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EXISTENCE OF SOLUTIONS TO A NORMALIZED F-INFINITY
LAPLACIAN EQUATION

HUA WANG, YIJUN HE

ABSTRACT. In this article, for a continuous function F' that is twice differ-
entiable at a point xp, we define the normalized F-infinity Laplacian Ag‘m
which is a generalization of the usual normalized infinity Laplacian. Then for a
bounded domain Q@ C R", f € C(Q) with infg f(z) > 0 and g € C(92), we ob-
tain existence and uniqueness of viscosity solutions to the Dirichlet boundary-
value problem

AR ou=f, inQ,

u=g, on 0.

1. INTRODUCTION

Let F: R™ — [0, +00) be a function which satisfies the following conditions:
(a) F e C?*(R"\{0}), F(0) =0, F(p) > 0, for any p € R"\ {0};
(b) F is positively homogeneous of degree 1: F(tp) = tF(p), for any ¢t > 0 and
peRY
(c) Hess(F?) is positive definite in R™ \ {0}.
Let © be a bounded domain in R™. For a C%(f2) function u, we define the F-infinity
Laplacian A, and the normalized F-infinity Laplacian Ag;oo by

0%u OF oF

Ap.oou=F*D — " (Du D 1.1

oot = FHD) 3 s o P 3, P (L1)
~ 0%u OF oF

= (Du D 1.2

Aot = Z 0w, o ) ay P (1.2)

respectively. Clearly when F(p) = p, they are the usual infinity Laplacian and the
normalized infinity Laplacian, respectively.

The operator Ap.« is a kind of Aronsson operator. A general Aronsson operator
Ay is defined by

yu(z) = (DyH(Du(x), u(x), x), Hy(Du(z), u(x), z))
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for a function H : R™ x R x @ — R, where H, denotes the gradient of H(p, s, )
with respect to the first variable and D, H(Du(zx),u(x),x) is the gradient of the
map z — H(Du(z),u(x),z). Clearly, Ap.o is the Aronsson operator @/ for
H(p,s,x) = 3F*(p).

The Aronsson equation @/ = 0 was proposed by Aronsson in 1960’s [11 [2] [3],
which is the Euler-Lagrange equation associated with the variational problem for
L*°-functional

F (u, Q) = esssupH (Du(z), u(x),z), ue WH>(Q).
zeQ)

In recent years, there have been many studies of properties of the Aronsson
equation, especially of the infinity Laplace equation A, ,u = 0 which is correspond-
ing to the special case H(p) = %|p|2, see [4, Bl [7, @, 16, [I8], 20, 211, 23] 25], etc.
Uniqueness of the viscosity solution of the homogeneous infinity Laplacian equa-
tion was established by Jensen in [I5]. Later, Barles and Busca gave a second proof
of the uniqueness of the infinity harmonic function in [7], their proof is quite differ-
ent from Jensen’s work and applies to many degenerate elliptic equations without
zeroth-order term.

But, largely due to the degeneracy of Aronsson operator, even the basic exis-
tence and uniqueness questions have been proven difficult. Several approaches were
developed to overcome this difficulty, including the notion of viscosity solutions [11]
and the method of comparison with cones [8, 12}, 13} [14].

In [24], the authors studied the existence of viscosity solutions for the Dirichlet
problem of the inhomogeneous equation F~"(Du)Ap..ou = f, where 0 < h < 2.
The special case F(p) = p was studied in [I8] and [I7]. The existence and unique-
ness of the viscosity solutions of the Dirichlet problem AY wu = f were established
by Peres, Schramm, Sheffield and Wilson in [22] using differential game theory
and later reproved by Lu and Wang in [I9] using the theory of partial differential
equations.

In this paper, we study the existence of viscosity solutions for the Dirichlet
problem of the inhomogeneous normalized F-infinity Laplacian equation.

In this paper,  is always assumed to be a bounded open subset of R", f € C(Q)
with infg f(z) > 0 or supq f(z) < 0 and g € C(912), we concentrate on the Dirichlet
problem

Ag;oou =f, inQ,

1.3
u=g¢g, on Jf. (13)

We find the “radial” solution to
AR ou=f, (1.4)

where f = 2a is a constant. Additionally, we obtain the existence and uniqueness of
solutions to the Dirichlet problem in the viscosity sense. When F(p) = %|p|27 these
reduce to the cases discussed in [22] and [I9]. We employ the classical Perron’s
method to get the result of existence.

The rest of this paper is organized as follows. In Section 2, we give the notations,
definitions related to Ag;oou. In Section 3, we give the “radial” solution of the
equation Ag;oou = 1, and the properties of this solution. In Section 4, we prove
our main existence result by Perron’s method.
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2. PRELIMINARIES

In this paper, Q will always be a bounded open subset of R™. We denote the
set of continuous functions on a set V.C R™ by C(V). If V is a subset of R™, 0V
denotes its boundary and V its closure. The notation V CC € means that V is
an open subset of {2 whose closure V is a compact subset of Q2. o(e) means that
lim,_, o(j) = 0. (-,-) denotes the usual Euclidean inner product. |- | denotes the
Euclidean norm.

Spxn denotes the set of all n X n symmetric matrices with real entries. u €
USC(2) denotes the set of all upper semi-continuous functions and w € LSC(£2)
denotes the set of all lower semi-continuous functions.

U <z, ¢ means u — ¢ has a local maximum at zo. On the other hand, u >, ¢
means u — ¢ has a local minimum at xzy. Almost always in this paper, u <5, ¢
(resp. u >4, ¢) is understood as u(x) < ¢(z) (resp. u(z) > ¢(x)) for all z € Q in
interest and u(xg) = ¢(x0), as subtracting a constant from ¢ does not cause any
problem in the standard viscosity solution argument applied in the paper.

We define F* : R™ — [0, 00) to be

(z,)

F*(x) = sup F@) for any z € R", (2.1)

then F™* has same properties (a), (b), (¢) as F. Let

a:infﬁ ﬁ—supﬂ

ELOF(E) T e F(E)
then, by (2.1) and the conditions (a), (b) on F', we have 0 < a < 3 and
alz] < F*(x) < Blz|, for any = € R". (2.2)
From (2.2)), we easily get
Fr(—z) < EF*(:EL for any x € R". (2.3)
a

Definition 2.1. For y € R™ and r > 0, we define B} (y) by B} (y) = {z €
R™ : F*(z —y) <1}, B (y) by By (y) = {z € R" : F*(y — ) < r}, S(y) by
Sry)={zeR": F(@—y)=r}, S (y) by Sy (y) ={z eR": F*(y —x =r}.

T

(

For u € C(Q), 2o € ©, and r > 0 with B (z¢) U By (z9) C £, we define g(r) =
MaX (3 go)=r w(x) and A(r) = ming«(z,_g)—r u(x). In addition, z;" denotes any
point with F*(z;" — zo) = r such that u(z;") = g(r), while x,. denotes any point
with F*(xg — z;) = r such that u(x) = h(r).

If 2o € Q and u € C(R) such that u is twice differentiable at x, we define the
set of maximum directions of u at zg to be the set

+

x x
Et(z) = {e= lilgn Zre 0 for some sequence 7y, | 0}
Tk

and the set of minimum directions of u at zg to be the set
_ . Ty —To
E™(z9) ={e= hin —*—— for some sequence 7 | 0}.
Tk
Definition 2.2. If u € C() is twice differentiable at zg, we define the upper
F-infinity Laplacian of u at o to be Af._u(z¢) = (D?u(wo)e, e), where e is any
maximum direction of u at xg .
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Similarly, the lower F-infinity Laplacian of u at zg is defined to be Ax. _u(xo) =
(D?u(xg)e, €), where e is any minimum direction of u at zg .

Remark 2.3. From Proposition [2.5] which will be proved below, the definition of
AL u(zg) (resp. Af. o u(ro)) is independent of the choice of maximum (resp.
minimum) direction of u at x.

Lemma 2.4 ([0 page 7]). For any y € R™\ {0} and w € R", we have
w- DF(y) < F(w), (2.4)
and equality holds if and only of w = ay for some a > 0.

Proposition 2.5. Suppose u € C(Q) is twice differentiable at x.
(1) If Du(xg) # 0, then

AT ou(xe) = A, Ju(o) = (D*u(xo) DF(Du(z0)), DF(Du(z))).
(2) If Du(xo) =0, then
A};Oou(xo) = max{(D*u(zo)e,e) : F*(e) = 1},

Ap.oulzo) = min{(D?*u(z)e, e) : F*(e) = 1}.

Proof. (1) There exists a positive-valued function p with p(r) — 0 as r | 0, defined
for all small positive numbers r, such that

[u(x) — (o) — Dulo) - (x — 20)| < plr)r (2.5)

for all x with F*(x — x¢) = r.
Take & = xg + rDF(Du(xg)). Then

u(zo) + Du(wo) - (z;7 — wo) — p(r)r
< () < (o) + Du(wo) - () — 20) + p(r)r.

The second inequality is due to the choice of #;7 and Lemmal[2.4] So, Du(wo)- (z;f —
) < 2p(r)r.
On the other hand, the chain of inequalities
u(zo) + Du(wo) - (7 — x0) — p(r)r
< u(Eh) < ulwd) < uleo) + Duro) - (5 —w0) + plr)r

implies Du(zo) - (x} — &) > —2p(r)r. So

xF — o xh —zf
| Du(wo) - — F(Du(z0))| = [Du(@o) - ———=| < 2p(r). (2.6)
Thus,
. xf —xzo
17}%1 Du(zg) - = F(Du(x)). (2.7)

Then, for any r; | 0 such that limy ’fr;wo = DF(yp) exists, we must have Du(zo)-

DF(yo) = F(Du(xo)). So, by Lemma P4, DF(yo) = DF(Du(x)). Thus, for
any e € ET(xg), e = DF(Du(x¢)) holds. Similarly, E~(z9) = {—DF(Du(xo))}.
Therefore,

A;;oou(xo) = A;;Oou(xo) = (D*u(x¢) DF (Du(x)), DF(Du(x))).
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(2) If Du(zg) = 0, then there exists a positive-valued function p with p(r) — 0

as r | 0, defined for all small positive numbers r, such that
fu(x) = ulwo) — (D?ul0)(x — x0),a — 20)| < p(r)r (2.8)

for all z with F*(z —x¢) = 7.
Let At = max{(D?u(z¢)e,e) : F*(e) = 1} and et € S;(0) be such that A\t =
(D?u(xg)e™, et). Take ¥} = ¢ + ret. Then

u(xo) + (D*ulxo) (x} — 20), x} — o) — p(r)r?
< u(z])
<u(xo) + (D*u(xo) (&5 — w0), &) — o) + p(r)r?.
So,
(D2u(zo) (w7 — o), a7 — o) — (D2ulwo) (5 — o), 5 — o) < 20(r)r*.
On the other hand, the chain of inequalities
u(xo) + (D*u(wo)(FF — o), & — wo) — p(r)r?
< u(@) < ulay)
< u(wo) + (D*ulwo)(z;} — wo), 2} — xo) + p(r)r?
implies
(D?u(xo)(x,f — o), 25 — 20) — (D*u(x0) (&, — x0), & — 20) > —2p(r)r.

So

xF —xo, T — w0
[{D*u(x0)( )y =) = AT < 2p(r). (2.9)
I+ —X
Then, take any ) | 0 such that limy —%- ! = e e Ef(x), we see A}mu(xo) =
AT,
Similarly, we have A u(zo) = min{(D?u(xg)e, €) : F*(e) = 1}. O

We are then concerned with the viscosity solutions of (1.4]) given in the following
definition.

Definition 2.6. u : Q — R is called a viscosity subsolution of the partial differential
equation Ag;oou(x) = f(x) in Q, if for any xy € 2 and any test function ¢ € C?(Q)
with u <z, ¢, there holds

A% d(x0) > f(o).
In this case, we say Agmu > f in the viscosity sense.

Similarly, u : 2 — R is called a viscosity supersolution of the partial differential
equation Ag;oou(x) = f(x) in Q, if for any zo € Q and any test function ¢ € C?(Q)
with u >4, ¢, there holds

Afoo®(20) < f(0)-
In this case, we say Ag;oou < f in the viscosity sense.

A viscosity solution of the partial differential equation Ag;oou(x) = f(z) in Q is

both a viscosity subsolution and viscosity supersolution of the equation.

Furthermore, viscosity solutions of the Dirichlet problem (1.3 are defined as
follows.
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Definition 2.7. A function u : Q@ — R is called a viscosity subsolution (resp.,
supersolution) of if u is a viscosity subsolution (resp., supersolution) in € of
(1.4) and v < g (resp., u > g) on 9. Furthermore, u : Q@ — R is a viscosity
solution of if it is both a viscosity subsolution and a viscosity supersolution

of .

We will need the concepts of superjets and subjets in our approach.

Definition 2.8. Suppose u € C'(£2). The second-order superjet of u at z is defined
to be the set

JZ u(zo) = {(D(x0), D2¢(x0)) : ¢ is C% and u <4, ¢},
whose closure is defined to be
T2tu(ae) = {(pvx) ER™ X Spxn : H&p,Pn, Xn) € A XR™ X Spxn
such that
(P, Xn) € Jé’+u(a:n) and (Zp, w(Zn ), Pn, Xn) — (xo,u(aco),p,X)}.
The second-order subjet of w at x( is defined to be the set
Ji " u(wo) = {(Dé(xo), D*¢(w0)) : ¢ is C* and u =4, 0},
whose closure is defined to be
T2 u(zg) = {(p,X) €R" X Spxn : H&ny Pry Xn) € Q X R™ X Sy such that
(pn, Xn) € Jé’fu(xn) and (Zp, w(Tn), P, Xn) — (zo, u(zo),p, X)}.
Lemma 2.9 ([10]). (i)

F*(DF(p)) =1 forp € R"\ {0}, (2.10)
F(DF*(z)) =1 forz € R"\ {0}; (2.11)

(ii) the map FDF : R™ — R™ is invertible and
FDF = (F*DF*)~%. (2.12)

Here, and in what follows, FDF and F*DF* are continued by 0 at 0.

Remark 2.10. We note we only assume F' to be positively homogenous of degree
1, not homogenous of degree 1, so F(—xz) # F(z) in general, thus F*(—z) # F*(z)
in general either.

Lemma 2.11. (1) I is an index set, f € C(Q), for any X € I, AF. jux > [ in
Q in the viscosity sense, u(T) = sup,eq ur(r) < 00, then Ag;oou > fin  in the
viscosity sense. (2) I is an index set, f € C(Q), for any X € I, AF. jux < f in
Q in the viscosity sense, u(x) = infyequr(x) > —o0, then AJ}';OOU < fin Q in the
viscosity sense.

Proof. Because the proof of (2) is similar to that of (1), we only present the proof
of (1). Suppose Ag;oou > f in the viscosity sense is not true in 2. Then there
exists a point 2o € Q and a test function ¢ € C?(Q) such that u <,, ¢ and
A;C;oo¢(aco) < f(zg). If we replace ¢ by ¢s defined by

¢5(x) = p(x) + 8|z — wo|?
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with § > 0, then u — ¢5 has a strict maximum at point xg; i.e., u(zg) = ds(xo),
u(z) < ¢s(x), z # xo, and we have
A% b5(w0) = A 0(z0) + O(8) < f(0),

if > 0 is taken small enough. So we can assume that the original test function ¢
satisfies

$(x) > u(w) + 8|z — wof*
for some d > 0.
We claim that A};ooqﬁ(x) < f(z) in an open neighborhood B, (z¢) of z¢. In fact,
we prove the claim via a dichotomy.
If Dp(xp) # 0, then Dg(x) # 0 in a neighborhood Br(zo) of zp. The continuity
of f and D?¢ implies that in a neighborhood B,.(zq) C Br(xg) of g,
AF.o0(x) = (D*¢(z) DF (Dé(x)), DF(D$(x))) < f(x).
If Dé(zp) =0, then A;;oo(ﬁ(xo) = max{(D?¢(x¢)e,e) : F*(e) = 1} < f(z0). So in
a neighborhood B,(zg) of zy,
A;;Oo(b(x) < max{(D*¢(z)e,e) : F*(e) =1} < f().
The claim is proved.
For any € with 0 < € < §r?, there exists A € I such that uy(zg) > u(zg) — €. Let
¢(x) = ¢(x) — e. Then ¢(xg) < ur(zo) and
d(x) > u(z) — e + 8|z — 20)® > u(x) > up(x)
on 0B, (xg). So there exists x, € B,.(x) such that uy — ¢ has maximum at z,. As
AJ}E;OOUA > f in  in the viscosity sense and uy <5, ¢, we have

which is a contradiction with the claim we just have derived,
Afod(@) = Mgy d(@) < f(2)
in B,(xg). O
3. SOLUTIONS OF THE EQUATION Agmu = 2a

Let u(x) = a[F*(x)]> + BF*(x) + C, where a # 0, B, C are all constants.
Suppose {z € R"\ {0} : 2aF*(z) + B > 0} is a nonempty domain, in this domain,
we calculate:

ou . OF*

o= = [2aF"(a) + Bl 5, (3.1)
2 * * 2 Tk
Ou_ _ 997 O | ap(a) + B]- 2L (3.2)

Oz, 0z, - Ox; Oz, dx;0x;

As F is positively homogeneous of degree 1, g—ﬁ is positively homogeneous of degree

0. So by (2.11)) and (2.12), we have

o oro) -

o (3.3)

Thus, by (2.11)), (3.1) and (3.3)), we obtain
F(Du(z)) = 2aF*(z) + B, (3.4)
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oF ZT;
(D =
Since F* is of class C2(R™ \ {0}) and positively homogeneous of degree 1, we have
—~ OF* —~ 0*F*
——x; = F (), ———x; =0, forallz#0. 3.6
2 oz, T (z) ; 6%8%96 or all x # (3.6)

Using (3.2)), (3.4), (3.5) and (3.6)), through direct calculation, we obtain

" 9%y OF OF
AN u= . D .—(D = 2a.
Fioot 21 Feds. o, Dul@)) - 5,-(Dula)) = 2a

. (3.5)

ij=
Thus, we proved that u(z) = a[F*(z)]? + BF*(x) + C is a solution of the equation
Ag;mu =2a (3.7

in the domain {x € R™ \ {0} : 2aF*(x) + B > 0}.
Since (3.7) is invariant by translation,

U, 5o(x) = a[F*(x — x0)]* + BF*(x — z0) + C
is its C? solution in
Dt (xg, B) :={x € R" \ {xo} : 2aF*(z — x0) + B > 0}.
In particular, we have the following lemma.
Lemma 3.1. ¥, pc(x) is a viscosity solution of in D" (z0, B).

Proof. The fact that a classical solution is a viscosity solution follows easily from
the definition of a viscosity solution. ([l

Remark 3.2. Similarly, let
®,, po(r) = —a[F*(xo — z)]* + BF* (20 — 2) + C,
D™ (z9,B) ={z € R"\ {zo} : 2aF"(z9p — z) + B > 0},
then ®,, pc(z) is a viscosity solution of equation
AP ot = —2a (3.8)

in D~ (zo, B).

For simplicity, taking a = 1/2. Letting B = 0, U, (x) = 3[F*(z — 20)]? + C and
D(zo) = D* (w0, B) =R" \ {o}.

4. A STRICT COMPARISON PRINCIPLE
Theorem 4.1. For j = 1,2, suppose u; € C(Q) and
Aﬁo@ul < f1, A%ww > f2

in Q, where fi < fa, and f; € C(Q). Then supq(us — u1) < maxgo(us — u1).

Proof. Without the loss of generality, we may assume us < u; on 02 and intend
to prove us < uy in . Furthermore, for any small 6 > 0, let us = ug — 6. Then
us < up on 0f) and Agmua > fo in Q. If we can show that us < up in € for every
small § > 0, then it follows that us < u; in . So we may additionally assume
ug < uy on 0N in the following proof.
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We apply the sup- and inf-convolution technique here. Take any
A > max{||lu1|| L~ (), [[u2llL=(0)}-

For any sufficiently small real number € > 0, we take § = 3v/ Ae and Q5 = {x € Q:
dist(x,0Q) > 6}. We define, on R™,

(o) = inf (ua(y) + 5l — o), (11)
us() = sup(u(y) — -l — o) (12)
yeQ €

For any y € Q such that |y — x| > 2V'4e, u1(y) + 5|z — y|*> > uy(z) holds. So, in
Q(Sa

1 1
Uy (x) = inf U +—lz—y|> )= inf (ui(z+2)+—|z%), (4.3
@)= )t gl = it (e 2+ glel), (49

as x + z € Q for any x € Qs and |z| < 2v/ Ae. Similarly, for z € Q,

. 1 1
us(z) = sup (u2(y) — o lv — y) = sup  (ug(z +2) - ;IZIQ), (4.4)
yEQ, |z —y|<2vVAc ¢ |z|<2VAe €

Let

filz) = sup filv+2)= sup  fi(z+2), (4.5)
r4+2€Q,|z|<2VAe |z|<2v/Ae

(x) = inf x+2z)= inf T+ z), 4.6
foe(@) x+zeQ,|z|§2\/A7f2( ) \Z\SQ\/ATfZ( ) (4.6)

for x € Q5. Clearly, fi is upper-semicontinuous. It is continuous due to the
equicontinuity of the one parameter family of the functions x +— fi(z + z) in any
compact subset of €. f; . is continuous for a similar reason.

We notice that, for every z with |z| < 2v/Ae and = € Q,

A oolea(a +2) + o |el) < ular +2) < fi (@), (47)

A ola(w +2) = ol2P) > fola+2) > fole). (4.8)

Lemma/|2.11{implies that A, u1 < ff and AZ_ u§ > fo in Qs in the viscosity
sense.
By [5] Proposition 6.4], we have the following result.

Proposition 4.2. —u; . and u5 are semi-convex in R™. uy . < uy and u§ > ug in
Q. ui,e and ug converge locally uniformly to uy and ug in Q, as € — 0. uy . and u
are both differentiable at the mazimum points of u§ — uj ..

As a result, if we take the value of € smaller if necessary, then u; . > u$ on 095,
A]}’;muLE < ff and Aﬁmu; > faein Qs, and ff < fo . in Qs.

If we can prove u§ < up . in €5 for any small e > 0 and § = 3V Ae, then uy < uy
in Q holds. So we may without loss of generality assume that —u; and uy are
semi-convex in R"™.

Suppose u1(zg) < usz(xo) for some zy € Q. Without the loss of generality, we
assume that wug(xg) — ui(xg) = maxq(us — uy). Then 36 > 0 such that for any
h € R™ with |h| < 0, we have uy (z9) < uz(zo+h), while ua(- +h) < uq(-) in Q\ Qs,
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and fo(x +h) > fi(z), for all z € Q5. For any small positive number ¢ and h € R®
with |h] < d, we define

1
We,n(2,y) = uz(x + h) —ui(y) — ;Gliv*y\Z, (4.9)

for all (z,y) € Qs x Q5. Let

M,y = mg,x(ug —up), (4.10)
My, :r%ax(uQ(-—Fh) —u1(+)), (4.11)

2 (4.12)

Mep = max wep = ua(Te,n) — w1 (Ye,n) — lIfzre,h — Ye,h
Qs x5 2e
for some (zcp,Yen) € Qs x Qs. Our assumption implies M), > 0 for all h with
0 < |h| < 4, and clearly limy,_,o M), = M.
As the semi-convex functions us (- + h) and —u; are locally Lipschitz continuous,
the function Mj, is Lipschitz continuous in h € R™ with |h| < §, if ¢ is taken smaller.
By [1I, Lemma 3.1}, we know that

llﬁ)l M€7h = Mh, (413)
lim — \ =0 (4.14)
im —|xep — Ye =0, .
el0 2e Teh Ye.h
leifgl(UQ(th +h) —u1(Yen)) = Mp. (4.15)

As a result of the second equality, lime|o |Ze,n — Ye,n| = 0.

As My, > 0 > maxgq, (u2(- + h) — u1(+)), we know xp,yen € 1 for some
07 CC Qs and all small € > 0.

Then [IT, Theorem 3.2] implies that there exist X = X, ,Y =Y. ), € S,xn such
that (715":‘%”1,)() € j5227+'u2(.'1:5 + h), (71”2%”1,1/) € jé’_ul(ye) and

T TGRS BT EA ) R

In particular, X <Y.

Again, we solve the problem via a dichotomy.

Case 1. Suppose that 3h with |h| < §, and €, — 0 such that z, p 7 Ve, ,n- Then
it is easy to see that

Ley,h — Yey, Teph = Yer,
fol@en) < (X(DF(ZE222)), DF (=8 —20))

< (Y(DF(Zauh ZYeutyy pp(Tewh = Yeushyy

€k €k
< [1(Yer,n)-

For a subsequence of {e,}, Tc, . — Tn and ye, n — yn. As limejo |Te, n — Yer,n| =0,
we know that xj, = yp, which leads to a contradiction with the assumption f1(zp) <
fa(zn).

Case 2. For every h € R™ with |h| < ¢, . = ye,» holds for every small € > 0.
Then M. = ua(zep + h) — u1(Ye,n) = Mp. We simply write zcp, = Ye,p, = Th.
The semi-convexity of ua(- + h) and —uq(-) implies that the two functions are
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differentiable at the maximum point zj; of their sum. The definition of z; shows
that
1
uz(zn +h) —wi(zn) = wa(y +h) —uizn) = 5-lon = yl%, (4.17)

which in turn implies
1
ua(@n + h) = us(y + h) = o fwn =yl (4.18)

for small € > 0. So Dus(xp + h) = Duy(zp) = 0.
For small h, k € R™,

My, = ug(xn + h) —ui(zn) > ua(wg +h) — ui ()
= My, + uz(zy + h) —uz(zp + k) > My, — o(|h — kI),
as Dug(xp,+k) = 0. So DM}, = 0 a.e. as M}, is Lipschitz continuous, which implies
My, = My for all small h € R™.

At xg, either fi(xg) < 0 or fa(xp) > 0 holds due to the fact fi < fo. Without
loss of generality, we assume that fo(xg) > 0. The proof for the case fi(z¢) < 0 is
parallel. So wg is co-subharmonic in a neighborhood of .

For any h with |h| < 4,

UQ(IO + h) — Ul(xo) S UQ(l'h + h) - ul(xh) = UQ(IL‘()) - ul(l’o). (419)

So ua(zo) is a local maximum of uz. As Ap.sous > 0, the maximum principle for
infinity harmonic functions implies that uy is constant near zy. So we have

Ag;OOUQ(IO) = max{(D%uy(zo)e, e) : F*(e) =1} =0 < fa(zo), (4.20)

which is a contradiction. O

Theorem 4.3 (Comparison Principle). Suppose u,v € C(Q) satisfy
AR sou > f(a), (4.21)
AJ}];OOU < f(x) (4.22)

in the viscosity sense in the domain €2, where f is a continuous positive function
defined on 2. Then

Slgl)p(u —v) < I%%X(u — ). (4.23)

Proof. Without loss of generality, we may assume that u < v on 9 and intend to
prove u < v in . For a small § > 0, we take

us(@) = (1+ 8)u() — 8llull L= o). (4.24)

Then us < u < v on 0f, and it is easily checked by the standard viscosity solution
theory that

Ag;oowg(x) =1+ 5)Ag;mu(z) >+ f(x) > f(x) > Ag;oov(x) (4.25)

in  in the viscosity sense.
Applying the preceding strict comparison theorem to v and ugs, we have us < v
in Q for any small § > 0. Sending ¢ to 0, we have u < v in ) as desired. (]
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5. EXISTENCE THEOREM

In this section, we prove existence of (1.3|) by Perron’s method. Firstly we prove
some lemmas.

Lemma 5.1. Let U be bounded, u € USC(U) and Apoou >0 U. If zy € R”,
a€R,b>0 and

u(z) < C(x) =a+bF*(x —xg) forxz e d(U\{xo}), (5.1)

then
u(z) < C(x) forxel. (5.2)

Proof. Firstly we assume b > 0. Assume that u(Z) — C(£) > 0 at some point
& € U\ {zo}. Choose R so large that F*(x — xz9) < R on 90U and put w =
a+ bF*(z — z0) + e(R? — [F*(z — 20)]?). Then u < w on (U \ {z0}), whereas
u(z) — w(&) > 0 if € is sufficiently small. We may assume that & is the maximum
of u—won U\ {zo}. Through direct calculation, we have

ow . OF*
oz, [b—2eF™ (2 — ZO)}T@(Z — ), (5.3)
827.0 % 62F* aF* 3F*
(r“)xzaxj = [b — 2el’ (1' — xo)}m(l’ — Io) — 2687111('@ — 170) . 8$J (JC _ 170)-

(5.4)
Since b > 0, we have b — 2eF™*(& — x¢) > 0, if we choose € sufficiently small. So the

1-positively homogeneous of F, (2.11)), (2.12) and (5.3) imply
F(Dw)(&) = b— 2¢F*(# — x0), DF(Dw)(#) = %
Using (3.6)), (5.4) and (5.5), we obtain Ap.ow(2) = —2€(b — 2¢F*(2 — 20))?, and
this is strictly negative. This contradicts the assumption Ap.cu > 0.

If b = 0, we substitute b by ¢ > 0 in (5.1)) and let 6 — 0. O

(5.5)

Lemma 5.2. Let U be bounded, u € USC(U) and Ap,ouw > 0 in U. Then the
function defined for y € U and r < ad(y,0U) by

L (y) == inf{k > 0:u(z) <u(y)+ kr,Vz € S (y)} (5.6)
is nondecreasing in r.

Proof. L (y) is the smallest nonnegative constant for which
u(z) < uy) + LI (y)F(z —y)
holds for F*(z—y) = 7. Lemmathen implies the inequality holds for F*(z—y) <

r. Thus (u(z) — u(y))/F*(x —y) < L}(y) for F*(x —y) < r. This implies that
L} (y) is nondecreasing as a function of r for fixed y. O

Lemma 5.3. Let U be bounded, u € USC(U) and Ap..ou > 0 in U. Then u is
locally Lipschitz continuous.

Proof. Firstly we show u is bounded below on compact subsets of U. Let z € U,
0 <r < gd(z,0U), y be any point in the set B(z, 3) := {z € R" : [x — 2| < 3}.
Obviously, B(z,5) C U, B} (y) C U and = € B} (y).

If L (y) =0, then u(z) < u(y) by and Lemma
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If L (y) > 0, then L (y) = max, c g+ () M From (2.2) and Lemma

we have

u(z) —uly) p.

u(r) <uly)+ max x—y)
zeST (y) r (5 7)
<u(y)+ max me,w.
z€S; (y) r
Since |z —y| < r/f in (5.7)), we find
r Blz —yl
———u(r) — max u(z) ————— < u(y). 5.8
r— Blz — vyl ) €S (y) ()T—ﬁlx—yl @) (5:8)

Using the upper semi-continuity of u, we know u(y) is locally bounded below.
Let L} be given by . Using the upper semi-continuity of v and the local
boundedness below just proved, L; (y) is locally bounded above for fixed 7.

We now know that L} (y) > 0 is bounded above for fixed r and y in a compact
subset of d(y, 0U) > 2r/«a. Interchanging x and y in and putting the resulting
relations together yields

u(z) — u(y)| < Bmax(Lf (y), L ())]z -y, (5.9)
for |x —y| < r/B and 2r/a < max(dist(z, 0U), dist(y, U)). We conclude that u is
locally Lipschitz continuous. 0

Now we are ready to prove the existence of a viscosity solution of the Dirichlet
boundary problem (1.3)) by constructing a solution as the infimum of a family of
admissible supersolutions.

Theorem 5.4. Suppose Q is a bounded open subset of R™, f € C(Q), infq f(z) >0
or supg, f(z) <0, and g € C(09Q). Then there exists a unique u € C(Q) such that
u=g on Q and Agmu(x) = f(z) in Q in the viscosity sense.

Proof. Let Q = {z € R" : —x € Q}, then u € C(Q) satisfies AR u(z) = f(x),z €

Q and u(z) = g(x),x € 9Q in the viscosity sense if and only if w(z) = —u(-z) €

C(9) satisfies the Dirichlet boundary problem
Ag,oow(x) = _f(_x)7 xin Q7

w(x) = —g(—z), x on L, (5.10)

in the viscosity sense. Thus, it is sufficient to consider the case infq f(z) > 0 only,

since —sup,cq f(z) =inf q{—f(-2)}.
In the following, we assume infq f(x) > 0. We define the admissible sets S and
T to be
S={veC(@Q): AN, v < fandv>gon dQ},

T:{wGC(Q):A%wwzf and w < g on 09},

where Agmv < f and Agmw > f are satisfied in the viscosity sense. Firstly, we
show S and T are nonempty. The constant function

®(z) = |lgllpe@o) +1, z€Q

is clearly an element of the set S. So the admissible set S is nonempty.
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For any fixed point z € 99, take ¥(zx) = &[F*(z —2)]> — C, where a > || f|| L~ (o)
and C > 0 sufficiently large such that ¥ < g on 992. Because A%oodz =a >
| fllzoe(y = fin Q, ¥ € T. That is T is nonempty.

Take

u(z) = 522@(1‘), x €1,

u(x) = sup w(z), =z € Q.

weT

By Theorem we have w < v, Vv € S, forallw € T. Since ® = ||g[| = @0)+1 € S
and U € T, we obtain u(z) > ¥(x) > —oo and @(z) < ®(z) < co. Thus, by Lemma
u is a viscosity supersolution of in Q, @ is a viscosity subsolution of
in , and the inequality @ < g < u holds on 9€2. As the infimum of a family of upper
semi-continuous functions, u is upper semi-continuous on Q. We have Ajl}f;oou > f
in  in the viscosity sense. Suppose not, there exists a C? function ¢ and a point
zo such that u <, ¢, but AL ¢(20) < f(zo). For any small € > 0, we define

6e(x) = 6(z0) + (Do (o), 2 — 20) + 5{D*6(a0) (w —20), 2~ 20} el — . (5.11)

Clearly, u <z, ¢ <z, ¢e, and A;;m@(x) < f(z) for all = close to zg, if € is
taken small enough, thanks to the continuity of f. Moreover, zq is a strict local
maximum point of u — ¢.. In other words, ¢. > u for all x near but other than xg
and ¢.(xop) = u(xg).

We define ¢(z) = ¢c(x) — 6 for a small positive number 6. Then ¢(z) < u(z) in
a small neighborhood of g which is contained in the set {x : A};ooqﬁé(x) < f(2)},
but ¢(x) > u(x) outside this neighborhood, if we take § small enough.

Take v = min{u,dg}. Then 9 is upper semi-continuous on 2. Because u is a
viscosity supersolution in 2 and qAﬁ also is in the small neighborhood of zg, v is a
viscosity supersolution of in Q, and along 02, © = u > g. This implies 0 € S,
but © < u near xg, which is a contradiction to the definition of u as the infimum of
all elements in S. Therefore

A% ulx) > f(z) (5.12)

in . Hence u is a viscosity solution of .

We now show u = g on 9f). For any point z € 912, and any € > 0, there is a
neighborhood B, (2) of z such that |g(z) — g(2)| < € for all x € B,f (2) N 0. Take
a large number C' > 0 such that Cr > 2||g| L~ (an). We define

v(xz) =g(2)+ e+ CF*(z — z) (5.13)
for x € Q. For x € 9Q and F*(x — z) < r, v(x) > g(z) + € > g(z); while for z € IQ
and F*(x — z) > r, v(z) > g(2) + €+ Cr > g(2) + € + 2||gl| L= 80) > g(z), that
is v > g on 9Q. In addition, through direct calculation we have Af. v = 0 in Q
and since infq f(x) > 0, AJ}';OOH =0< f(z)in Q. Sov e S and v(z) = g(z) +e.
Thus g(z) < u(z) < v(z) = g(2) + ¢, for arbitrary € > 0. Letting ¢ — 07, we have
u(z) = g(z) for any z € 99. Indeed, as AJ}E;NU(JL‘) = f(z) > 0, Ap.cou > 0, so by
Lemma [5.3| u is locally Lipschitz continuous in 2. Therefore u is continuous in €.
The following is to prove u € C(9).

By Lemma 4 verifies Ag;ooﬂ(:c) > f(x) in the viscosity sense. Clearly, u is
lower semi-continuous in  as the supremum of a family of lower semi-continuous



EJDE-2014/109 NORMALIZED F-INFINITY LAPLACIAN 15

functions and u < g on 992. We now show @ > g on 9. Fix a point z € 99 and
a positive number €. Since g is continuous on 0, there exists a positive number
r such that |g(x) — g(2)| <€, for all z € QN B (z). As  is a bounded domain,
the values of F*(z — ) are bounded above and bounded below from zero for all
xz € Q\ B, (z). We take a large number A such that A > sup,cq F*(z — ) and a
large number C > || f|| (o) such that

ClA? — (A —1)%] 2 2||g Lo (00)-
We define
w(x) =g(2) —e—C[A> — (A - F*(z—2))%], 2€Q
with A, C as chosen. For x € Q,
Dw(z) =2C(A— F*(z —z))DF*(z — z) # 0,
and
A sow(z) = (D*w(z) DF(Dw(z)), DF (Dw()))
=20 > [|fllz=(o) = f(=).
That is, w is a viscosity subsolution of Ag u(x) = f(z) for all z € Q.
On 90N B, (z), w(z) < g(z) — € < g(x); while on 90\ B, (2),
w(z) < g(2) — e~ ClA* = (A = F*(2 - 2))?]
< g(2) — € = 2[|gll L~ (o0
< —llgllzeo0) < g(z).
That is to say w < g on 0f). So the function w defined above is in the family T
Thus, from the definition of @, we obtain @ > w. Since w(z) = g(2) — ¢, we have
u(z) > g(z) — € for any € > 0, which implies that u(z) > g(2) for any z € 9Q.

As the supremum of a family of lower semi-continuous functions on 2, u is lower
semi-continuous on ). Therefore

9(z) <(z) <liminfa(x), Vze oN.
TENQ—2z

The comparison principle (Theorem implies v < w on  for any w € S and
v € T . In particular, o < u in Q. So
g(z) < liI%infﬂ(x) <liminfu(z), Vze Q.
rell—z

T€EN—2z
On the other hand, the upper semi-continuity of © on Q implies that
limsup u(z) < u(z) = g(z),Vz € 09.

zEQ—2
So limzeq—. u(z) = g(z),Vz € 9.
This shows that u € C'(Q). The uniqueness follows from [20, Theorem 1.4]. This
completes the proof. O

Remark 5.5. The condition that f does not change sign in 2 is indispensable, as
a counter-example for the normalized infinity Laplacian provided in [22] shows the
uniqueness of a viscosity solution subject to given boundary data fails without such
a condition.
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