutions. And the variational formulation is given to , the nonlinearity
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f of which is quite general, so the variational formulation can be applied to the
study of traveling wave solutions of many other problems.

Heinze [7] first proposed the idea of coverting the existence of traveling wave
solutions into the existence of constraint minimizer in two dimensional strip with
Dirichlet boundary condition. In [8], Heinze studied a model for the heater in
boiling systems and extended the results of [7] to the mixed nonlinear Neumann
and Dirichlet boundary problems in infinite cylinder. And [8] obtained the existence
of traveling wave solutions of problem

dpuly, z,t) = Auly, z,t) + fluly, z,1),y), (y,2,t) € Ax R xRY,
Ovuly, z,t) = g(u(y, 2,1),9), (y,21) €T1 x RxRT, (1.3)
u(y,z,t) =0, (y,z,t) €Ty x RxRF,
where Q is a bounded domain in R®~! with C' boundary. The boundary O
consists of two parts I'y, 'y corresponding to different boundary conditions. I'; and
T'; may be empty.
Let u(y, z,t) = u(y,c(z + ct)) with ¢ # 0 as the unknown wave velocity, then
Equation (|1.3) is written as
0.1 = 0u+ M(Ayu+ f(W,9)), (y,2) € A xR,
al/ﬂ = g(’aay)7 (y,Z) el x Ra
u=0, (y,2)elsxR.

Then by defining the following two functionals

1

Iu] = §/Zefz\8zu|2dzdy,

1
Ju] = / e * (§|Vyu|2 - F(u,y))dz dy — / e *G(u, y)dz dT,,
Q Rxc’?l“l

where F(u,y) = ;' f(s,y)ds, G(u,y) = [ g(s,y)ds, Heinze [8] obtained the mini-
mization problem
inf Iu 1.4
{ueX|J[u]=b} [ ] ( )
in the weighted space X = H(R x €2, e~*). Moreover, He also obtained \; = c% =
infgye x| ju)=—13 I[u] by letting b = —1 in (1.4).
For nonlinear Neumann boundary condition, the existence of traveling wave so-
lutions was obtained by Kyed [I0] for the problem

Ou—Au=0, inQxRxRT,

%7f() on Q2 x R x RT,

which appears in the study of transient boiling processes by variational methods.
Here Q is a bounded domain in R"~! with C' boundary.
Let u(y, z,t) = a(y, z + ct), (y,2,t) € @ x R x RT, then traveling wave equation
is
At —co,u=0, inQ xR,

@—f( ), on 9N x R.
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Define
1

elu] = 5/26_2|Du\2dzdy,

J[u] = /]R sz,

where F(u) = [ f(s)ds, then the variational formulation is min,ec efu, C := {u €
HY R x Q,e ?)|J[u] = 1}.

In 2004, Muratov [14] showed that traveling wave solutions with a fast expo-
nential decay at one end of the cylinder are critical points of certain functional.
And this type of traveling wave solutions are called variational traveling wave so-
lutions. Furthermore, under certain assumptions on the shape of the solutions,
[14] showed that there exists a reference frame in which the solution of the initial
value problem converges to the variational traveling wave at least in a sequence of
time. Recently, Lucia et al. [13] studied variational traveling wave solutions for
Ginzburg-Landau-type problems

up = Au+ f(u), fu)==ViV(u) (1.5)
with
(v-Vu)los =0 or ulgs =0, (1.6)

where u = u(z,t) ER™, V:R™" - R, 2= (y,2) e L =Q xR, QCR" ! (n>3)
is a bounded domain with boundary of class C2. Let u(y, z,t) = u(y, z — ct), then
the traveling wave equation is

Usy + Ay +ct, + f(u) =0
with the boundary condition (|1.6)). By defining
1 m
_ cz 2
D [u] = /Ee (5 ; [V + V(u))dydz

and

T [U]:l/eczgm ‘8U1|2dx
¢ 2 » i1 82 ’
the constraint minimization problem is

B, [u] = ®.[u] < 0. (1.7)

inf
{u€ H! (SR™)|Tefu]=1}
Then under the following three assumptions
(H1) The function V : R™ — R satisfies V € C°(R™), V(0) = V,V(0) = 0,
V(u) > —C|u|? for some C > 0;
(H2) There exists a convex compact set  C R™ which contains the origin, such
that V € CL1(K) and for all u & K, V(u) > V(I (u)), where Il : R™
R™ is the projection on the set I, that is, IIxc(u) is the closest point to u
which lies in K;
(H3) There exist ¢ > 0 such that ¢® + 4vg > 0, and v € H} (X, R™), u # 0 such
that ®.[u] < 0, where

2V (u)

vg = po + lim inf ,
|ul?

|u|—0
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where /1 is the smallest eigenvalue of —A, with the boundary condition (L.6), they
obtained the existence, non-existence, and many properties of variational traveling
waves.

Furthermore, Muratov and Novaga [15] discussed front propagation problem for
a reaction-diffusion-advection equation in infinite cylinder

u+v-Vu=Au+ f(u,y), v=(=Vyp,0), ¢:Q—R, (1.8)
ulon, =0, v-Vulss, =0, (1.9)

where u = u(z,t) € R,z = (y,2) € ¥ = QxR, Q € R"!is a bounded domain with
C? boundary; v is an imposed advection flow; X4 = Q4 x R, 0%y = 09y x R,
004 and 0§y are defined as parts of 9Q by v- Vo > 0, v-Vyp < 0and v-Vyp = 0,
respectively. They were concerned with a particular situation in which the flow v
is transverse to the axis of the cylinder; i.e., v does not have a component along z.

For traveling wave solutions of the form w(z,t) = u(y, z — ct), substituting it into
(L.8), the traveling wave equation is

Uz + cli, + Vyp - Vyu+ Ayu+ f(a,y) =0
with boundary conditions (1.9). By defining the following two functionals

1
D [u] = / ecrte) <§|Vu\2 + V(u,y))dydz7
bl

1 ou
Toful = = cz+o(y) 24
W= [ eI P

the constraint minimizer problem was given by

D [uc] D [u] <0. (1.10)

= inf
{ueHI(Z)|Tc[u]=1}

Then under the following three assumptions
(A1) The function f :[0,1] x Q — R satisfies

f0,y) =0, f(l,y) <0, Vye
(A2) For some a € (0,1)

FeC™ (0.1 xQ), fueC®(0,1]x9Q), ¢elhQ),

where f, = %;

(A3) There exist ¢ > 0 satisfying ¢*+4vg > 0, and u € H} () such that ®.[u] <0
and u # 0, where

#(v) 2 _ 2
vy = min R(w), R(w) _ er (‘VTI’(M fu(oay)w )dy7
{weH (9),0]09.=0} Jo e?Wp2dy

they showed only three propagation scenarios are possible: no propagation, a
“pulled” front, or a “pushed” front, and the choice of the scenario is completely
characterized via a minimization problem (L.10). At the same time, they obtained
the uniqueness, monotonicity and the exponential decay behavior besides the ex-
istence of the solutions if the functional has non-trivial minimizers. Furthermore,
they discussed traveling wave solutions characterized by a certain “minimal speed”
if the functional does not have non-trivial minimizers in [15].

However, in both [I3] and [I5], they did not consider the relations between
nonlinear function, domain and wave speed. Furthermore, they did not consider
influence of advection on traveling waves in [I5] where the advection exists. In
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this paper, ignited by [8], we give a variational formula to investigate the
existence of traveling wave solutions. Here, the traveling wave solution with the
form of u(y,z,t) = u(y,c(z + ct)) different from the form wu(x,t) = u(y,z — ct)
considered in [13] and [I5]. Due to the differences, our variational formulation
relates the wave velocity to the infimum, which enables us to obtain some new
results. In the next section, we will give this variational formulation to (L.1J).
In final, we will apply this variational formulation to a system, i.e., Ginzburg-
Landau type problems ([13]) , scalar reaction-diffusion-advection equation in infinite
cylinder ([I5]). For the former, our variational formulation not only asserts the
existence, non-existence, boundedness and regularity of the obtained solutions but
also deduces the monotone dependence of the velocity on the nonlinearity and
the domain under the same assumptions (i.e. (H1), (H2) and (H3)) in [13]. For
the later, we obtain the monotone dependence of the velocity on the nonlinearity
and the domain besides the existence, uniqueness, monotonicity and asymptotic
behavior at infinity of the obtained solutions under the same assumptions (i.e.
(A1), (A2) and (A3)) in [I5]. Moreover, we obtain some results about the influence
of advection on the traveling waves, which are different from the case of a flow
along the cylinder axis considered in many papers (e.g. [3, 4]). The influence of
the advection, which transverses to cylinder axis, on traveling waves does not be
considered in any other literatures.

Remark 1.1. In this article, we only give the variational formulation for Equation
(1.1) with boundary . In fact, by the same analysis to these of [I3] [15], this
variational formulation can be applied to deduce the existence of traveling wave
solutions decaying sufficiently rapidly exponentially at one end of the cylinder un-
der suitable conditions for and . Moreover, we can obtain a variational
representation of the wave velocity and the monotone dependence of the wave ve-
locity on the nonlinearity and the domain. For simplicity, we omit the detailed
procedures.

Finally, we give the notation used in the paper. Throughout the paper C*,
Cg°, C*« denote the usual spaces of continuous functions with & continuous deriva-
tives, smooth functions with compact support, continuously differentially functions
with Hélder-continuous derivatives of order k for a € (0, 1), respectively. Unless
otherwise specified in the paper, “” denotes a scalar product and | - | denotes the
Euclidean norm in R™. The symbol V is reserved for the gradient in R™, while
V, stands for the gradient in @ € R"~!. Similarly, the symbol A stands for the
Laplacian in R”, and A, stands for the Laplacian in Q@ C R"~!. The numbers C,
etc., will denote generic positive constants.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Variational formulation. To derive the variational formulation, we firstly
introduce the following exponentially weighted Sobolev spaces in which we will be
working.

Definition 2.1. Let H{(X,R™) denote the completion of the restrictions of the
functions in (C§° (R"))m to ¥ with respect to the norm

HU”%{;(E,Rm) = ||U||2L§(2,Rm) + ||VU||2L§(2,HW)7
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m
||u||i%(E7Rm) == /Eeizz |ui|2dx.
i=1
For the Dirichlet boundary condition, replace C§°(R™) with C§°(X) above.

Definition 2.2. Denote by Hj (%, R) the completion of the restrictions of C§°(R™)
to ¥ with respect to the norm

2 2 2
[ullfy ) = IullZz e r) + IVUliz s R)
gy = [ el
For the Dirichlet boundary condition, replace C§°(R™) with C§°(X) above.

We are concerned with traveling wave solutions of the form u(zx,t) = u(y, z,t) =
a(y, c(z + ct)) with the wave velocity ¢ # 0. Substituting it into Equation (1.1)),
one can see that the traveling wave equation becomes

B = B 5 (AT + (1) (21)

with boundary condition (1.2]). Moreover, we can always assume ¢ > 0 by a possible
change of z to —z.
Then we define two important functionals as follows:

Definition 2.3. Define two functionals in H{ (X, R) by

Clu] = %/Ee*z %
Ju] = /Ee_z (%\VUMQ —F(u))dzdy,

where F(u) = [ f(s)ds.

2
dzdy,

Now based on the above preliminaries, we can give the variational formulation
(1.4), so that the existence of traveling waves is converted into the existence of
constraint minimizers.

Theorem 2.4. We consider the constraint minimization problem

inf J[u], (2.2)
{ueH} (Z,R)|T[u]=b}

where b is a positive constant. Let A be the Lagrange multiplier, then Equation (2.1)
is the variational equation corresponding to (2.2)) and

Al [u] + Ju] =0, (2.3)
where A\ = 2.

Proof. By [18], we can easily obtain that (2.1]) is the variational equation corre-
sponding to (2.2)) with A as the Lagrange multiplier. In the following, we only need
to show ([2.3). By multiplying Equation (2.1) by e”?u, and integrating over X, we
obtain

1
/ e uy [u, — U, — g(Ayu + f(u))]dzdy = 0.
b
So (2.3)) follows easily by the boundary condition (1.2]) and integrating by parts. O
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Since I'[u] = b, we can always consider b = 1 without loss of generality, which
can be achieved by a suitable shift in z, then the Lagrange multiplier satisfies

A=c%=— inf J[u] > 0. (2.4)
{ueH} (Z,R)|T[u]=1}

2.2. Ginzburg-Landau type problems. In this subsection, we apply our formu-
lation to the Ginzburg-Landau-type problems. Under assumptions (H1), (H2)
and (H3), we not only obtain the existence, non-existence, boundedness and regu-
larity of the obtained solutions, but also obtain some new results, i.e. the monotone
dependence of the velocity on the nonlinearity and the domain.

For traveling wave solutions of the form u(y, z,t) = u(y, c(z + ct)), substituting
it into , we obtain traveling wave equation

1
Uy = Uyy + = (Aya—VgV) (2.5)

with boundary condition (1.6). Then by Definition we have the following
definition.

Definition 2.5. Let v € H{ (X, R™), and define functionals by
ni =3 [y

ul==1[¢e
1 2Js i=1

Jr[u) = / e * (% i |Vyui)® + V(u))dydz.
= i=1

By (2.2)-(2.4), we know that

A= _irelg Jiu] >0, (2.6)

2
dydz,

8ui
0z

where A = ¢? is the Lagrange multiplier, B = {u € H{ (3, R™)|T[u] = 1}.

Then to show the existence, non-existence, boundedness and regularity analogous
to [13] by our variational formulation (2.6)), we first show that v € H{ (£;R™) under
the assumption ¢ 4 4vg > 0.

Linearizing Equation around u = 0 for z — —o0, then we obtain that the so-
lutions of are approximately superposition of functions ug(y, z) = e~ *vg(y),
where )\ satisfies

1
)\i + A — C—2vk =0, (2.7)
vg(y) and vg € R are the eigenfunction and the eigenvalue defined by
—Ayvp + HO)vp = vpvr, H(u) = (V, ®@ Vo)V (),

with the boundary condition (1.6)) respectively. Where H (u) is the Hessian of the
potential V(u) (here we also assume that V' is twice differentiable at the origin).
From Equation ([2.7)), we obtain

. —1+4/1+ Sy
)\ =
k (C) 2 ’
so by the same discussion to that of [13], we know if ¢ + 4vg > 0, u € H{ (X, R™).

Secondly, we can obtain one important inequality that is an analogue of the
Poincaré inequality.

Proposition 2.6. Let u € H}(Z,R™), then
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1 f i —R " Qu; |
f/ /e_z2|ui|2dydz§/ /e_zz ‘| dydz; (2.8)
4o Ja i=1 —oo /9 i=1
(i)
r [ - 8uz
Zu R)dy < e Z dydz (2.9)
oo —

for any R € (=00, +00) J{—o0, +oo}.
Proof. We first prove (i). As

/ /e_z|ui|2dydz

—oco JQ
ol o
<2/ /_z|uz|2dydz> /

Then ) follows.
Now we give the proof of (ii). Note that

we can obtain

) dydz >0,
/ / | dydz > 2/ / ui / / 2 |ug)?dydz
=6R/ ui (y, —R)dy.
Q

Thus, (2.9)) is obtained. O

1/2
/ 8“1 Sty dz) ,

Let I1[u] = ¢®Ty[u] + Ji[u], we first note here that there exist ¢ > 0 such that
2 +4vg > 0, and u € H{(Z,R™), u # 0 such that I;[u] < 0 by assumption
(H3). The functionals I1[u] and Jj[u] have the same weak lower semicontinuous
since I';[u] is weak lower semicontinuous. Furthermore, Ji[u] is coercive because
of assumption (H1) and Equation . Hence, Ji[u] has non-trivial constraint
minimizers by [I3]. If @ is a minimizer of , I1[a] = 0, then by assumptions
(H1) and (H2), our variational formulation yields the non-existence, boundedness
and regularity of the obtained solutions by a similar discussion to that of [13].

Finally, we give the results of monotone dependence by our variational formula-
tion.

Theorem 2.7. We assume that the following functions V, V and V satisfy as-
sumptions (H1)-(H3), then we have
(i) Iff/>f/ then X < X, that is, ¢ < ¢;
(ii) IfQ Q Cc R (n > 3) are bounded domain with boundary of class C* and
QcCQ, then X > X; thatzs c>c
(iii) Let boundary condition only be Dirichlet boundary condition, then A
s the most for the ball compared to all domains Q with the same volume.
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Proof. (i) By assumption V > V, we obtain corresponding functionals satisfying
Ji[a] > Jy[a], and by Equation (2.6), we have A < X; that is, é < c.

(ii) Let @ be a non-trivial minimizer of (2.6 corresponding to Q. Then 1 =
['y[u] < Ty[a], therefore, there exists a shift i, = (2 + a,y), a < 0 such that

1:‘1 [ﬂa] = eafl[ﬂ] =1.

Let us extend the minimizer in Q by 0 to €2, then since a < 0, J;[Ga] = e*J;[a] >
—\, we have A > ); that is, ¢ > &. Where f = =V, V (u).

(iii) By spherical rearrangement in the coordinate y, we can obtain this process

decreases the functional J;[u] and preserves T'1 [u] by [9], so A is the most for the ball
in all other domains 2 with the same volume by (2.6). Where f = -V, V(u). O

Remark 2.8. From the above discussion, we can obtain the boundedness of the
obtained solutions analogous to [I3, Theorem 3.3], that is, we have [u(y,z)| <
Ce™* for some C > 0 and A < 0. Then u(z,.) — 0 as z — —oo in C1(Q) is
obtained.

2.3. Scalar reaction-diffusion-advection equations. In this subsection under
the assumptions (A1), (A2) and (A3), we apply our variational formulation to the
scalar reaction-diffusion equation with boundary conditions (T.9).

For traveling wave solutions of the form u(y, z,t) = a(y, c(z + ct)), substituting
it into , we obtain the following traveling wave equation

1
with boundary conditions (1.9)).

Definition 2.9. Let u € H3 (), define functionals
1

,/e*zﬂo y)| \Qdydz
=

FQ[U] = B

Jalu] = / e Fte y)( |Vyul? + V(u, y))dydz
by
where
0, u <0,
V(u,y) = fo (s,y)ds, 0<u<1,
fo s,y)ds, u> 1.

By (2.2)-(2.4) and a similar discussion in Section 2, we have the following:
)\Fg[u] + Jg[u] =0, (2.11)

A=c?=— inf Jo[u] > 0. (2.12)
{u€H} (3)|D2[u)=1}

Equation (2.10)) is the variational equation corresponding to (2.12)).
Theorem 2.10. Assume that hypotheses (A1)-(A3) hold, then there exists a unique
value of ¢* > ¢, where ¢ is defined by hypothesis (A3), and a unique function

u € CHX)NCHE), u £ 0, such that (c*, 1) is the solution of (2.10)) with boundary
conditions (1.9). Moreover, u € H*(X)\Wh(X), 4, >0 in X, and

lim (,2z)=v, lim (,z)=0 (2.13)

z——400
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in C1(9).
a(y, 2) = aotho(y)e ) 4 0(e™) (2.14)
for some ag >0 and A < A\_(c*,vp), uniformly in C1(Q x [~o0, R]), as R — —oc.
a(y, 2) = v(y) + dodho(y)e + %) 4 0(e )

for some @ > 0 and X\ > Ay (c*, Do), uniformly in C*(Q x [R,+00]), as R — +o0.
Where v : Q0+ R is a local minimizer of E(v) = [, e?® (3|V,0|? + V(v(y), y))dy
with E(v) < 0, ¥, o and Ay (c*, D) are obtained by linearizing around
u=v at large z.

Proof. Due to the discussion in Section 3.1 and the maximum principle, we only
need to show u € H2(X) under the assumption ¢? + 4vy > 0 in (A3) by [15].
Linearizing (2.10]) around u = 0 at large (—z), then we obtain

U(y,Z) ~ Zkakwk(y)e_)\kza (k = 071727"')
with (A, vk) satisfying
1
)\i + A\ — 0721}]“ =0, (2.15)
and v € R is the eigenvalue defined by
Ayr + Vyp - Vybr + fu(0, )¢k = —vithy
with boundary conditions (|1.9). Then by (2.15), we obtain
—1£4/14 Su
5 .

Hence, we obtain u € Hi(X) under the assumption ¢ + 4vy > 0 by the same
discussion to that of [I5]. Then, the existence, uniqueness, monotonicity and as-
ymptotic behavior at infinity of the obtained traveling wave solutions are deduced
by [15]. O

() =

Finally, we give the new results deduced by our variational formulation.

Theorem 2.11. We assume that all the nonlinearities f, f, f satisfy assumptions
(A1)—(A3). Then we have

(i) If V(u,y) < V(u,y), then X > X; that is, ¢ > ¢. Where

0, u < 0,
V(“ﬁy) (V(uay>) =y Ou Jf(s,y)ds (- fou f(s,y)ds), 0<u<l,

(i) IfQ,Q c R* ! are bounded domain with boundary of class C2, fy(u,y) =0
and Q) C Q, then A > \; that is, & > €;

(iii) Let Qo = 0 and fy(u,y) = 0, then X is the most for the ball in all other
domains Q0 with the same volume.

The proof of the above theorem is basically the same proof as the one of Theorem
In the following, we consider the influence of the advection on traveling wave.
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Theorem 2.12. We assume ¢ = ¢, ¢ and nonlinearity f satisfy assumptions
(A1)-(A3), then if
2()

¢’y)

POV (e w,y) > WV (e 2 w,y) (2.16)
for
IVy@I* + 28,3 > [V,@l° + 24,0, (2.17)
then we have A < X; that is ¢ < ¢: If
ePWV (e~ 2 w,y) < ePWV(e” S w,y) (2.18)
for
IVy@I° + 20,6 < [V, 0> + 20,6, (2.19)

then we have A > X, that is ¢ > ¢, where ¢ and € are wave speeds corresponding to
@ and @ respectively.

Proof. Let w = e?®/2y; i.e. u = e ?W/2yw and replace v by w in the functional
Tsfu] and Ja[u], we obtain

1 ow
Dofw] = = [ e *|=—|*dyd 2.20
oful = 5 [ 5 Paya (220)
and
1 [ . 1 )
Jolw]== [ e (|Vyw| + <7(|Vy<,0| +2Ay<p)) )dydz
2 Js 4
(2.21)
+/ e * ey (e 22w ,y)dy dz.
b
Let Jo, T; jg,f‘g be corresponding functionals to <,5 and @ respectively. Thus, by
virtue of (2.20) and -, we have Jy > Jy if and - hold. And by
[2.12), thenAg/\ that is, ¢ < ¢.
Similarly, we can obtain the remaining results. (I

Theorem 2.13. Assume (A1)-(A3) hold. Then if
P

0> e?WV (e~ w,y) > V(w,y) (2.22)
for
‘Vy¢|2 + 2840 20, (2.23)
then we have A < \; that is, ¢ < . If
PV (e~ y)w,y) < V(w,y) (2.24)
for
‘VyLPF + 28,9 <0, (2.25)

then A > \, that is ¢ > &, where the wave velocity of the advection equation (1.8) and
equation without advection (that is, o = 0 in Equation (1.8])) be ¢ and € respectively.

Proof. Let jg, I's and Ja, T3 be the corresponding functionals to the advection
equation (|1.8) and equation without advection (that is, ¢ = 0 in Equation (1 )
respectlvely By ([2.20) and (2.21), if (2.22) and (2:23) hold, we have Jo > Ja, and
by (2.12] , then \ < \, that is & < ¢ Similarly, we also can obtain the remaining
results (]
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Remark 2.14. We can obtain some specific conditions such that (2.16) ((2.22))
and (2.18)) ((2.24])) hold in Theorem (Theorem [2.13)) respectively. For example,
if

and

V(u,y) >0and V(e S5<2y)w,y) >V(e” Sa<2y)w,y) (or Viu(u,y) <0) for ¢ > @

or

V(u,y) <0and V(e~ Wzy)w,y) > Ve HE<2y)w,y) (or Vi (u,y) > 0) for ¢ < @,

V(u,y) > 0and V(e™ Hb(zy)w,y) < V(e’%ww,y) (or Vi (u,y) <0) for ¢ < @

or

Viu,y) <0and V(e™ 20 y) < V(e’%ww,y) (or Vu(u,y) > 0) for ¢ > @,
V(u,y) <0and V(e_wgy)w,y) > V(w,y) (or Vi (u,y) > 0) for p(y) <0
V(u,y) < 0and V(e_%w,y) < V(w,y) (or Vi (u,y) > 0) for o(y) >0
or

V(u,y) > 0and V(e= 5" w,y) < V(w,y) (or Vi(u,y) < 0) for p(y) <0

hold, then (2.16)), (2.18), (2.22)) and (2.24]) corresponding hold.
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