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EXACT CONTROLLABILITY FOR A WAVE EQUATION WITH
MIXED BOUNDARY CONDITIONS IN A NON-CYLINDRICAL
DOMAIN

LIZHI CUI, HANG GAO

ABSTRACT. In this article we study the exact controllability of a one-dimen-
sional wave equation with mixed boundary conditions in a non-cylindrical do-
main. The fixed endpoint has a Dirichlet-type boundary condition, while the
moving end has a Neumann-type condition. When the speed of the moving
endpoint is less than the characteristic speed, the exact controllability of this
equation is established by Hilbert Uniqueness Method. Moreover, we shall give
the explicit dependence of the controllability time on the speed of the moving
endpoint.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Given T'> 0. For any 0 < k < 1, set
ap(t)=1+kt forte[0,T]. (1.1)
Also, define the non-cylindrical domain
Q% ={(y.t) €R% 0 <y < a(t), t € (0,77}
and write
V(0, a(t)) = {p € H'(0, 04 (1)); (0) = 0} for ¢ € [0, 7],

which is a subspace of H'(0,a(t)) and we denote by [V (0, ax(t))]" its conjugate
space.
Consider the wave equation

U — Uyy =0 in @I;"u
u(0,t) =0, uy(ag(t),t) =v(t) on (0,T), (1.2)
u(y70) - uO(y)’ ut(ya 0) - ul (y) in (07 1);
where v is the control variable, u is the state variable and (u®,u!) € L?(0,1) x
[V(0,1)] is any given initial value. By [3] and [5], it is easy to check that the
equation (1.2]) has a unique solution u by transposition
u € C([0,T]; L2(0, (1)) N CH([0, TT; [V(0, e (t))]').
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The main purpose of this article is to study the exact controllability of (L1.2).
There are numerous publications on the controllability problems of wave equa-
tions in a cylindrical domain. However, there are only a few works on the exact
controllability for wave equations defined in non-cylindrical domains. We refer to
[T, 2l (5, [6, [7] for some known results in this respect. In [I], the exact controllability
of a multi-dimensional wave equation with constant coefficients in a non-cylindrical
domain was established, while a control entered the system through the whole
non-cylindrical domain. In [2 Bl [6] [7], some controllability results for the wave
equations with Dirichlet boundary conditions in suitable non-cylindrical domains
were investigated, respectively.

In [2] and [5], exact controllability of a wave equation in certain non-cylindrical
domain was studied. But in the one-dimensional case, some conditions on the
moving boundary were required, e.g.

/Ooo | (t)]dt < oo. (1.3)

In [6] and [7], the exact Dirichlet boundary controllability of the following systems
were discussed,

Ugp — Uyy =0 in @%
w(0,t) =0, wu(ag(t),t) =v(t) on (0,7),
u(y,0) =u°, uy(y,0)=u" in (0,1),
and
Upp — Uyy =0 in @’%7
uw(0,t) =v(t), ular(t),t)=0 on (0,7),
u(y,0) =u°, uy(y,0) =2 in (0,1),

In [0, [7] and in this research, we deal with the different case. It is easy to check
that the condition

| a0l =oc
0

is satisfied on the moving boundary

To overcome these difficulties, in this article, we transform into an equiva-
lent wave equation with variable coefficients in the cylindrical domain and establish
the exact controllability of this equation by Hilbert Uniqueness Method. In [3], the
Neumann boundary controllability problem for a multi-dimensional wave equation
with variable coefficients in a cylindrical domain was studied. However in [3], in
the one-dimensional case, the condition was required. In this paper, the key
point is to construct a different adjoint equation. Then we define weighted energy
function for this adjoint equation and characterize the energy explicitly (see ([2.4))).

Throughout this article, we set

2k(14+k) 1
% e 11—k —
Ti= —— (1.4)

The main result of this paper is stated as follows.

Theorem 1.1. For any giwven T > T}, the equation (L.2) is exactly controllable
at the time T i.e., for any initial value (u®,u') € L?(0,1) x [V(0,1))" and target
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(u9,ul) € L?(0,ax(T)) x [V(0,ax(T))], there exists a control v € [H'(0,T)] such
that the corresponding solution u of (L.2)) satisfies

w(T) =uY and u(T) = ub. (1.5)

Remark 1.2. It is easy to check that

2k(1+k)
% . % . e 1-k —
Ty = lim T} = lim —— = 2.
k—0 k—0 k

It is well known that the wave equation (|1.2)) in the cylindrical domain is exactly
controllable at any time 7" > 1. As we know, T is sharp. However, we do not
know whether the controllability time 7} is sharp.

To establish the exact controllability of 7 we first transform into an
equivalent wave equation with variable coefficients in a cylindrical domain. To this
aim, for any (y,t) € @?, set y = ai(t)x and u(y,t) = u(ag(t)x,t) = w(z,t). Then
it is easy to check that is transformed into the wave equation

_ ,Bk(l',t)w 'Yk(x) W — n
Wit [ Oék(t) a:]:z: + [Oék(t)] tx 0 Q7
w(0,t) =0, w.(1,t)=o(t) on (0,7), (1.6)

w(z,0) = w’(z), wi(r,0)=w'(x) in (0,1),

where
1— k%a?

ag(t) (1.7)
and w' = u' + kzul.

Q=1(0,1) x (0,T), o(t) =ax(t)v(t), OLr(z,t)=

() = —2kz, w® = u°
By a method similar to the one used in [3], it is easy to check that the equation
(1.6) has a unique solution w by transposition

w € C([0,T]; L2(0,1)) N C* ([0, TT; [V(0, 1)]).

Moreover, the exact controllability of (|1.2)) (Theorem is reduced to the following
exact controllability result for (|1.6)).

Theorem 1.3. Suppose that T > Tj;. Then for any initial value (w® wt) €
L2(0,1) x [V(0,1)]" and target (w3, w}) € L?(0,1) x [V(0,1)]', there exists a control
v € [HY(0,T)) such that the corresponding solution w of (1.6) satisfies

w(T) =wy and w(T) = w}.

To prove Theorem [I.3] we adopt Hilbert Uniqueness Method. The key is to
define a weighted energy function for a wave equation with variable coefficients in
cylindrical domains.

The rest of this paper is organized as follows. In Section 2, we derive an explicit
energy equality for a wave equation with variable coefficients in cylindrical domains
and further deduce two key inequalities for this equation. Section 3 is devoted to a
proof of Theorem [1.3
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2. TWO INEQUALITIES FOR THE WAVE EQUATION WITH VARIABLE COEFFICIENTS

First we introduce some notation. Denote by |- | and || - || the norms of the
spaces L?(0,1) and V(0,1), respectively. Also, we use L%, V and V' to represent
the spaces L?(0,1),V(0,1) and [V(0,1)]’, respectively. Denote by {-,-) the duality
product between the linear space F' and its dual space F”.

Consider the wave equation with variable coefficients

ak(t)ztt - [ﬂk(xut)zx]x + %(»T)th =0 in Qv
2(0,t) =0, Br(1,t)zx(1,t) —vk(1)2:(1,¢) =0 on (0,T), (2.1)
2(2,0) = 2%(2),  z(2,0)=2"(x) in(0,1),
where (2°,21) € V x L? is any given initial value, and ay, B, and 7 are the
functions given in (|1.7). By a similar method in [3] and [§], it is easy to check that
(2.1) has a unique solution z by transposition

z € C([0,7];V)nCH([0,T]; L?).
Define the following energy function for ([2.1)),

2
where z is the solution of (2.1)). It follows that

E(t) = 1/0 [ (t) |2 (2, 1) |* + Br(x,t)| 24 (, t)[*]dz for t € [0,T],

B2 50) = 5 [ 1@ + el 020 Pl

To prove Theorem we need the following two key inequalities.

Theorem 2.1. For any T > 0, there exists a positive constant Cy depending only
only T, such that solutions z of (2.1) satisfy

T
/ |z (1,8)[2dt < CL(||2°)1 + [242)  for any (2°,2') € V x L2 (2.2)
0

Theorem 2.2. Suppose that T > T};. Then there exists a positive constant Ca
depending only on T, such that solutions z of (2.1)) satisfy

T
/ (LA > Co|02 + 12 7) for any (0,21 € V x L2, (2.3)
0

First, we prove two lemmas, which will be used in the proofs of these inequalities.
The first lemma is related to an equivalent expression of the energy E(t).
Lemma 2.3. Suppose that z is any solution of (2.1). Then we have

1 k /t )
Et) = ——Fy— —— ai(s)|ze(1,8)|°ds, 0<t<T. 2.4
() Oék(t) 0 O{k(t) 0 ( )| t( )‘ ( )

Proof. Multiplying both sides of the first equation of (2.1]) by z; and integrating on
(0,1) x (0,t), we obtain

0— /Ot /01 {an(s)zu(x, 8)ze(x, 5) — [Br(w, 8) 20 (2, 8)]o2e (2, 5)

+ Vi (2) 212 (2, 8) 2 (2, 8) }d ds
£ J1+ Jo + J3.
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Next, we calculate the above three integrals. It is easy to check that

J1:/ / —ap(8)]|z(x, 8)|%)¢ do ds
= 5/0 ag(s)|zi(x, s)| dx|077/ / |2¢(z, 5)|? da ds.

Further, by the second equation of | -, it holds that
t t 1
f/ Ok (z, 8) 2z, (x, s)zt(x,s)ds|(1) Jr/ / Ok (x, 8) 2z (x, 8) 25t (x, 8) dx ds
0 0o Jo

t L1t .
_/0 ﬁk(x,s)zx(x,s)zt(x,s)dslo—|—5/0 ﬁk(x,s)\zm(x,sﬂzdwlo

1t ot
— —/ / 6k,t(m,s)\zz(x7s)|2dxds
2Jo Jo

t 1 1 2 t
= —/ yk(1)|zt(1,s)|2ds—|—f/ Bk (x, 8)|2z(x, 8)] dz|0
0 2 Jo

1 t 1
- */ / 5k,t(9678)\zw(x7s)|2dxds.
2J)o Jo

By , it is obvious that

k(1 —K*2?) k
Bralt) = = 1+k)? (1 +kt)5’“(x’t)'

This implies that

/ / Bk (2, 8) 22 (2, 8)] 22t (2, 8) du ds

/ Yi(1)]2¢(1, 8)|*ds + = / Br(z, 8)|zz(z, 9)] dx’o (2.6)

1 t
+§/0 A+ ks) / Br(x, 8)| 20 (, 8)|? dx ds.
Further, by the definition of 7, we find that

1 t 1 t 1
J3 = f/ %(x)|2t(x,s)|2ds‘é — 7/ / (@) |2t (2, 8)? da ds
2 0 2 0 0

1t 1/t !
= f/ Y (1)]2(1, 8)|2ds — f/ / Viex ()2t (, 8)|? d ds.
2Jo 2Jo Jo

Since g o (x) = —2k, it follows that

1 t t 1
Js = f/ e (D)l 2e(1, 5)|2ds + k/ / 2@, 5)[2 da ds. (2.7)
2 0 0 0
By (2.5)-(2.7) and the definition of E(t), we see that

1/t ) 1 st
E(t)—E0+§/0 Y (1)]ze(1, )] ds—§/0 Atk / Br(w, 8)|2z (0, 8)|? dz ds

k t 1
—5/ / |2¢ (2, 8)|? d ds
0 Jo
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¢ 1t
:EO—/Ok|zt(1,s)|2ds—§/O Atk / Br(z,8) |22 (0, 5)| d ds
1k !
—5/0 (14_1{:8)/0 a(z,8)|z(x, s)|* de ds
t ) t k
=FEy— k|z¢ (1 ds — —FE(s)d
o= [ W [ s B

which implies that

BE(t) = klz(L,t), 0<t<T.

It follows that
[(L+ k) E®)] = —k(1+kt)|2(L,1)]%, 0<t<T,

which completes the proof of Lemma O

Remark 2.4. By (12.4), it is easy to check that E(t) < Ey < Ey.

1
ak(t)

By the multiplier method, we have the following estimate for any solution of

2.

Lemma 2.5. Let ¢ € C1([0,1]). Then any solution z of satisfies
T
3 ] mta@lwoPal ] [ el opa
0
—5/0 /0 Qo () [ (V)| 2 (0, )| + Br(w, t)] 2 (w, 1)|?] dov dt
T 1
—/ / agt(t)g(x)ze(x,t) 2 (2, t) dr dt (2.8)

_7/ / Br.o(w,1)q(2)| 22 (2, 1) | dov dt

{ [ Oz 0 4 Szt oz}

0

Proof. Multiplying the first equation of (2.1) by ¢z, and integrating on @, we
obtain

T 41
O:/o /0 g (t)ze (2, 8)q(x) 20 (2, t) da dt
T 41
—/0 /0 [Br(z,t) 22 (2, )] 2q(2) 2 (2, t) da dt
T 1
+/0 /0 Vi () 2 (2, ) q(2) 25 (2, t) dx dt

L2 L1+ Ly+ Ls.
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Now, we calculate Ly, Ly and Ls. First, it is easy to check that

1
Ly :/ k(t)q(x)2e (7, 1) 2 (2, 1) dx}o / / agt(t)g(x)ze(x, t) 20 (2, t) da dt
0
1

T
2 [ e opaly s ) [ [ won@lte, o

- /01 k() q(z)ze (2, 1) 20 (2, ) dx}o / / gt (t)q(z)ze (2, 1) 2, (2, t) d dt

1

—5/0 ak(t)q(1)|zt(1,t)|2dt+§/o /0 o (t)qe ()2 (2, 1) | da dt.

(2.9)
Further,

T 1
- [ [ etz o)z ) do i
/ Br(z,t)q(x)| 20 (z, t) |2dt’0
—|—/ / [Br(, 1) g ()| 22 (2, 1))* + Br (2, t) 20 (2, 1) q(2) 220 (0, )] daz dt
/ Bk (z,t)q(x)| 20 (z, t) |2dt’0 / / Br(x,t)qe ()| 22 (2, 1) | da dt

+ 5 ﬁk(ac ()| 2z (z, 1) dt|0 - f/ / [Be(, 1) q(2)] 2| 22 (2, )| dx dt.

It follows that

= —f/ Br(z,t)q(x)| 20 (2, )| dt‘o

(2.10)
+§/0 /o [Br (2, ) e ()| 20 (2, 1) | = Br.o(z, 8)q(x) |20 (2, 1) [*] dz dit.
Further, 1
Ly =3 [ wleda@)le ) e.11)
By (2.9)-(2.11)), we get the desired result in Lemma 0

Next, we prove Theorems [2.1] and [2.2]

Proof of Theorem[2.1 Choose q(x) = z. Notice that ay(t) = k, Br(x,t) =

_ﬁif and g (x) = —2kz. By (2.8), it follows that

1 2k2

T
(5 + m) /0 Oék(t)|zt(1,t>|2dt

T T 1 T 1 k21'2
:/ E(t)dtf/ / k:z:zt(:c,t)zz(x,t)da:dt+/ / K (@ )| de dt
0 o Jo o Jo 1+kt

+ { /01 [ (t)zze (2, )20 (2, 1) — kx2|z$(x,t)|2]dx}‘0T_
(2.12)
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Now, we estimate the terms in the right-hand side of (2.12)). Using the Young
inequality, we obtain

T T 12,2 T /1
/ E(t)dt+/ / 7|zz(x,t)\2dxdt—/ / kxzi(x,t)z, (2, t) do dt
1+ kt A
/E dt+// |zth)|2dxdt
k2 2 ) 9
//1+kt|zmxt)| dxdt + = //ak )| ze(z, t)|* da dt
k2 2 9
/E Vit + > //171922 (@, ) 2 (2, )| da dt
+7/ / o (t)|ze(z, t)|? d dt
2Jo Jo
r 3 k2 )
g/o E(t dt—i-f kz//ﬁkxt\zthﬂ dx dt
1 (T 1
7/ / o (t) |z (z, t)|? dx dt
/E dt+ /E

2+k2/
=" | E®d.
1—k2 J,

Further, for any ¢ € [0,7] and 0 < ¢ < 1, by the Young inequality, it holds that

(2.13)

1
|/0 [ak(t)azzt(:z:,t)zx(:c,t)fk:c2|zx(x,t)|2}dx}
S\/H—kt{?%/o ak(t)|zt(x,t)|2dx+g/0 2220, )|?da

1
+ k/ x2|zm(x,t)|2dx
0

\/1 V1 !
B[ ol )P+ ;ktem)/ 2|20, )P
0
< \/l-l-k t1

6 5/0 ak(t)|zt(x,t)|2dx

2(H e 4+ k) (L+ kt) 1
+ 72 / Br(w, )|z, (z, )| d.
Choose
11—k
VI+kt

Then it is easy to check that € € (0,1) and

Trm 2 (Ve k) k) g
e 1—k? C1-k
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By (2.4)), it follows that

| /0 o ()20, )2 (1, ) — K|z, £) 2]

1+ kt
= E(t
1-k ®)
1+kt 1 1
< Ey = Ey.
S 1-kl+kt 01—k
This implies that
! 2
H/ [ (D)2 (2, 8) 20 (1, £) — kx2|zm(x,t)|2}dm}‘0 < B (2.14)
0 —
By (2.12), (2.13), (2.14) and Remark [2.4] we find that
12k ("
G+ i) | a@lopd
21—k
—_r ) (2.15)
Eydt E = T Ey.
_1—k2/ 0 + 0 (l—kQ +1—k)0
By , it follows that
Br(x,0) =1 — k222,
It is obvious that
1 1
Bo=1 / 112 + B, 0)0P)de < (P +1 ). (2.16)

By ([2.15) and ( notlng that 1 < ay(t) < (1+kT) for 0 <¢ < T, one can find

a p051tlve constant Cl 13+ 1%;2) (f“;iT + %) such that

T
| Lo < cul P + 121
0
which completes the proof. [

Proof of Theorem[2.3. By the Young inequality, for any ¢ € (0, %), it is easy to
check that

T T 1 k2$2 T 1
/ E(t)dt+/ / 7|zx(x,t)|2dxdt—/ / kaz(, 8) 2 (x, £) da dt
g -
2

Rt [
Ny
[ 100

1, k22?2 Br(w,t)
Take e = m € (0, 3), then we find that

(e, )P + [5Bu( 1) + (1= 5)

|22 (2, 1)|*} d dt

D et + 1+ (2- |20 (2, 8)[2} da dt

2)1 —k2x2] 2

1 k2 ﬂk(.’li,t)
el

Izt(ﬂc O+ 1+ (2-

t)|°} dz dt.

1, k2
1_€:1+(2_7)ﬁ.
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It follows that

T 1
/E dt+// |zth)\2d:vdt //kxzt(x,t)zm(x,t)dmdt
0o Jo

T
>(1- 1%@)/0 E(t)dt = 1ik ; E(t)dt.
(2.17)

Therefore, substituting (2.4, (2.14) and (2.17) into (2.12) indicates that

1 2]{52 T

— - 1 2

(2+ 1,;52)/0 ok (t)|z (1, 8)[dt
1 T

> — E(t)dt — E

“1+k ®) 1—k ©

m i [ s [l a2
Tk TR () J, CRIES STasiat T T R,

which implies that

<1+1M2)/T (O] (1 )Pt + —— ﬂ k /t<>u )2ds]dt

2 1_k2 0 Zt k+1 ak(t) 0 aks Zt ,S 5
2

> | —— _Eydt— —"_E,.

*1+k/0 T ol = b

It follows that

1 2k? kT T
— - - 1 2
(2+1—k2+1+k)/0 o ()] 2 (1, 1)[dt

(2.18)
/ L Bdt— B = [ w4k - 2B
STk, TR T T O_k(1+k) -k "
From ([2.18) and (2.16)), it holds that
1 2k kT T
(+—+ )(1+kT)/ |2¢(1, )| 2dt
2 "1k 1+k o
|2 ) 5 (2.19)
> " [ In(14kT) — ——](||2°|% + |2*]?).
> 5 g O AT) = T + )
Notice that if ' > T}, then k(1+k) In(1+%T)— 12k > 0. This, together with ([2.19)
indicates the desired estimate in Theorem [2.2] O

3. PROOF OF THEOREM [L.3|

In this section we use the Hilbert Uniqueness Method. For Theorem [1.3] it
suffices to show that for any given initial value (w® w') € L? x V' and target
(w9, w}) € L? x V', one can find a control ¥ = v(t) € [H'(0,T)] such that the
corresponding solution w of satisfies

w(T) =w and wy(T) = w). (3.1)

We divide the whole proof into three parts.
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Step 1. First, we define a linear operator A from V x L? to V’ x L?. Consider the
wave equation

Get) L )
ftt - [ Oék(t) fw]z + [ak t)]ftx =0 Qa

£(0,t) =0, &(1,t)=0 on (0,7),
€, T) = wq(x), &(2,T) =wy(x) in (0,1).
It is easy to check that has a unique solution
§eC([0,1; L) nCH ([0, T V')

and set
(€%,6") = (§(,0),&(x,0)) € L x V.
Thus
(w® — &% wt =Y e L? x V. (3.3)
On the other hand, for any (z°,2!) € V x L2, we denote by z the corresponding
solution of . Consider the wave equation

B (, t) @)
Nt — [ Oék(t) 771’]30 + [Oék(t) ]77ta: =0 Qv
. . 1 (3.4)
n(0,t) =0, mn(1,t) = mGzt(l,t) on (0,7),

n(x,T) =m(x,T) =0 in (0,1).
Notice that G, (14 € (H'(0,T))" is defined as

T
(Go1,0) ) (H 0,1y HY(0,7) = —/ ze(1,t)gu(t)dt  for any ¢ € H'(0,T). (3.5)
0

Now, we define the operator
A:VxL?—=V xL?
(ZO7 Zl) - (77t($7 0) + ,Yk(aj)nw(xa 0) - kn(xa 0)) —77(% 0))

Therefore,

(A(z%,21), (2%, 21))

1 (3.6)
= [ 0020~ ke, 0020 + ). 0)2° — (e, 0)2'
0

For simplicity, we set F =V x L2, F' =V’ x L2.
Step 2. We prove that A is an isomorphism. To this aim, multiplying both sides

of the first equation of (3.4) by ax(t)z (0 <t < T') and integrating on ), we obtain
that

—/ﬁMﬁmumuw
0 (3.7)

1
= [ 07@0)2° ~ k(2,002 = n(a,0)2" + 70w 2,02
0
From (3.4)-(3.6) and (3.7), we conclude that
T
/ |zt(17t)|2dt = <A(20,zl), (20,21)>. (3.8)
0
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By Theorem [2.] it holds that A is a linear bounded operator.
It remains to show that A is onto. To this end, define the bilinear functional on
FxF:
A((éov 21), (207 Zl)) = <A(£Oﬂ 21)7 (207 z1)>7
where (29, 21), (29, 2!) € F x F. Tt is clear that A is bounded. From and
Theorem [2.2] it follows that A is coercive. Hence, applying Lax-Milgram Theorem,
we derive that A is onto. This completes the proof of Step 2.

Step 3. We prove that the exact controllability of (1.6]) is equivalent that A is an

isomorphism. Indeed, for any given (w®, w'), (w9, w}) € L? x V', we choose
_ 1
o(-) = WG““” € (H*(0,T)),

where 2 is the solution of associated to (20, 2') = A7 ((w! — &) + i (z) (wl —
€9) — k(w® — €°), —(w® — £°)) and w is the solution of (L.6)). From the definition of
A, we conclude that A(2°, 21) = (0/(z,0) +vk(2)n.(z,0) —kn(z,0), —n(z,0)), where
n is the solution of (3.4). Then, 7 satisfies (n(z,0),7(z,0)) = (w® — &%, w! — &),
This implies that w = & 4 7 satisfies both and . This completes the proof
of Theorem [L.3
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