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RIEMANN PROBLEM FOR A LIMITING SYSTEM IN
ELASTODYNAMICS

ANUPAM PAL CHOUDHURY

ABSTRACT. This article concerns the resolution of the Riemann problem for a
2 X 2 system in nonconservative form exhibiting parabolic degeneracy. The sys-
tem can be perceived as the limiting equation (depending on a parameter tend-
ing to 0) of a 2 x 2 strictly hyperbolic, genuinely nonlinear, non-conservative
system arising in context of a model in elastodynamics.

1. INTRODUCTION
Let us consider the one-dimensional systems in non-conservative form
us + A(u)u, =0,

where u € R™, x € R, and the matrix A is smooth. The study of discontinuous
solutions of such systems depend crucially on an appropriate definition of the non-
conservative products involved. Many fruitful attempts in this direction have been
made in the past (see [I} 2 3 [4, [16], 17]). Using the approach of family of paths
introduced in [4] (we henceforth refer to them as DLM paths), under the conditions
of strict hyperbolicity and genuine non-linearity/linear degeneracy, existence of so-
lutions in the class of functions of bounded variation (BV) was proved in [I3]. But
as soon as one drops the condition of strict hyperbolicity, the situation turns quite
different and we can no more expect the solutions in the same BV class. Rather
in many such instances for conservation laws, it has been found that one needs to
appeal to the class of singular solutions. One such deviation from the condition of
strict hyperbolicity is that of parabolic degeneracy (the case where the matrix A(u)
fails to have a complete set of right eigenvectors). For a class of systems of con-
servation laws exhibiting parabolic degeneracy, it was shown in [I8] that singular
concentrations tend to occur in one of the unknowns.

In this article we aim to study the Riemann problem in the domain Q = {(z,?) :
—00 < x < 00, t > 0} for the following non-conservative system exhibiting para-
bolic degeneracy:

U + Uy — 0 = 0, (L1)
oy +uo, = 0. '
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Before proceeding further with our discussion of the properties of the system ,
let us briefly consider the following strictly hyperbolic, genuinely nonlinear, non-
conservative system:
U + Uy — 0 = 0,
) (1.2)
ot +uoy — k*u, = 0.
This system arises in the study of a model in elastodynamics (see [2] [3]). Here u
is the velocity, o is the stress and k > 0 is an elasticity constant. The initial-value
problem for this system in the domain = {(x,t) : —o0 < & < 00, t > 0} has been
well studied (see [2], B [8, @, 10, 13]). In particular the Riemann problem for this
system was explicitly solved using Volpert’s product in [I0]. It would be interesting
to note that the system (1.1) can be obtained from system by putting k = 0.
Returning to system , the first step in solving the Riemann problem in the
BV class with initial data given by

(u(z,0), 0(x,0)) = {(“L’”L)’ vy (1.3)

(ur,0r), >0

would be to understand the shock-wave solutions. But this step again is not so
obvious because of the following:

Remark 1.1. Volpert’s product does not capture shock-wave type solutions for
(1.1). To prove the existence of shock-wave solution to the Riemann problem using
Volpert’s product, the following relations need to be satisfied

u2

~sful + (%] ~ o] = 0, — slo] + 3 (uz + ur)[o] =0.

Here s denotes the speed of the discontinuity and [w] denotes the jump in the
function w across the discontinuity. It is easy to see that the above relations imply
that [o] = 0 which in turn contradicts the fact that [o] # 0. We shall recover this
result later from a different perspective.

Nevertheless we move on to classify the DLM paths which help to obtain shock-
wave type solutions for the system . A similar analysis for the system
classifies the DLM paths which allow shock-wave solutions. A remarkable corre-
spondence between the two as k¥ — 0 makes a strong statement so as to consider the
system as a limiting system to . The next step of finding the rarefaction
curves brings in a lot of disappointment considering the following fact.

Remark 1.2. Rarefaction wave-type solution for the system (|1.1)) is not possible.
. . . -1

The co-efficient matrix A(u, o) for the system (1.1 is given by A(u,0) = 8 "

The existence of a rarefaction wave solution would require the existence of solution

to the system
/
(A—¢ Id) (g,) =0.

(#)=0)

(the right eigenvector) whence it follows that o is a constant, contradicting our
assumption.

This in turn implies that
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Remark 1.3. Both the above remarks are actually suggested by the analysis in
[10] if we are willing to consider the system (L.1)) as a limiting one of the system

(1.2) as k — 0.

Therefore the existence of solution for with arbitrary Riemann type ini-
tial data seems to call for a different solution space. Considering the parabolic
degeneracy the system exhibits and the existing results for such systems, searching
for singular solutions to the problem seems to be an option. But would that be
physically meaningful?

Heuristics suggested by physical intuition. Let us recall that for the system
the unknown v denotes the velocity and o is the stress. The constant k is
an elasticity constant. Therefore putting £ = 0 would mean that the medium
is inelastic. In an inelastic medium, any attempted motion of the constituent
particles in the medium with nonconstant velocity (for each of the particles) would
render a permanent deformation to the medium and hence the internal force (stress)
exerted would become infinite. Mathematically this tends to suggest that insisting
on a non-zero, non-uniform (non-constant) velocity u would require a blow-up or
singular concentration in the stress o.

Motivated by the above heuristics, we prove the existence of singular solutions
of the form

u(z,t) = ur(1 = H(z — (1)) + urH (x — ¢(t)),
o(x,t) =op(1 — H(z — ¢(t)) + orH (z — ¢(t)) + e(t)o(z — ¢(t))

for system with arbitrary Riemann type initial data . In order to do
so, following [Tl B} 6] [7, 1T}, 12, [I5] we define the notion of generalised delta-shock
wave type solutions for the system and use the method of weak asymptotics
to show the existence of such solutions. We would like to remark here that the
existence of weak asymptotic solutions of the system and was proved
in [I4] wherein the author defined the generalised delta-shock wave solutions to be
distributional limits of weak asymptotic solutions and showed the correspondence
between the solutions as the parameter & — 0. But as with the weak solutions
of partial differential equations, a proper integral formulation of the solution is
always important. Also the utility of the results derived in [14] in the context of
the Riemann problem was not made explicit there. In this article, we deal with
both these issues as well. In particular, we suggest an integral formulation for
the generalised delta-shock wave type solutions for the system and derive the
generalised Rankine-Hugoniot conditions from the integral identities.

Thus from physical considerations, the existence of DLM paths giving rise to
shock-wave solutions might not seem too useful. But from the mathematical point
of view, keeping in mind the parabolic degeneracy the system exhibits, it
surely is interesting to find out which DLM paths are indeed applicable. Also the
analysis provides a very nice correspondence between the systems and .
At the same time, the results obtained in this article seem to suggest that Volpert’s
product provides the physical meaning to the products involved in the systems
and .

The structure of this article is as follows. In Section 2, we classify the applicable
DLM paths and give examples of paths satifying the condition. In Section 3, we
discuss the existence of generalised delta-shock wave type solutions for the system
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(1.1). Also we make a few remarks regarding the entropy conditions for system

(T3).

2. DLM PATHS AND THE EXISTENCE OF SHOCK-WAVE SOLUTIONS

In this section, we give a classification of the DLM paths which allow shock-wave
type solutions to the Riemann problem for the systems and . We recall
that a DLM path ¢ is a locally Lipschitz map ¢ : [0,1] x R? x R? — R? satisfying
the following properties:

(1) ¢(0;vr,vr) = vy, and ¢(1;vr,vR) = vg for any vy, and vg in R?;
(2) ¢(t;v,v) = v, for any v in R? and ¢ € [0, 1];
(3) For every bounded set 2 of R?, there exists k > 1 such that

|pe(t;vr,vR) — ¢e(t;wr, wr)| < k|(vp —wr) — (VR — wR),

for every v, vg, wr, wr in  and for almost every ¢ € [0, 1].

Examples. It is easy to verify from the above definition that the paths ¢ = (¢1, ¢2)
and ¢ = (¢1, ¢2) given by

¢1(t;’UzL,’U,R): {uL+2t(uR_uL)7 te [0,1/2]’

o(t; v, vR) : UR, te[1/2,1). (2.1)
¢2(t;UL7O'R):O'L+t(O'R—O'L), tE[O,l].
and
él(t'uL un) = ur + 2t(ugr —ug), tel0,1/2],
St vr, o) : RS tell/21 (2.2)
~ oL, t6[0,1/2},

¢2(t;on,oR) = o+ (2t—1)(ocr —or), t €[1/2,1]

where vy, = (ur,or), vg = (ur,or) € R?, satisfy the above conditions and are
thus DLM paths.
Given a system

v+ AW, =0, wv(z,t) €R? 2z €R, t>0
in non-conservative form with Riemann type initial data:
v(z,0) =vg if £ <0, wv(z,0)=wvgifz >0,

and a DLM path ¢, it was shown in [4] that a shock wave solution exists with
speed s if and only if vr,vg and s satisfy the following Rankine-Hugoniot (R-H)
condition:

1
/0 {—=s Id+ A(p(t;vr,vR)) }é:(t; vr, vR)dt = 0, (2.3)

where Id denotes the identity matrix. The Rankine-Hugoniot condition stated
above depends on the chosen DLM path ¢.
We remark that the matrix A for the systems (1.1) and (L.2)) are given by

A(u,0) = (g _ul) and A(u,0) = <_1;€2 _ul> respectively.
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We now derive a condition on a DLM path ¢ = (¢1, ¢2) in order that it might
satisfy the R-H condition (2.3) for the systems (1.1)) and (1.2)) for given Riemann
type initial data

vy = (up,op), x <0, (2.4)
VR = (uRaaR)v x > 0.

v(z,0) = (u(x,0),0(x,0)) = {
Lax’s admissibility condition applied to the systems (L.1)) and (1.2]) implies that for
a shock-wave type solution we must have uy > up.
Theorem 2.1. Given initial states vy, = (ur,or) and vg = (ug,or) and a DLM

path ¢ = (¢1,¢2), the R-H condition (2.3|) for the system (L.1)) is satisfied if

1
/O $1(t;ur, ur)(¢2)i(t;op, oR)dt = [0]. —=F— (2.5)

where [u] = (ur — ur) denotes the jump in u and s = % is the speed of the
shock.

Proof. We recall that for system (1.1) we have A(u,0) = (
this in ([2.3)), we obtain

L )
0 0 -5+ (rbl (¢2)t '
Thus we have the relations

DA—J%%+%WQFW@%ﬁZQ (2.6)

_ul) . Substituting

1
| =s(62)i+ dr(oadi =0, 27)
0
Now (2.6) on simplification (using the fact ¢1(0) = ur, ¢1(1) = ugr, ¢2(0) = o,
¢2(1) = oR) gives s = [%[L?[U]. Substituting this in (2.7]) we obtain
(5] — [o]

[u]

1
Amwmmmem@w:m
O

Remark 2.2. It can be easily seen that the straight line path giving rise to Volpert’s
product doesn’t satisfy the relation (2.5). Let ¢1(t) = ur, +t(ur —ur) and ¢o(t) =
or, + t(og — o) be the two components of the straight line path ¢. Substituting

these in (2.5)), we get

2

1 ) _ g
/ (ur, + t(up — ur))dtlo] = M[U]
0 [u]
which implies
N (N o S o
L+2 o :>[u] 0= [o] =0,

which is a contradiction.
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Proceeding similarly as in the above Theorem we can prove the correspond-
ing result for the system (|1.2)).

Theorem 2.3. Given initial states vy, = (ur,or) and vg = (ug,or) and a DLM

path ¢ = (¢1,¢2), the R-H condition (2.3|) for the system (L.2)) is satisfied if

; o1 (t;up, ur)(d2)(t; 0, 0R)dt = [o’].[HQ][u_]M + k?[u], (2.8)
[ 2

where [u] = (ur — ur) denotes the jump in u and s = HT[];][U] is the speed of the
shock.

Proof. A similar calculation as in the proof of Theorem [2.1] with the corresponding

matrix A(u,0) = (_1;{:2 _ul> for the system (|1.2)) gives the result. O

Remark 2.4. The relations (2.5)) and (2.8]) exhibit a nice correspondence between

the systems (1.1) and (1.2). In particular, putting £ = 0 in (2.8) we recover the
relation (2.5)) for the system (L.1)).

Next we prove the existence of DLM paths satisfying the conditions (2.5) and
for the systems and respectively. In particular, we show that given
a left state v, = (ur,or) the paths ¢ and ¢ given by and give rise to
shock curves passing through vy,. Thus for any state vg = (ugr,or) (with ug < ur)
lying on these curves, we can solve the Riemann problem using a shock wave with
speed s mentioned above.

Theorem 2.5. Given a left state vy, = (ur,o0r), the DLM path ¢ defined in (2.1)
gives a shock-wave solution for the system (1.1)) with the right states vg = (ugr,oR)

on the shock curve )
S1 ZU:O'L—Z(U—UL)27 u < ur. (2.9)

Proof. The result follows from a straightforward calculation by substituting ¢; and
¢2 from () in [23). O

Similar to the above theorem for the system (1.2]) we have the following result.

Theorem 2.6. Given a left state vy, = (ur,o0r), the DLM path ¢ defined in (2.1))
gives a shock-wave solution for the system (1.2)) with the right states vg = (ugr,oR)
on the shock curves

Si:0=o0p — é((u —up)? =/ (u—up)* +64k2(u —ur)?), u<wug, (2.10)

1
Syio=o0p — g((u —ur)? + v (u—up)t +64k2(u —ug)?), u <up, (2.11)

Proof. Substituting ¢; and ¢ from in we obtain the following quadratic
equation in [o]:

4[o)* + (ur — up)*[o] — 4k*(ug —ur)? = 0.
The above equation when solved gives us the required expressions for S7 and Sy. O
Remark 2.7. As k tends to 0, the shock curve Sy defined in for the system

(1.2) tends to the shock curve for the system (1.1) given by (2.9)), while the other
shock curve S; degenerates.
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Remark 2.8. The path ¢ is an example of a DLM path satisfying (2.5) with ¢
being a straight line. In particular, it follows from the geometrical interpretation
of that if ¢ is a DLM path such that ¢, is a straight line but area under the
curve ¢, is different from the area under the straight line connecting vy and ug,
then such a DLM path would give rise to a shock-wave solution to the Riemann

problem for the system (L.1)).
Next we state the analogous results for the DLM path ¢Z defined in (2.2]).

Theorem 2.9. Given a left state vy, = (ur,or), the DLM path & defined in 12.2)
gives a shock-wave solution for the system (1.1) with the right states vg = (ugr,oR)
on the shock curve

1
S :JzaL—i(u—uL)z, u < ur. (2.12)

Proof. The result follows from a straightforward calculation by substituting ¢, and

¢ from (2:2) in ([25). O

Theorem 2.10. Given a left state v, = (ur,,or), the DLM path ¢ defined in ([2.2)
gives a shock-wave solution for the system (1.2)) with the right states vg = (ugr,oR)
on the shock curves

Si:o0=o0p — i((u —up)? =V (u—up) +16k2(u —ur)?), u<wug, (2.13)

1
Sy:io=o0p — 1((u —ur)? 4+ (u—ur)* + 16k2(u — ur)?), u <ugp.  (2.14)
Proof. Substituting ¢; and ¢y from (2.2) in (2.8) we obtain the following quadratic
equation in [o]:

2[0]2 + (ur — ur)?[o] — 2k*(ug — ur)* = 0.

The above equation when solved gives us the required expressions for S7 and S3. O

Remark 2.11. As k tends to 0, the shock curve Sy defined in (2.14)) for the system
(1.2) tends to the shock curve for the system (1.1)) given by (2.12]), while the other
shock curve S; degenerates.

3. GENERALISED DELTA-SHOCK WAVE TYPE SOLUTIONS AND THE RIEMANN
PROBLEM

In this section, we prove the existence of generalised delta-shock wave type so-
lution for the system with Riemann type initial data and discuss its role in
solving the Riemann problem. Here we use the method of weak asymptotics (see
1 B [ [7, 11, 12) [15]) to construct the solution. As already mentioned in the
introduction, the existence of weak asymptotic solution for the system was
proved in [14] but an integral formulation for the generalised delta-shock wave type
solution was not given nor was its role in resolving the Riemann problem discussed
explicitly. For the sake of completeness, we include here part of the results and
calculations from [14].
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3.1. The method of weak asymptotics. Let us denote by D and D’ the space of
smooth functions with compact support and the space of distributions respectively.
By Op/(e*) we denote the collection of distributions f(x,t,€) € D'(R) such that
for any test function ¢(x) € D(R) the estimate

(f(z,t,€), p(x)) = O(e”)
holds and is uniform with respect to t. We interpret the relation op (¢%) in a similar

manner.

Definition 3.1. [I1] 12, [14] A pair of smooth complex-valued (real-valued) func-
tions (u(z,t,€),0(x,t,€)) is called a weak asymptotic solution of the system (1.1)
with the initial data (u(z,0),o(z,0)) if
up(z,t,€) +u(z, t, €)ugy(z,t, €) — Uw(l‘ t,e) = op/ (1),
O't(x,t,ﬁ)‘FU(«I,t,C) ( ) _OD/(l)
u(z,0, €) — u(z, )fOD'( );
o(x,0,e) —o(z,0) = op/(1), €—0.

(3.1)

Next we introduce the notion of generalised delta-shock wave type solution in
the context of the system (|1.1). In the context of system of conservation laws, this
notion (in its integral form) was introduced in [7].

Definition 3.2. Let u € BV(R x (0,00);R) and
U($,t) = 6'($,t) + 6(1‘7t)5($ - ¢(t))a

where 6 € BV (R x (0,00);R) and e is a smooth function. The pair (u,o0) is
called a generalised delta-shock wave type solution of with initial conditions
u(0) and o(0) = o¢ + o1 H(—x), if the following integral identities hold for all
O(z,t) € D(R x [0,00)):

/ / (uby + ( %—6)0w)da:dt+/u(0)0(x,0) dz = 0,

® 90(z.1) (3.2)
/ / G¢ + 06, )0 dx dt — / e(x,t)——— ol dl = 0.
Here og, 01 are constants, 4(z) fo (u(z+) — u(z—)))dt and 395{;’@ is
the tangential derivative on the graph I‘ = {(:1: t) = o¢(t)}.

Remark 3.3. It would be important to note here that in the second identity

in (3.2), the first integral is the weak formulation using the Volpert’s product.

We have already seen that the Volpert’s product is not sufficient to get solution

for the system. Therefore we augment it by allowing a delta-term in the form
90(z,t)

fF e(x, t)T dl.

Remark 3.4. We can also rewrite the second identity in (3.2]) in the form

/ /69tdmdt—/ /d&ﬁdwdt—i—/e(m,t)ae(aj’t) dl—l—/a(O)H(w,O) dx = 0.
o Jr o Jr r al R

Since we are interested in the solution of the Riemann problem, let us consider
initial data of the form

u(z,0) = uo + u1 H(—2x),

o(z,0) = 09 + o1 H(—x), (3.3)
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where ug,u1,00,01 are constants. We propose a singular ansatz to (1.1)),(3.3) of
the form
u(x,t) = up + u1 H(—z + ¢(1)),

o(x,t) =09+ o1 H(—x + ¢(t)) + e(t)d(z — &(t)),

where e(t) is a smooth function to be determined. In order to apply the method of
weak asymptotics, we start with appropriate regularization H,, H, of the Heaviside
function and 4(.,€) of the delta distribution and choose proper correction terms
R, R, so as to propose a smooth ansatz for the weak asymptotic solution in the
form

(3.4)

U(Z’,t, 6) =uop + ulHu(_x + ¢(t)7 6) =+ Ru(l'7t, 6)7

o(x,t,€) = o9 + o1Hy(—x + ¢(t),€) + e(t)d(x — ¢(t),€) + Ry (2,1, €). (3:5)

The correction terms R,, R, satisfy the conditions
Ri(z,t,€) = op/ (1), (R;)i(x,t,€) =op/(1), e =0, i =u,o0.

We then substitute the smooth ansatz in the left-hand side of the system (|1.1)) and
determine ¢(t), e(t) so that the smooth ansatz forms a weak asymptotic solution

of (1.1),(3.3). Then by passing to the limit, we show that the singular ansatz (3.4))
indeed satisfies (3.2]).

3.2. Generalised Rankine-Hugoniot conditions from the integral identi-
ties. We now derive the generalised Rankine-Hugoniot conditions satisfied by a
generalised delta-shock wave type solution for the system . Henceforth we use
the convention that across a discontinuity, the jump [v] of a function is given by
[v] = vr, — vR, where v, vr denote respectively the left and right values across the
discontinuity.

Theorem 3.5. Let Q2 C Rx(0,00) be a domain in R? and let T = {(z,t) : z = ¢(t)}
be a smooth curve that divides Q into the two halves Q_ = {(z,t) : x — ¢(t) < 0}
and Q4 = {(x,t) : . — ¢(t) > 0}. Let (u,0) be a generalised delta-shock wave type

solution of where o is of the form
o(x,t) =00+ o1H(—x 4+ ¢(t)) + e(x, t)o(x — ¢(1)),

where oo, 01 are constants. Then (u,o0) satisfies the following generalised Rankine-

Hugoniot conditions for delta-shocks along the discontinuity curve I':

(5] —[o] [o]?

Ce(t) = . (3.6)
[u] [u]

Proof. The condition on ¢(t) follows by a standard argument using integration by

parts in the first identity in (3.2]). Next we would like to note that on the curve I,

e can be considered as a function of the single variable ¢: e(t) = e(¢(t),t) and that

(w,t) [ dO(6().1)
/Fe(x,t) - dl_/o () 2D gy

2

o(t) =

where P — g, (2, t) + G(t)8, (x,1).
Now 6, = (00 + o1 H(—x + ¢(t))), = —01d(—z + ¢(¢)) and

61 = (00 + o1H (=2 + 6(1)))r = 010(8)(—2 + 6(1)).
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Therefore using the fact that @(x) = (ug + %) on I, we get

/ /(@ +a6,)0 dv dt — / (726(t) — oa(uo + “2)B(6(1), 1))
o Jr 0
The second identity in (3.2)) thus becomes

T o asgdedt — [ e @O01)
Of/o /R(t+ 2)0d dt/o (t) o dt

. u de(p(t),t
= [ 060 = a0+ 2 + LA y50), 07 .
0
Since the above identity is satisfied for all § € D(R x [0, 00)), we have
. U de(p(t),t
P1(1) ~ 01(ug + ) 1 FUA00 _ g
whereby it follows (using the condition on ¢(t) already obtained) that
o de(o(t),t) Uuq U o1, of _ [0]?
é(t) := — —0’1<’U40—‘r7) al(uo—i—? a)_a_m

Thus we obtain the generalised Rankine-Hugoniot conditions in the form (3.6). O

3.3. Existence of generalised delta-shock wave type solutions. Next we take
a quick look at the regularization and correction terms to be chosen in our case
(see [14]). Let w : R — R be a non-negative, smooth, even function with support

in (—1,1) and satisfying
/w(m)dm =1
R
Let wy = [ w?(x)dz and let
Rlz.t,€) = \%w(x - 26y Saye) = %w(x t 2. (3.7)

We take R, = p(t)R(.,¢) and R, = 0, where p(t) is a smooth function to be
determined. Further we take H,(x,€) = H,(x,¢) = H(x,€) where H(x, €) is defined
as

0, =< —4e
H(z,e)=q¢c, —3e<x<3e (3.8)
1, x>4e
and is continued smoothly in the regions (—4e, —3¢) and (3¢, 4¢). Here we take the
constant ¢ = (3 — Z—%) Thus our smooth ansatz takes the form

u(z,tye) =ug+ur H(—x + ¢(t),€) + p(t)R(x — &(t), €),
o(x,t,€) = 00+ o1 H(—z + ¢(t), €) + e(t)d(z — g(t), €).
We then have the asymptotic behavior given by.

(3.9)

Lemma 3.6 ([I4]). Choosing the regularizations and corrections as described above,
we have the following weak asymptotic expansions:

R(x,€) = op/(1), Ru(x,¢) =op (1),
R*(x,€) = wod(z) + opr (1),

R(z,€)Ry(x,¢) = %woy(as) + op/ (1),



EJDE-2014/04 RIEMANN PROBLEM FOR A LIMITING SYSTEM 11

6(z,€) = d(z) +op(1), dulx,€) =0'(z) +op(1),
R(z,€)d(z,e) =0, R(x,€)d:(z,e) =0,

H(xz,e) = H(z) + op/(1), Hy(z,€) = () + op/ (1),
H(xz,e)H (x,¢€) = %5@) + op/ (1),
H(xz,e)R.(—x,¢) = op/(1), R(—z,€)Hy(z,€) = op/(1),
H(z,€)0,(—x,€) = cd'(—x) + op (1), €— 0.

The next theorem gives us the existence of a weak asymptotic solution of the
system (|1.1) in the form (3.9)).
Theorem 3.7 ([14]). Fort € [0,00), the Cauchy problem (1.1),(3.3) has a weak

asymptotic solution with ¢(t),e(t) and p(t) given by the relations
- [5]-lo] . o]
) =22 e() =
) = i) = o
1

§p2(t)wo —e(t)=0.

Remark 3.8. It would be interesting to note that the expressions for ¢(t) and é(t)
are the generalised Rankine-Hugoniot conditions derived before.

Finally, we then have the following desired result.

Theorem 3.9. For t € [0,00), the Cauchy pmblem . has a generalised
delta-shock wave type solution of the form with ¢( ) and e(t) given by the
relations

51 o1,

M

[o]?
e(t) = —t. 3.11
0 =17 (311)
Proof. Tt is sufficient to show that as ¢ — 0, the weak asymptotic solution
with ¢(t), e(t) given by the relations satisfy the integral identities . Since
(u(z,t e) o(x,t,€)) is a weak asymptotic solution of the system with initial
data (3.3), it follows that for every § € D(R x [0, 00)),

/ / ue(x, t,€) +u(x, t, €)ugy(z,t,€) — ox (2, t,€))0(x, t) de dt — 0,
/ /(Ut(m7 ta 6) + u(l‘, ta 6)0.33(1:5 t7 6))0(1'7 t) dz dt — 07
o JRr

(3.12)
/R(u(m,O7 €) — u(x,0))8(x,0)dx — 0,
[ @(@.0.0) = (. 0)0(2.0)ds — 0. as 0.
/m/(ut(x,t, €) +u(x, t,€)ug(x,t,€) —oyx(x,t,€))0(x, t) de dt
o Jr
—/ /u(m,t,e)Gt(x,t) dx dt (3.13)
o Jr

— - M_J.’If € X X — u\xr € X X
/O/R( : (.1, )0 (x, 1) dar dt /R(’O’ )0(z, 0) dx.
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However,

u?(x,t,€)
2

—o(x,te) = ;(uo +ulH? (—x + ¢(t), €) + p*(t) R*(x — ¢(t), €)
+ 2upur H(—x + ¢(t), €) + 2ugp(t) R(xz — (1), €)
+ 2uip(t)H(—x + ¢(t),e)R(x — ¢(t),€)) — o9
— o1 H(—z 4+ ¢(t),€) — e(t)d(x — H(t), €)

2 2
= (@ — o) + (% +uguy — o1)H (= + ¢(t), €)

+ 5P (DR (x — ¢(t), ) — e(t)d(z — o(t),€)
+ uop(t) Rz — o(t), €)
+uip(t)H (= + o(1), ) Rz — 6(t), €)

2 2

% +uogur — 1) H(—z + ¢(t))

+ (Fwop®(t) — e(t)d(x — o(t)) + opr (1)
0 ﬁ +uouy —o1)H(—z + ¢(t)) + op/ (1)

— 6(:1:, t)) + OD/(l).
Therefore passing to the limit as € — 0 in (3.13]) and using (3.10]) and (3.12)), we

obtain
0 —/ / (uby + % —0)0,) dx dtJr/u(x,())H(x,O) dx. (3.14)
R

Next, we observe that

/ /u:cteomxteﬁxt)dzdt

//zte (@.1,€) + e(2,1)0(z — 6(t), €))ab(x, t) dar dt

z/ /umteaxxte (z,t) dx dt

/ / u(z, t,e)(e(x, t)d(x — P(t),€)).0(x,t) de dt
=A+B,

where A = [ [o u(2,t,€)5.(x,t,€)0(x, t) dv dt, and

= /Ooo/Ru(%t, €)(e(z,t)0(x — ¢(t), €).0(x, t) dz dt.
Also,

/OOO/Rot(x7t,e)9(x,t) dzx dt = /00/ oi(z,t,€)0(x,t) dx dt
/ / (z,8)0(x — P(t),€)):0(x, t) dx dt
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:/oo/&t(m,t)Q(x,t)dxdt+C+o(1),
0 R

where C = [ [o(e(z, t)0(z — ¢(t), €)):0(x, t) da dt. Therefore,

/00 /(Jt(:v,t, €) + u(x, t,e)o,(z,t,€))0(x, t) dx dt

o R (3.15)

:/ /&t(a:,t)ﬁ(x,t)dzdt+A+B+C’+o(1).
o Jr

Now,
U(ﬂf, ta 6)6-36 ('Tv ta 6)

= (w0 + w H(—z + §(t), &) + p(H)R(x — (1), ) (—on "

7 e (-x +0(0).9)

= —Up01

H
d—g(—m +o(t),€) —uror H(—x + ¢(t),

—01p()d£( z +o(t), )Rz — (1), €)

~(upos + 5 )3(a — 6(1)) +op(1).

)G (- +0(0).0

(Here 4 ¢ denotes differentiation with respect to the first variable. ) Hence

/ / u(x, t,€)o.(x,t,€)0(x,t) de dt

= [+ Proad(600)dt -+ o),

/ /uath (x,t) dxdt + o(1).

The last step above follows from the fact that & is constant away from the curve
I'. Again

/ / (@,t,)(e(w, )3(x — (1), €))ob(z, t) da dt

/ /uo (@, 1)0(z — (1), &), 1) da dt

+/0 /RulH —x 4 (1), ) el )8(x — $(1), €))obl(a, t) da dt

_/OOO/Rqu(q:’t)(S(x—(/)(t),e)ﬁz(a:,t)dxdt

—/OO/UIH (2 + o(t), e, )5(x — (1), )ba(a, t) da dt
/ /ulext x — P(t), € )dg( z+ ¢(t),e)f(x,t)dx dt
/ woe(t)0, (6(2), )dtf/ cure(t)0a (1), ) dt + 0 + o(1).

0 0
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But ug + cu; = ug + (% — %)ul =ug+ 5 — % = ¢(t). Therefore

B=- /OO e(t)p(t)0,(H(t), t) dt 4 o(1).
0

Finally,
C= /000 /R(e(:v,t)é(x — o(t),€))b(x,t) de dt
. / h / e(z,)5(x — B(t), )0 (x, 1) da dt
0 R
_ —/0 e()0,(6(8), )t + o(1).

Therefore, from (3.15)), passing to the limit as ¢ — 0, we obtain

0= /ooo/R(f}t(x,t)+ﬁ5x(x,t))9($,t)dxdt—/Oooe(t)‘w(q;(;)’t)dt

which implies

o 0(o(t),t
/ /@(x,t) 6 (2,1))0(a, £) dar dt — / ey 2@ o (316
o Jr r al
From (3.14)) and (3.16)), it follows that as € — 0 the weak asymptotic solution (3.9)
indeed satisfies the integral identities (3.2) whereby the theorem follows. (]

Remark 3.10. Thus we have proved the existence of singular solutions for the
system with arbitrary Riemann type initial data with singular concen-
tration in the stress variable o. This solution, as discussed in the introduction,
seems to be the physically relevant one.

Concluding remarks. It would be important to note that in the previous section
on the existence of generalised delta-shock wave type solutions, we didn’t consider
any entropy conditions. There are mainly a couple of reasons behind this. Firstly,
if we go through the proofs regarding the existence of weak asymptotic solutions
or generalised delta-shock wave type solutions, it would be interesting to note that
the proofs hold true for arbitrary Riemann type initial data and hence further
restrictions imposed by entropy conditions are not required. Secondly, since we do
not really consider the related problem of uniqueness of solutions in this article, the
entropy conditions could be avoided.

We would like to remark that the overcompressivity condition for the delta-shock
wave type solutions for the system with Riemann type initial data (see
for instance [1, [IT]) imposes the condition

up < () < ug + 1,
which on simplification gives u; >0 and —% < 2L < 4.
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