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EXISTENCE AND MULTIPLICITY OF PERIODIC SOLUTIONS
GENERATED BY IMPULSES FOR SECOND-ORDER
HAMILTONIAN SYSTEM

DAN ZHANG, QINGHUA WU, BINXIANG DAI

ABSTRACT. In this article, we study the existence of non-zero periodic solu-
tions for Hamiltonian systems with impulsive conditions. By using a vari-
ational method and a variant fountain theorem, we obtain new criteria to
guarantee that the system has at least one non-zero periodic solution or infin-
itely many non-zero periodic solutions. However, without impulses, there is
no non-zero periodic solution for the system under our conditions.

1. INTRODUCTION

In this article, we consider the problem
q(t) = f(t,q(t)), ae te(sj-1,85),
Ad(sj) =Gj(q(sy)), j=1,2,...,m,
where j € Z, g € R", Ad(s;) = 4(s) — d(s;) with 4(s) = lim,_ .+ 4(t), f(t.q) =
grad, F(t,q), F(t,q) € C'(R x R",R),g;(q) = grad, G;(q),G;(q) € C*(R",R) for
each k € Z and there exist m € Nand T € Rt such that 0 = 59 < 51 < 859 < -+ <

Sm =T, 8j4+m = 8; +T and gj4,, = g; for all j € Z.
The second-order Hamiltonian system without impulse

G(t) = f(t,q(t)), ae teR. (1.2)
had been studied widely, see [Il [5, @, [15]. The authors studied the existence of
periodic and homoclinic solutions for the system . Moreover, the existence
of homoclinic solutions for other second-order Hamiltonian systems had been also
studied in [3 [8 12} T3], T4, [16], [17]. The main methods used for Hamiltonian systems
are upper and lower solutions techniques, fixed point theorems and the coincidence
degree theory of Mawhin in a special Banach space [2, [6, [7, 10, 1T, 19] .

Under normal circumstances, the authors would give some additional conditions
to impulsive functions when they studied the existence of solutions for the im-
pulsive differential equations. But as the impulse force disappeared, many results
remained to be established when the differential equations satisfied the same con-
ditions. Therefore, impulse effect cannot be seen clearly. Based on this, in recent
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years, some scholars have launched the research on the existence of solutions gen-
erated by impulse [4] [18].

Solutions generated by impulses means that the solutions appear when the im-
pulse is not zero , and disappear when the impulse is zero. Obviously, if the equa-
tions without impulse had only zero solution, the equations had non-zero solutions
when the impulse is not zero, that is to say, the non-zero solutions are controlled by
impulses. At present, the related research work on solutions generated by impulses
is seldom, refer to literature [4} [18].

Han and Zhang [4] studied and obtained the existence of non-zero peri-
odic solutions generated by impulses. To obtain the existence of non-zero periodic
solutions, they used the following conditions:

(F1) F(t,q) > £ f(t,q)g >0 for all t € [0,T] and g € R™ \ {0}.

(F2) f(t,q) = aq+ w(t,q) for all t € [0,T] and ¢ € R", where o > % for some
1> 2, w(t,q) = grad, W(t,q) and W (t,q) > 3w(t,q)q > 0 for all t € [0, 7]
and q € R™.

(F3) F(t,q) > %f(t,q)q >0 for all t € [0,7] and g € R™.

(G1) There exists p > 2 such that g;(q)g < pGj(g) < 0for all j =1,2,...,m
and ¢ € R\ {0}.

(G2) gj(q) = 2q+w;(q), where w;(q) = grad, W;(q) and satisfy that there exists
> 2 such that w;(q)g < pW;(¢q) <0 forall j =1,2,...,m and ¢ € R™.

By using critical point theory, they obtained the following theorems.

Theorem 1.1 ([4, Theorem 1}). If F' is T-periodic in t and satisfies (F1), g;(q)
satisfies (G1) for all j = 1,2,...,m, then (1.1 possesses at least one non-zero
periodic solution generated by impulses.

Corollary 1.2 ([4, Corollary 1]). If F' is T-periodic in t and satisfies (F2), g;(q)
satisfies (G1) for all j = 1,2,...,m, then (l.1)) possesses at least one non-zero
periodic solution generated by impulses.

Theorem 1.3 ([4l Theorem 2]). If F' is T-periodic in t and satisfies (F3), g;(q)
satisfies (G2) for all j = 1,2,...,m, then (L.1)) possesses at least one non-zero
periodic solution generated by impulses.

They only obtained that system has at least non-zero periodic solution
generated by impulses when f(¢, ) is asymptotically linear or sublinear. However,
there is no work on studying the existence of infinitely many solutions generated by
impulses for system when f is asymptotically linear or sublinear. As a result,
the goal of this article is to fill the gap in this area. By using a variant fountain
theorem, the results that the system has infinitely many periodic solutions
generated by impulses will be obtained. Meanwhile, we will also consider some
cases which are not included in [4].

This article is organized as follows. In Section 2, we present some preliminaries.
In Section 3, we give the main results and their proofs. Some examples are presented
to illustrate our main results in the last section.

2. PRELIMINARIES

First, we introduce some notation and some definitions. Let E be a Banach
space with the norm | - || and E = @jenX; with dim X; < oo for any j € N. Set
Y. = EB?:OX]*, Z = @jo-ika, B, = {u €Y, : ||uH < pk}, Ny, = {u IS Hu|| =
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r1}, here pr. > r, > 0. Consider the following C!-functional ¢y : E — R defined
by

oxa(u) = A(u) = AB(u), Xe€][1,2].
Assumed that:

((C1) ¢x maps bounded sets to bounded sets uniformly for A € [1,2]. Further-
more, px(—u) = @a(u) for all (A\,u) € [1,2] x E.

(C2) B(u) >0 for all u € E; A(u) — oo or B(u) — oo as |lu]| — oo; or

(C2’) B(u) <0 for all u € E; B(u) — —o0 as ||| — oo.

For k > 2, define 'y = {y € C(By, E) : vy is odd; v|0By, = id},
ci(A) := inf max py(u)

u€l'y u€ By
bk()\) =

W)= max  or)
UEYy,||ull=pk

o (u)

1mn
UE Zy, ||ul|=rk

Theorem 2.1 ([19, Theorem 2.1]). Assume that (C1) and (C2) (or (C2’)) hold.
If b (N) > ag(A) for all X € [1,2], then ck(X) > br(X) for all A € [1,2]. Moreover,
for a.e. \ € [1,2], there emists a sequence {uf(N\)}32, such that sup,, ||uk(\)| <
00, A (uk (X)) — 0 and pr(uk(N)) — cr(N) as n — oco. In particular, if {uk} has a
convergent subsequence for every k, then @1 has infinitely many nontrivial critical
points {ur} C E\ {0} satisfying ©1(ux) — 0~ as k — oo.

Let E = {q : R — R" is absolutely continuous, ¢ € L*((0,7),R") and q(t) =
q(t +T) for t € R}, equipped with the norm

= ([ orar)”

It is easy to verify that F is a reflexive Banach space. We define the norm in
C([0,T],R") as [|qllcc = max;epo,77]q(t)]. Since E is continuously embedded into
C(]0,T],R™), then there exists a constant C' > 0 such that

lalls < Cllall, Vg€ E. (2.1)
For each g € E, consider the functional ¢ defined on E by

1 T ) T m
o) = [ latwPa+ [ Pttt + 3Gl

(2.2)
Lo [T “
= slalP+ [ Feawie 365 tals)).
j=1
Suppose F' is T-periodic in ¢ and g;(s) are continuous for j =1,2,...,m, then ¢ is

differentiable at any ¢ € E and
¢'(q)p = /0 q(t)p(t)dt +/0 f(t,q(t))p(t)dt + ;gj(q(Sj))p(SjL (2.3)

for any p € E. Obviously, ¢’ is continuous.

Lemma 2.2 ([4, Lemma 1]). If ¢ € E is a critical point of the functional v, then
q 1s a T-periodic solution of system (1.1]).
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Definition 2.3 ([7, P 81]). Let E be a real reflexive Banach space. For any
sequence {q,} C E, if {p(gn)} is bounded and ¢’(¢,) — 0 as n — oo possesses a
convergent subsequence, then we say ¢ satisfies the Palais-Smale condition (denoted
by the PS condition for short).

Theorem 2.4 ([I1, Theorem 2.7]). Let E be a real Banach space and p € C1(E,R)
satisfying the (PS) condition. If ¢ is bounded from below, then

— f
c=1nlp
is a critical value of ¢.

3. MAIN RESULTS

In this article, we will use the following conditions:

(V1) There exists a constant §; € [0, 575z) such that f(t,q)g > —61|g|? for all
t €10,7] and ¢ € R™.

(V2) F(t,q) > %f(t, q)q for all t € [0,T] and ¢ € R™, where 5 > 1.

(V3) There exist constants d; > 0 and « € [0,2) such that F(¢,q) > —d2|q|” for
all t € [0,7] and ¢ € R™.

(S1) Gj(q) >0 forall j=1,2,...,m and q € R".

(S2) There cannot exist a constant ¢ such that g;(¢) =0 for all j =1,2,...,m.

(S3) There exist constants a;,b; > 0 and ; € [0,1) such that |g;(¢)| < a; +
bjlg|" for all j =1,2,...,m and ¢ € R™.

(S4) There exist constants a;,b; > 0 and «; > 1 such that |g;(¢)| < a; + b;|q|*
forall j =1,2,...,m and ¢ € R".

Theorem 3.1. If F' is T-periodic in t and satisfies (V1)-(V2), g,(q) satisfies (S1)—
(S2) for all j =1,2,...,m, then system (1.1|) possesses at least one non-zero peri-
odic solution generated by impulses.

Proof. Tt follows form the conditions (V1)—(V2), (S1)-(S2) and (2.3) that

T T m
el =3 [ P+ [ Fta®)e+ 3 65ls)

1, o 1 [T

> Slall® + = [ f(t,q(t))q(t)dt
2 B Jo
1 5 (T

> —q|I? — = )2 dt

> 2||QH 7/, lq(t)] (3.1)
1 nT

> Zall2 — 22210012

> 2IIqH 3 llqll5
1 nTC?

S Sgh2 = 22

> 2IIqH 3 llql]

1 6TC? )

= (5~ =5l

Since 6; € [0,1/(27°C?)) and 3 > 1, we have (3 — #) > 0. The inequality (3.1

implies that limq~c ©(q) = +00. So ¢ is a functional bounded from below.
Next we prove that ¢ satisfies the Palais-Smale condition. Let {g,} be a sequence

in E such that {¢(g,)} is bounded and ¢’(g,) — 0 as n — oco. Then there exists a
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constant Cy such that |¢(g,)| < Cy. We first prove that {g¢,} is bounded. By (3.1J),
one has

1 &5TC?
Co > o(qn) > (5 — =

2 B
Since (4 — %) > 0, it follows that {g,} is bounded in E. Going if necessary

to a subsequence, we can assume that there exists ¢ € F such that ¢, — ¢ in F,
gn, — q on C([0,T),R™) as n — +oco. Hence

Manl.

(¢'(qn) — ¢ (@))(gn — q) = 0,

/0 (6. qn) — £t @))(gn(t) — a(t))dt — 0,

> lgian(s7)) = g5 (a(s:))(an(s5) — a(s;)) = 0,

Jj=1
as n — +o0o. Moreover, an easy computation shows that

(¢ (qn) = " (@))(gn — q)

— llgn — gl® + / [t g) — £t 0)) (n () — q(t))dt

+ Z[gj(qn(é’j)) —95(q(s;)](qn(s5) — q(s;)).

So ||gn —q]| — 0 as n — 400, which implies that {g,} converges strongly to ¢ in E.
Therefore, ¢ satisfies the Palais-Smale condition. According to Theorem there
is a critical point g of ¢, i.e. ¢ is a periodic solution of system . The condition
(S2) means ¢ is non-zero. So system (|1.1)) possesses a non-zero periodic solution.

Finally, let us verify that system possesses only a zero periodic solution.
Suppose ¢(t) is a periodic solution of system 7 then ¢(0) = ¢(T). According to
condition (V1), we have

T T
0= / dadt + / £(t, q)qdt
0 0
T T
/ \dl2dt+/ f(t, q)qdt — dq|g
0 0

T
> lal* =01 [ lafae
0
> [lql|2 = 6,7 lq|1%
> lqll? = 6, 7C?||q|?
> (1-6:7C?)]|q||*.

Since §; € [0,1/(27°C?)), which implies system (1.2)) does not possess any non-
trivial periodic solution. ([

Remark 3.2. Condition (F1) guarantee that the conditions (V1) and (V2) hold,
but the reverse is not true. For example, take

F(t,q) = ——

*Wh(t)lﬂ
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where h : R — (0, 1] is continuous with period T. Then

1 2
= — >
af(t,9) = — 75 M4 2 — 7

Take 01 = 572,08 = 2. It is easy to check that conditions (V1) and (V2) are
satisfied, but (F1) cannot be satisfied. Meanwhile, conditions (S1) and (S2) consider
the case that G;(s) are positive functions. Let

Gj(q) = k() (¢* +e?),
where k : Z — RY is positive and m-periodic in Z. Obviously, g;(s) can satisfies

conditions (S1) and (S2) for all j =1,2,...,m. In [4], they only consider the case
that G;(¢g) < 0, so we extend and improve Theorem |1.1]

lq|.

Next, we assume that the impulsive functions g;(¢) are sublinear.

Theorem 3.3. If F' is T-periodic in t and satisfies (V1)—(V2), g;(s) satisfies con-
ditions (S2) and (S3) for all j = 1,2,...,m, then system (1.1) possesses at least
one non-zero periodic solution generated by impulses.

Proof. Tt follows form the conditions (V1)-(V2), (S2)—(S3) and (2.3) that

o) = [ lawPa+ [ Plta(®)dt+ 3 65(a(s)

1 6 [T “
> S lall* - ) lal*dt + ) Gj(a(s;))
j=1
. (3.2)
1 2 0T 2 vi+1
2 5llall” - 7llq||oo = lajllalleo +bsllallZt]
j=1
1 6TC? - , .
> (5= == al® = > _la;Cllall + 6,07 g7 ]
2 J6] =
1 6,7TC?

Since (5 5—) > 0and~; € [0,1), the above inequality implies limjg o ¢(q) =
+00. So the functional ¢ is bounded from below.

Next we prove that ¢ satisfies the Palais-Smale condition. Let {g, } be a sequence
in E such that {¢(g,)} is bounded and ¢’(g,) — 0 as n — oo. Then there exists a
constant C such that [¢(g,)| < Co. We first prove that {g,} is bounded. By (3.2),
one has

1 §TC? -

Co = ¢lam) 2 (5 - =5 Manll? =D [a;Cllgnll + ;07 g 5]
j=1
Since (3 — 5102) > 0, we know that {g,} is bounded in E. Then, as the proof

of Theorem we can prove ¢ satisfies the Palais-Smale condition. According to
Theorem [2.4] there is a critical point g of ¢, i.e. ¢ is a periodic solution of system
(1.1)). The condition (S2) means ¢ is non-zero. Similar to the proof of Theorem 3.1
we know system does not possess any non-trivial periodic solution. So system
(1.1) possesses a non-zero periodic solution generated by impulses. O

Example 3.4. Let
F(t,q) = h(t)¢’,
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where h : R — R is continuous with period T. Then f(t,q) = 6h(t)q°. It is easy
to check that f(t,q) satisfies the conditions (V1) and (V2). Let

5 1.
Gji(q) = (g3 +q¢+ 3 sin 2q),

then g;(q) = (gq%—l-l—i—cos 2q) = %q%—l—Z cos? g. Hence, 0 < g;(q) < (2+g|q|%) for all
q € R™, the conditions (S2) and (S3) are satisfied. Therefore, according to Theorem
system (1.1) possesses at least one non-zero periodic solution generated by
impulses.

Remark 3.5. Obviously, G;(¢g) = (q% +q+ %sin 2q) cannot satisfy the condition
(G1). So example cannot obtain the existence of non-zero periodic solutions in
.

Theorem 3.6. If F is T-periodic in t and satisfies (V1) and (V3), g;(q) satisfies
conditions (S2) and (83) for all j =1,2,...,m, then system (1.1|) possesses at least
one non-zero periodic solution generated by impulses.

Proof. Tt follows form the conditions (V1) and (V3), (S2)—(S3) and (2.2)) that

1 T ] T m
o) = 3 [ laPa—d [ g+ 30 6lals)
j=1

m

1 .
2 3llall* = 8Tlal% = 3 _lasllalloc +5llall2s™") (3.3)
7j=1
1 m | |
> Sllall? = 827 lall" = Y [a;Cllal + ;€7 | +1),
j=1

Since v € [0,2) and ~; € [0,1), the above inequality implies that limq—o ©(q) =
400. So the functional ¢ is bounded from below.
Next we prove that ¢ satisfies the Palais-Smale condition. Let {g¢, } be a sequence
in F such that {¢(gn)} is bounded and ¢'(g,) — 0 as n — oo. Then there exists a
constant Cy such that [¢(g,)| < Co. We first prove that {g,} is bounded. By (3.3),
we get
1 m
Co > ¢(gn) = 5 llanl* = 62TC7 g™ — > [a;Cllanll + b;C7 g |,
j=1
Since v € [0,2) and ~,; € [0,1) it follows that {g,} is bounded in E. Then, as
the proof of Theorem [3.I] we can prove ¢ satisfies the Palais-Smale condition.
According to Theorem[2.4] there is a critical point g of ¢; i.e., ¢ is a periodic solution
of system (|1.1). The condition (S2) means ¢ is non-zero. Similar to the proof
of Theorem we know system does not possess any non-trivial periodic
solution. So system (|1.1]) possesses a non-zero periodic solution. O

Example 3.7. Let

F(t.q) = h(D)g"* + ],
where h : R — R is continuous with period T'. Then f(¢,q) = h(t)[%q1/3+2qe(q2)].
An easy computation shows that F(t,q) > 0, qf(t,q) > 0, so the conditions (V1)
and (V3) are satisfied. We also take G,(q) the same as in Example then
according to Theorem [3.6 system possesses at least one non-zero periodic
solution generated by impulses.
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Remark 3.8. Obviously, F(t,q) cannot satisfy the conditions (F1) or (F2). So
Example cannot obtain the existence of non-zero periodic solutions in [4].

Corollary 3.9. If F' is T-periodic in t and satisfies (V1) and (V3), g;(q) satisfies
conditions (S1) and (S2) for all j = 1,2,...,m, then system (1.1)) possesses at least
one non-zero periodic solution generated by impulses.

Theorem 3.10. If F' is T-periodic in t and satisfies (F1), g;(q) satisfies conditions
(G1) and (S4) forallj =1,2,...,m. Moreoverif f(t,q), g;(q) are odd about q, then
system (1.1) possesses infinitely many periodic solutions generated by impulses.

To apply Theorem [2.T]and to prove Theorem [3.10] we define the functionals A, B
and @) on our working space E by

T
Alg) = 3l + [ Fe.a@)ar

B(q) = —ZGj(Q(Sj)),
and
1 T i
ealq) = Alg) — A\B(q) = §|\q||2 +/0 F(t,q(t))dt + A_Z:Gj(q(sy')), (3.4)

forall g € F'and X € [1,2]. Clearly, we know that 5 (q) € C*(E,R) for all A € [1,2].
We choose a completely orthonormal basis {e;} of E and define X, := Re;. Then
Zk, Yy can be defined as that in the beginning of Section 2. Note that ¢1 = ¢,
where ¢ is the functional defined in .

Remark 3.11. If (F1) holds, f(t,q) is T-periodic in ¢, then there exist constants
dy,do > 0 such that
F(t,q) < dilg* + dy, Vg eR"

Assume that (G1) holds, then there exist constants a,b > 0 such that

Gj(q) > —alg|", for0<|q[ <1, (3.5)

Gj(q) < —blg|", for [q| > 1. (3.6)

The assumption g;m,m = g; and — imply that there exists M > 0 such that
Gj(g) < —blg/" + M, VgeR" (3.7)

Lemma 3.12. Under the assumptions of Theorem[3.10, B(q) > 0 and A(q) — oo
as ||q|] = oo for all g € E.

Proof. By (F1) and (G1), for any ¢ € E, we have

B(q) = — Z Gj(q(s;)) >0,

1 r 1
Alw) = 5l + [ Pa)ar = glal®

Which implies that A(g) — oo as ||g|| — oo. O
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Lemma 3.13. Under the assumptions of Theorem [3.10}, there exists a sequence
pr > 0 large enough such that

ar(A) == max ¢x(g) <0,
9€Y,llall=px

for all X € [1,2].
Proof. By (F1) and (G1), for any g € Y}, we have

IN

1 T -
SlalP+ [ (@la® + da)at + Ay (~blal + C2)
0

j—l

1
§||Q\\2+d1/ lq|?dt 4 doT — )\Zb\ql“—&-AMm
j=1

ex(q)

Let ¢ = rw, r > 0,w € Y}, with ||w|| = 1, we have

or(rw) < 27° +r2d1/ |w|?dt + doT — )\r“Zb|w|“+)\Mm. (3.9)
j=1

Since p > 2, for |q|] = pr = r large enough, we have px(q) < 0; i.e., ag(N)
maXqevy, llqll=pr ox(g) <0 for all A € [1,2].

]

Lemma 3.14. Under the assumptions of Theorem there exists r > O,gk —
oo such that

be(A):= _inf ~ ©x(q) = b,
9€Zk,|lqll=k

for all X € [1,2].

Proof. Set By := supgeyz, |q)=1 l2lloc- Then By — 0 as k — oo. Indeed, it is clear

that 0 < Bk4+1 < Bk, so that 8y — 8 >0, as k — oco. For every k > 0, there exists

qr € Zy, such that ||gx|| = 1 and ||gk||cc > Br/2. By definition of Zy, ¢z — 0 in E.

Then it implies that ¢z — 0 in C([0,T),R™). Thus we have proved that 8 = 0.
By (F1) and (S4), for any g € Z, we have

(@ = 3l + Y Gila(sy)

1 = v
§||q||2 — 2 (ajlql + bilg|* )
=1

1 .
Sllal® =2 (asllglloo +bllallee ™)
Jj=1

Y

(3.10)

I V

I \/

m
1 .
|q||2 25 (aBellall + b; 8 g ).
j=1

Let
ry, = SZ (a8 + b;B80 ) ™%

j=1
Since a;; > 2, then rp, — 0o as k — oco. Evidently, there exists an positive integer
ko > n + 1 such that

r, >1, Vk>ko.
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For any k > ko, let ||¢|| = rx > 1, we have

(a; B + by B ) af|

Ms

+1 o
2 " (a;Bellall + b By gl o) < 2
j=1

1
bi(A inf > -
MV = e e PO 2

as k — oo for all A € [1,2]. O

Proof of Theorem[3.10} Evidently, the condition (C1) in Theorem holds. By
Lemmas[3.12] and Theorem [2.1} there exist a sequence A, — 1 asn — oo,
{qn(k)}%ozl C E such that Qpl)\n (qn(k)) — 0, Prn (qn(k)) — Ck € [bka Ek}? where
Cr = Supgep, 1(q)

For the sake of simplicity, in what follows we set g, = ¢, (k) for all n € N.

Now we show that {g,}52, is bounded in E. Indeed, by (F1), (¢1) and (3.4)), we
have

T T
1o (@) = & (@)an = (2 = Dllgal® + 1 / Ft,qn)dt — / F(t, g )andt

2
+ Al Gilan(s))) Z (n(55))an(s;)]
o p
1
> (%~ Dl

Since p > 2, the above inequality implied that {g,} is bounded in E.

Finally, we show that {¢,} possesses a strong convergent subsequence in E. In
fact, in view of the boundedness of {g, }, without loss of generality, we may assume
Gn — qo as n — o0, for some gy € E, then ¢, — ¢go on C([0,T),R™). Moreover, an
easy computation shows that

(), (an) — ¢, (90))(@n — 90)

T
— llan — a0l + / Lt gn(t)) — (£ q0(0))an(£) — qo(t))dt
Z 95 (an(57)) — g5 (a0(s;))](an(s5) — qo(s5))-

So ||gn — qo|| — 0 as n — +oo, which implies that {g,} converges strongly to g
in E and ¢} (qo) = 0. Hence, ¢ = ¢y has a critical point gy with ©1(go) € [by, G-
Consequently, we obtain infinitely many periodic solutions since by, — co. Similar
to the proof of Theorem we know system does not possess any non-
trivial periodic solution. Therefore, all the non-zero periodic solutions we obtain
are generated by impulses. O

Example 3.15. Let F(t,q) = h(t)¢%/®, where h : R — R* is continuous with
period T. Then f(t,q) = gh(t)ql/s. It is easy to know that f(¢,q)q = gh(t)q6/5 >0
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and 1f(t,q)q = 2h(t)q®> < F(t,q), so f(t,q) satisfies the condition (F1). Let

Gjlq) = —k(5) (" +4°),
where k : Z — (0,10] is positive and m-periodic in Z. Then g;(q) = —r(j)(4¢> +
6¢°) < 100(1+g|*). For g;(q)g = —#(j)(4¢*+6¢°) < —4r(j)(q* +4°), take u = 4, it
is easy to show that conditions (G1) and (S4) are satisfied. Moreover, f(t,q), g;(q)
are odd about g. Therefore, according to Theorem system has infinitely
many periodic solutions generated by impulses.

In [4], by Theorem Example we can only have the existence of at least
one non-zero periodic solution. In this article, we obtain the existence of infinitely
many periodic solutions.
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