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RADIAL POSITIVE SOLUTIONS FOR A NONPOSITONE
PROBLEM IN AN ANNULUS

SAID HAKIMI, ABDERRAHIM ZERTITI

ABSTRACT. The main purpose of this article is to prove the existence of radial
positive solutions for a nonpositone problem in an annulus when the nonlin-
earity is superlinear and has more than one zero.

1. INTRODUCTION

In this article we study the existence of radial positive solutions for the boundary-

value problem
—Au(z) = Af(u(z)) z€9Q,

u(z) =0 z €09, (1.1)
where A > 0, f : [0, +00) — R is a continuous nonlinear function that has more than
one zero, and Q C RY is the annulus: Q = C(0,R,R) = {x ¢ RN : R < |z| < R}
(N>2 0<R<R).

When f is a nondecreasing nonlinearity satisfying f(0) < 0 (the nonpositone
case) and has only one zero, problem has been studied by Arcoya and Zertiti
[1] and by Hakimi and Zertiti in a ball when f has more than one zero [5].

We observe that the existence of radial positive solutions of is equivalent
to the existence of positive solutions of the problem

N -1
—"(r) —

u'(r)=Af(u(r)) R<r<R (12)

u(R) = u(R) = 0.
Our main objective in this article is to prove that the result of existence of radial
positive solutions of the problem (1.1) remains valid when f has more than one
zero and is not increasing entirely on [0, +00); see [Il Theorem 2.4].

Remark 1.1. In this article, we assume (without loss of generality) that f has
exactly three zeros.

We assume that the map f : [0, +00) — R satisfies the following hypotheses:

(F1) f € C'(]0,+00),R) such that f has three zeros 31 < (2 < B3, with f(8;) #
0 for all ¢ € {1,2,3}. Moreover, f' > 0 on [G3,+00).
(F2) f(0) < 0.
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(F3) limuﬁJroo% +o0.

(F4) The function h(u) = NF(u)— 252 f(u)u is bounded from below in [0, +00),
where F(z) = [ f(r)dr.

Remark 1.2. We observe that our arguments also work in the case 2 = B(O, R),
improving slightly the results in [5]. In fact in [B], besides imposing that f is
increasing, we need (F1), (F2), (F3) and that For some & € (0,1),

d \N/2 N -2
(f(d)) (F(kd) 5N df(d)) = +o0.
On the other hand, it is clear that our hypothesis (F4) is more general than this
assumption.

For a nonexistence result of positive solutions for superlinearities satisfying (F1),
(F2) and (F3) see [6]. Also see [3] for existence and nonexistence of positive solutions
for a class of superlinear semipositone systems, and [4] for existence and multiplicity
results for semipositone problems.

lim
d—+oco

2. MAIN RESULT

In this section, we give the main result in this work. More precisely we shall
prove the following theorem.

Theorem 2.1. Assume that the hypotheses (F1)—(F4) are satisfied. Then there
exists a positive real number X\, such that if A < A, problem (1.1) has at least one
radial positive solution.

To prove Theorem we need the next four technical lemmas. The first lemma
assures the existence of a unique solution wu(.,d, ) of (1.2)) in [R, +00) for all A,d >
0. The three last lemmas concern the behaviour of the solution of (1.2)).

Remark 2.2. In this article we follow the work of Arcoya and Zertiti [I], and we
note that the proofs of Lemmas[2.4|and [2.7| are analogous with those of [I, Lemmas
1.1 and 2.3]. On the other hand, the proofs of the second and third lemmas are
different from that of [I, Lemma 2.1 and 2.2]. This is so because our f has more
than one zero. So we apply the Shooting method. For this we consider the auxiliary
boundary-value problem

- N1

u'(r)=Af(u(r)), r>R
w(R) =0, «/(R)=d,

where d is the parameter of Shooting method.
Remark 2.3. For suitable d, problem ([2.1)) has a solution u := u(.,d, A) such that
u > 0on (R, R) and u(R) = 0. So, such solution u of ([2.1)) is also a positive solution
of ().

In this sequel, we suppose that the nonlinearity f € C'([0,+00)) is always
extended to R by f|(_s,0) = f(0).

Lemma 2.4. Let \,d >0 and f € C*([0,+0)) a function which is bounded from
below. Then problem (2.1) has a unique solution u(.,d, \) defined in [R,+0o0), In
addition, for every d > 0 there exist M = M(d) > 0 and A = A(d) > 0 such that

max_|u(r,d,\)| <M, VA€ (0,A(d)).
r€[R,R]

(2.1)
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Proof. The proof of the existence is given in two steps. In first, we show the
existence and uniqueness of a local solution of ; i.e, the existence a e = g(d, \) >
0 such that has a unique solution on [R, R + ¢]. In the second step we prove
that this unique solution can be extended to [R,400).

Step 1: (Local solution). Consider the problem
-1

u'(r) = Af(u(r)), r>R;
u(Ry) =a, u'(Ri)=0,

where Ry > R. Let u be a solution of (2.2]). Multiplying the equation by r~¥~! and
using the initial conditions, we obtain

erfl {RY'b— )\/T sNTUf(u(s))ds}. (2.3)
Ry

—u"(r) —

(2.2)

u'(r) =
from which v satisfies

u(r) =a+ bjf{i; ( L er*Q) - )\/T1 tN{l [/Rtl sN_lf(u(s))ds} dt. (2.4)

N—2
Ry R

Conversely, if u is a continuous function satisfying (2.4), then u is a solution of
22

Hence, to prove the existence and uniqueness of a solution u of (2.2)) defined in
some interval [Ry, Ry + €], it is sufficient to show the existence of a unique fixed
point of the operator T' defined on X (the Banach space of the real continuous
functions on [R1, Ry + €] with the uniform norm),

T:X = O([Rl,Rl —|—€],R) — X
v— Tv,

where

(Tv)(r) = a+ Iﬁ: (R§2—TN12)—)\/}; tlel [/Rt SN fu(s))ds] e, (2.5)

for all r € [R1, Ry + ¢] and v € X. To check this, Let ¢ > 0 such that § > |a| and
B(0,0) = {u € X : |Jul]| <6}. For all u,v € B(0,9), we have

Tu=To) = [ sams | [V 006) — o)) as] i
then
T 1 i 3 ,
=TI <A [ gl N s (£ uto)ldsa
T 1 t 3 ,
<A [ gl [, e s 171,
However,

| /f N1 / 1 N RN
s ds|dt = — — —dt
/Rl el [ s = [ - )
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1,5 o RY 1 1
= _— (r2 - R?)_L _
v -y ((2 —N)rN=2 (2 N)R{V’Q)
r? — R} 1 RY R?

TN TN NN -2

R 2_R2
< (Fy +¢) L because r € [Ry, Ry + €]

=T N
_ €(2Ry +¢)
N 2N
therefore,
€(2R1 + ¢
17w — 7o) < 2L\ sy () u— ol
2N ¢€[0.9]
e(Ry+e¢
< LDy sup 17— vl
¢€[0,4]
Hence
A
1Tu=Toll < 57 sup |f/(Q)e(Ry +&)llu—o]. (2.6)
¢€(0,4]
Similarly,
IR /1 1 A
Tul| < - 2 (27
ITull < lal+ S5 (=2 ~ g gves) * 7 S, MO +9). 27

Now, by and (2.7), we can choose £ = £(§) > 0 (depending on §) sufficiently
small such that T is a contraction from B(0,6) to B(0,d). Consequently, T has a
fixed point u in B(0,d). The fixed point u is unique in X for a § as large as we
wanted.

Step 2: Let u(.) = u(.,d, ) be the unique solution of (we take a =0, b=4d
and R, = R in (2.2)), and denote by [R, R(d,))) its maximal domain. We shall
prove by contradiction that R(d,\) = 4+oc0. For it, assume R* := R(d,\) < 4+00. u
is bounded on [R, R*). In fact, using and that f is bounded from below, we
have

dR >dRN*1( 1 )
N—-2~" N—-—2\RN-2 pN-2

:u(r)—i—)\/r tlel [/Rtszv—l f(u(s))ds}dt

R

R* 1 t
> : f N-—1 *
> u(r) + /\Ee[%)r’lJroo)f(f)/R Py {/R s ds} dt, Vr € |[R,R"),

then, there exists K7 > 0 such that u(r) < Kj for all r € [R, R*).
On the other hand, using again (2.4]), we obtain

dRN_l 1 1 R* 1 t Nt
> _ _ _
u(r) > N _2 (RN—z TNfg) Aféﬁ)?f)él]f(g)/R Py {/R s ds} dt

> —KQ, Vr € [R, R*),

for convenient Ko > 0. Hence u is bounded.
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By using this and (2.3) and (2.4]), we deduce that {u(r,)} and {u'(r,)} are
the Cauchy sequence for all sequence (r,) C [R, R*) converging to R*. This is
equivalent to the existence of the finite limits

li = d li "(ry=1b.
lim u(r)=a an T_}gﬁ_u(r)

Now, consider the problem

71)”(?”) _

— 17/(7») =M(v(r), R*<r
v(R*)=a, v (R*)=0

(2.8)

and by step 1, we deduce the existence of a positive number ¢ > 0 and a solution
v of this problem in [R*, R* 4 ¢]. It is easy to see that

{u(r), itR<r<R*

w(r) = o(r), if R* <r< R*+e¢,

is a solution of (2.1)) in [R, R* + £] which is a contradiction, so R* = +o0.
To prove the second part of the lemma, we consider the operator T' defined by
(23) on Xo = C([R,R],R) with Ry = R, a =0 and b = d. Taking M =§ > 242

and
M 1

2My maxgejo,ay | £(§)]” M1maxeepo,ny | £/(€)]
with M, = f}f T [f; sN—Lds]dt.

By (2.6) and (2.7), we deduce that T is a contraction from B(0, M, X) into
B(0, M, Xg), where

B(0,M, Xo) = {u € Xo: max_ |u(r)] < M}.
r€[R,R]

A(d) = min { }

So, the unique fixed point of T belongs to B(0, M, X). The lemma is proved. [

Lemma 2.5. Assume (F1), (F2) and let dy > 0. Then there exists A1 = A1 (do) > 0
such that the unique solution u(r,dy, \) of (2.1) satisfies

u(r,do, \) >0, Vre (R,R],VA € (0,\).
Proof. For A > 0, we consider the set
U ={re(R,R): u(.) = ul(.dy,\)is nondecreasing in (R,)}.

Since u/(R) = dyp > 0, ¥ is nonempty, and clearly bounded from above. Let

r1 = sup ¥ (which depends on \). We have two cases:

Case 1. If ry = R, the proof is complete. R

Case 2. If r; < R, we shall prove u(.) = u(.,dg, A) > 0, for all » € (R, R] for all A
R '(r1)

sufficiently small. In order to show it, assume that r; < R. Then u = 0, and

since
1 _ " oNe
u'(r) = N [RN tdy — )\/R sN 1f(u(s))ds},
then u(ry) > 3. Hence the set T = {r € [ry,R] : u(t) > 1 and '(t) < 0, Vt €
[r1,7]} is nonempty and bounded from above. Let ro = supI' > 1. We shall prove
that for A sufficiently small 7o = R. We observe that u/(r) < 0 for all » € T, then
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u(r) < wu(r1), for all r € [R,r9]. Therefore, by the mean value theorem, there exists
¢ € (ry,72) such that
u(rz) = u(r1) +u'(c)(r2 = 1),
but \ .
_CNil / tN_lf(u(t))dt7

T1

u'(c) =

then R
AR ~
u(ry) > u(r)) — = sup [f(Q)|(R — R).
N (51 u(rm)]
If M = M(do) >0 and A(dp) > 0 (defined in Lemma [2.4)), then
B1 <u(ry) <M, Ve (0, (do)).

Let K = K(do) > 0 such that |f(¢)] < K(¢ — 1) for all ¢ € (61, M]. We deduce
that
u(r2) > u(r) — “NE(R  B)ulr) — B1), YA € (0, \(do)),

Thus, if A € (0, A1) with Ay = min{\(dp), %} we have u(rg) > (1, which

implies that ro = R. (]
Lemma 2.6. Assume (F1)-(F3). Let A > 0. Then

(1) limd*,Jroo 1 (d, )\) =R

(i) limg— oo u(ri,d,\) = 400

Proof. If (i) is not true, then there exists € > 0 so that for all n there exists d,, such
that

‘Tl(dna A) - R| > g,
from which
r1(dn, \) > R+¢ (because r1(d,,\) > R),

then there exists Ry € (R, R) and a sequence (d,,) C (0, +00) converging to oo such
that u, := u(.,d,, \) satisfies

up(r) >0, u,(r)>0, Vre(R,Ry], VneN.
Let 7 = %. By the equality

un (1) = d;LVRiV; (R;J B FNl,z) B )\/RT tNl,l [/Rtlef(un(s))ds] dt,

we observe that (u, (7)) is unbounded. Passing to a subsequence of (d,), if it is
necessary, we can suppose lim,,_, 4 - u,(7) = +00. Now, consider

M, :inf{w 7 € (T, Ro)}.

By (F3), lim,— oo M, = +00. Let ng € N such that AM,,, > u3 where pg is the

third eigenvalue of —[szT + N=1 41 in (7, Ry) with Dirichlet boundary conditions.
We take a nonzero eigenfunction ¢3 associated to ugs; i.e.,

N —

5(r) +

1¢§3(7“) + pgps(r) =0, T<r<Ry
d3(F) = 0= ¢3(Ro).
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Since ¢3 has two zeros in (T, Rp), we deduce from the Sturm comparison Theorem
[7 that u,, has at least one zero in (7, Rp). Which is a contradiction (because
un(r) > 0 for all r € (R, Ry] and all n € N).

(ii) Let r1 be the same number as in the proof of lemmal[2.5] we have u/(r;) = 0.

However,
T

() = [dRN—l —A/ ltN_lf(u(t))dt],

T R
then .
dRNT1 = /\/ N7 (u(t))dt.
R
Hence

lim u(ry,d, \) = 4o0.

d—-+oo

(]

Lemma 2.7. Assume (F1)—(F4) and let v1 be a positive number. Then there exists
a Ay > 0 such that:

(a) For all A € (0, \z) the unique solution u(r,d,\) of (2.1) satisfies
u(r,d, \) + u?(r,d,\) >0, Vre[R,R], Vd > 7.
(b) For all A € (0,2), there exists d > 1 such that u(r,d,\) < 0 for some
r € (R, R].
Proof. (a) Let A,d > 0 and u(.) = u(.,d, A) the unique solution of (2.1). We define
the auxiliary function H on [R, +00) by setting
2 N —2
= 2(7") + AP (u(r)) +
We can prove, as in [2] 5] the next identity of Pohozaev-type:
" N -2

TNTIH(r) = thlH(t)Jr/\/ stl[NF(u(s))—Tf(u(s))u(s)]ds, Vt € [R,7].

t

H(r)y=r u(r)u'(r), Vr e [R,+00).

Taking ¢t = R, in this identity we obtain

RN d? " N -2
NV (r) A / S NF@(s) - Y2 ful)u(s)]ds,
2 " 2
hence N N N
N—1 r R
> = .
rY T H(r) > —I—)\m(N N)’ (2.9)
where m is a strictly negative real such that NF(u) — 252 f(u)u > m for all u € R,
S0
_ RN? RN RN -
TN 1H(T)Z%+Am(w—w>7 VTE[R7R],Vd271
We note that m exists by (f4). Hence there exists Ay > 0 such that
H(r) >0, ¥rel[R, R],Vd>, VA€ (0,\). (2.10)
Therefore,

W (r,d, ) +u*(r,d,\) >0, Vre€[R,R], Vd=>n, Ve (0 N).
(b) We argue by contradiction: fix A € (0, A\2) and suppose that
u(r,d,\) >0, Vre[R,R], Vd>.
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Choose ¢ > 0 such that there exists a solution of w” + ¥=1w’ + pw = 0, where

is the first zero of w.
We note (see [§]) that w(r) > 0 and w’'(r) < 0, for all r € (0, ﬁZR].
By (F3), there exists dyg = do(\) > 71 such that
flw) _ e

On the other hand, let r; = r1(d, \) and 7 = r2(d, \) be the same numbers as in
the proof of Lemma 2.5] By Lemma [2.6] we can assume that

~

ri=r1(d,\) < R+ <R and u(ry,d,\) >dy, Vd>do,

the definitions of r; and ry imply

W' (r,d,\) <0, Vrelr,R], Vd>d. (2.12)
Define v(r) = u(ry)w(r — r1), hence v”(r) + i\:}v'(r) +ov(r) = 0, for all 7 €

(ri,m1 + #) with u(r) = 11(7“1), v'(r) = 0, v(r + %) =0, v(r) > 0 and
v'(r) <0, for all r € (11,71 + #), thus

N-1 R-R
. v'(r) +ov(r) >0, Vre(r,r+ T)’

if u(r) > do, for all r € (r1,7r1 + %), hence by (2.11) and the Sturm comparison
theorem (see [7]), u have a zero in (r1, 71 + £52). Which is a contradiction. Hence,

there exists r* € (r1,71 + £2) such that u(r*,d,\) = do.

Now, consider the energy function
w?(r,d,\)
2
By (2.9), (2-12) and the equality H(r) = rE(r) + £52u(r)u/(r), we obtain

rNE@r,d,\) > rN " H(r, d, ))

v (r) +

E(r,d,\) = + AF(u(r,d,\)), Vr>R.

hence, there exists d; = d1(\) > dy such that

2 ~
E(r,d,\) > AF(dy) + ﬁdg, Vr € [ri,R], Vd>d.

(R—R)
However,
/ N -1 1(0N\2 D

E'(r) = —Tu (r) <0, Vrel[R,R],

hence
E(r*) > E(r), Vrelr*,R],

thus , ,

i

9 .
w(r) 2yt B V> dy,
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and by (2.12), we deduce

2d N
W'(r) < —=——— Vre[r* R, Vd>d.

R—-R

The mean value theorem implies that there exists a ¢ € (r*,r* + %) such that
u(r* + ?) —u(r*) = R ; Ru'(c).
Hence R
. R-—R
u(r + ) <0.
2

Which is a contradiction (because v/ (r* + £5£) < 0). O

Proof of theorem[2-1l Let dy > 0. By Lemmas[2.5]and [2.7] there exists A, > 0 such
that, if A € (0, \,) then
(i) u(r,do, A) > 0 for all r € (R, R]
(i) u'(r,d,\)? +u(r,d,\)? > 0 for all » € [R, R] and all d > d,
(ili) there exist dy > dy and r € (R, R] such that u(r,dy, X) < 0.

Define I' = {d > dy | u(r,d,\) > 0, Vr € (R,R), Vd € [do,d]}. By (i), dy € T
then I' is nonempty. In addition, by (iii) I is bounded from above by d;. Take
d* =supl. it is clear that

u(r,d*,\) >0, Vre|[R, ﬁ]
Since d* < dy, we deduce (using (ii)) that
u(r,d*,\) >0, Vre (R,R). (2.13)

u(.,d*, \) will be a solution searching, if we prove u(ﬁ, d*,\) = 0. Assume that
u(ﬁ, d*,\) > 0. Then by and the fact that «'(R,d*,\) = d* > 0, we have
that

u(r,d,\) >0, Vre (R,R],Vd e [d*,d* + 9],
where ¢ is sufficiently small. Hence d* +§ € I", which is a contradiction. Therefore,
w(R,d*,\) = 0. 0
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