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STABILITY FOR TRAJECTORIES OF PERIODIC EVOLUTION
FAMILIES IN HILBERT SPACES

DOREL BARBU, JOEL BLOT, CONSTANTIN BUSE, OLIVIA SAIERLI

ABSTRACT. Let ¢ be a positive real number and let A(-) be a g-periodic linear
operator valued function on a complex Hilbert space H, and let D be a dense
linear subspace of H. Let U = {U(t,s) : t > s > 0} be the evolution family
generated by the family {A(t)}. We prove that if the solution of the well-posed
inhomogeneous Cauchy Problem

a(t) = A(Du(t) + ety >0
u(0) =0,
is bounded on R, for every y € D, and every pu € R, by the positive constant

K]||y||, K being an absolute constant, and if, in addition, for some x € D, the
trajectory U(-, 0)x satisfies a Lipschitz condition on the interval (0, ¢), then

n
sup  sup || Z 2*U(q,0)%z|| := N(z) < co.
2€C,|z|=1n€Zy

The latter discrete boundedness condition has a lot of consequences concern-
ing the stability of solutions of the abstract nonautonomous system u(t) =
A(t)u(t). To our knowledge, these results are new. In the special case, when
D = H and for every x € H, the map U(+,0)z satisfies a Lipschitz condition
on the interval (0, ¢), the evolution family I/ is uniformly exponentially stable.
In the autonomous case, (i.e. when U(¢,s) = U(t — s,0) for every pair (¢, s)
with ¢ > s > 0), the latter assumption is too restrictive. More exactly, in this
case, the semigroup T := {U(t,0)};>0, is uniformly continuous.

1. INTRODUCTION

In his famous article [16], Priiss showed, concerning a strongly continuous semi-
group (etA)tzo acting on a Hilbert space H, that the following two statements are
equivalent:

(1) For every f € L'([0,1], H), the equation (t) = Au(t) + f(t), has a unique
1-periodic mild solution.
(2) The resolvent set of A contains 2miZ and

sup ||[R(2mwin, A)|| = M < co.
nez
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Earlier, such result has been obtained by Haraux ([I0]), who additionally had to
assume that

sup ||[nR(2win, A)|| < C < oc.
nez

By contrast with the autonomous case, the spectral criterion does not work in the
nonautonomous one. See, for example, [I7], for further details and counterexamples.

One typical assumption, concerning uniform exponential stability results (ex-
ponential stability results) for strongly continuous semigroups acting in Banach
spaces, is the existence of a bounded and holomorphic continuation of the resol-
vent (or of the local resolvent) to the right half-plane of the complex plane. See
[8, 4, 12, 20, 211, 22], and the references therein.

Going on the similar way, the boundedness assumption of our announced result,
may by written as:

t
sup sup H/ e U(t, s)xds| == M(z) < 0o, V€ H. (1.1)
HER t>0 0

Boundedness conditions, like (L.I), with e®~*)4 instead of U(t,s), A being a
bounded linear operator acting on a Banach space X, seems to go back to the
work of Krein. A history of this problem may be followed in [6] or [5].

This paper is motivated by a recent result in [7], where the same assertion,
referred to uniformly bounded evolution families, is obtained under the following
stronger assumption,

t

sup sup H/ ei”sU(t,s)xdsH = M(z) < oo, VxelX,
HERt>T>0 T

where X is a complex Banach space.

It is interesting to compare the results from the present paper with those in [7].

First of all, the assertions in Theorem and Corollary below, refer only to
one trajectory, hence they have an individual character, while those in [7] have a
global character. Moreover, even Theorem below could be stated as an individ-
ual result.

Mention that the state space in [7] is a Banach space, while in the present paper,
all results are formulated in the framework of Hilbert spaces. It seems that the
results in [7] could be applied to partial differential equations (cf. [7, Remark 5.2])
while the autonomous version of the Corollary below, cannot be applied to such
equations (cf. Remark below).

However, Corollaries [2.4] 2.5] and [2:6] below could be applied to evolution equa-
tions with (possible) unbounded coefficients.

Another difference is that the boundedness assumptions and are writ-
ten along the solutions u(-) satisfying the initial condition u(0) = 0, while in [7],
are considered all solutions which verify u(s) = 0 for every s > 0.

The assertions of Corollaries 2:4] 2.5] and 2.6 below, are stated in terms of strong
stability. In the end of this paper we provide an example which shows that uniform
exponential stability of a strongly continuous and uniformly bounded semigroup
acting on a Hilbert space, is not a consequence of boundedness assumption
below. A famous result, known as ABLV theorem, see [I}, [13], provides a sufficient
condition for strong stability of semigroups (acting on Banach spaces) in terms of
countability of the boundary spectrum o(A)NiR. In particular, lack of the spectrum
of the infinitesimal generator of an uniformly bounded semigroup which acts on
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a Banach space on the imaginary axis implies the strong stability of semigroup.
However, it is not always easy to manipulate these criteria in specific examples,
while the assumption can be checked easily, as shown by the two examples
presented in the last section of the article.

An interesting question may be risen when we connect the above nonautonomous
problem with the similar one in the semigroup case. This latter one, is completely
solved by van Neerven ([20]) and Vu Phong ([I5]). In these papers, the assumption
refereing to Lipschitz condition did not appear explicitly, but, in this case, it is
automatically verified for all x in the domain of the infinitesimal generator. Then,
a natural question in the nonautonomous case is: can we replace in the Corollary
[2.7) the assumption referred to the Lipschitz condition for every x € H, with the
similar one, but only for x in a dense subset D, of H? We have not an answer to
this question yet.

The proof of the main result consists by an estimation of the integral in ,
with z replaced by f.(s), f: being a H-valued and g-periodic function, which is
smooth in some sense. The proof of Corollary is completed by using a well-
known discrete criterion for exponential stability of periodic evolution families.

2. NOTATIONS AND STATEMENT OF THE RESULT

Let H be a complex separable Hilbert space and let £L(H) be the Banach algebra
of all bounded linear operators acting on H. The inner product in H is denoted by
(+,+), while the norms in H and in £(H) are denoted by the same symbol, namely
by || - ||. As usual, o(T") denotes the spectrum of a linear operator T. When T is
bounded its spectral radius, denoted by 7(7T'), is given by the Gelfand formula

r(T) :=sup{|z| : z € o(T)} = lim ||T"|*/™.

Recall that the set {ui}rez,, with ux € H, is a basis in H if the linear span of
{up : k € Z,} is dense in H. Such basis is called orthogonal if (uy,u;) = 0, for every
pair (k, 7) of different nonnegative integers. As is well-known, the orthonormal set
{ur}rez. is abasis in H if and only if for each f € H one has 3,5, [(f, u))? =
|| £1I?. In this case, every element f € H may be represented as

F=Y (fru)ux.

keZ

As usual, by L2(]0,q],C), we denote the Hilbert space consisting of all C-valued

square integrable functions defined on the interval [0, q], endowed with the usual
. . 2im(n/q)-
inner product and norm. The set of functions {ET}n o

basis in L2([0, ¢, C), so any function z € L?([0, g],C), may be represented as:

2(t) = EZ (/Oq z(s)e‘zi"“/qd8> e2nmtla e 0,q]. (2.1)

q nez

By H := L*([0,q], H) we denote the set of all H-valued measurable functions f
defined on [0, ¢] satisfying the condition

q 5 N\ 1/2 )
(] 150Ra) ™ = 111 < .

In H the functions equal almost everywhere are identified. Endowed with the
inner product (f,g)n = f0q<f(t), g(t))dt, H becomes a Hilbert space. In as follows,

is an orthonormal
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by ¢ ® ur we denote the tensor product between the scalar-valued function ¢
defined on [0, ¢] and the vector uy € H, i.e. the map defined for t € [0,¢], by:
(p ® ug)(t) = p(t)ur. The system of vectors
1 .
B:={—e* D @uy :nelkel,
v }

is an orthonormal basis in H. In fact, for k,p € Z, and m,n € Z, one has:

L o /4 L o -/ 1/q 2inmt/ 2immt/
el ®Uk,76 ks q®u ——— edinT quk,ezmw Do Nt
<\/§ \/a P>H aJo < p>
_ Okp / T 2itn—m)mt/q g
qa Jo

_J1, k=pandn=m
)0, k#porn#m.

Moreover,

151 = [ X 00w, 3 (0 uphuy Yt

keZy pEZ
- / . 0 eyl
k.p€EZy
Z/ ),Uk>dt.

keZ4

In view of , for z(t) = (f(t), uk), obtain

7B = 5 X [ 3 (] tsehunteme/nas)

k€Zy n,meZ

([ ) [ omming
>

(k, n)EZ+><Z/
Zy X7 /

) q
2zn7rs/quk>ds/ <f(s)’€2in7rs/quk>d5
0

Q= Q=

>

(kn)e

Z ‘<f; 762i7r(n/q). ®Uk;>7-[
(k,n)€Zy XZ Vi

2zn7rt/qu dt‘

‘ 2

As a consequence, every function f € H may be represented as

Z 2in- /qc
nEZ
where ¢, (f) € H, the n*" Fourier coefficient associated to f, is given by

Z / 2i””5/quk>ds)uk. (2.2)

keZy
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A family U = {U(t,s) : t > s > 0} C L(H) is called evolution family on H if
U(t,s)U(s,r) = U(t,r) forall t > s >r >0 and U(t,t) = I for ¢ > 0. Here I
is the identity operator of L(H). An evolution family ¢/ on H is called strongly
continuous if for each x € H, the map

(t,s) — U(t,s)x: {(t,s) eER*:t>5>0} — X

is continuous. We say that the evolution family U has exponential growth or that
it is exponentially bounded if there exist the constants M > 1 and w > 0 such that
|U(t,s)]| < Me*®=%)_ for all t > s. The evolution family U is g-periodic, for some
positive ¢, if U(t + ¢,s 4+ q) = U(t, s) for all pairs (¢,s) with ¢ > s > 0. Every
strongly continuous and g-periodic evolution family acting on a Banach space has
an exponential growth, [§]. Let « € H be fixed.

The following assumptions, concerning the evolution family, and the trajectory
U(-,0)x, are referred to several times. For this reason, we state them separately.

(A1) The mapt — u,(t) := U(t,0)x satisfies a Lipschitz condition on the interval
(0,9).
The main result of this article reads as follows.

Theorem 2.1. Let D be a dense linear subspace of H, and let U= {U(t,s)}+>s>0
be a strongly continuous and q-periodic evolution family of bounded linear operators
acting on H. If

t
supsup|| [ e*U(t,s)yds| < K|y < oo, Vye€ D, (2.3)
peR >0 Jo
where K is a positive absolute constant, and if, in addition, for a given x € D, the
assumption (A1) is fulfilled, then

n
sup  sup | szU(q, 0)z|| := N(z) < 0. (2.4)
z€C,|z|=1n€Zy |,

In view of the denseness of D in H and by using the Dominated Convergence
Theorem, the condition is equivalent with the same one, but with H instead
of D.

Recall that if A is an infinitesimal generator of a strongly continuous semigroup
acting on a Hilbert space H the its maximal domain D(A) becomes a Hilbert space
when endow it with the norm

Izllpcay = \/llzlF + [ Az[lF, = € D(A).

In the framework of semigroups, the assumptions of the previous theorem may be
relaxed as follows:

Theorem 2.2. Let T = {T(t)}:>0 be a strongly continuous semigroup of bounded
linear operators acting on H, and let (A, D(A)) be its infinitesimal generator. If
there exists a positive absolute constant Ry such that

t

supsup || [ T (t — s)yds| := R(y) < Rillyllpay < oo, Vy e D(A),
werR >0 Jo

then, for every x € D := D(A?), one has:

n
sup  sup | Z FT(g)*z| == N(z) < oc.
2€C,|z|=1n€Zy T,
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To present some consequences of Theorem [2.1] we state and prove the following
useful Lemma.

Lemma 2.3. Let T be a bounded linear operator acting on H and let M > 1 and
w € R such that ||T"]]| < Me*™ for alln € Z+. If for some x € H, one has

sip sup |3 2L = N(z) < oo, (25)
2€C,|2|=1n€L ,;) k+1

then limy,_.oo T*z = 0.

Proof. The proof is modeled after [20, Theorem 4]. Obviously, the map z +—
Ry .(2) == >0, ZT,C% is holomorphic on C\ {0}. Let zy € C such that |zo| = e“.
By assumption, the sequence of functions (R, ;(-)), is uniformly bounded on the
unit circle. On the other hand, for |z| > |20| + 1 we have

n

M |zo|* |||
[ R,z (2)]] < Z (ool + D)FT < M(1+ |zo])]|-
k=0

Thus, by the Phragmen-Lindelof theorem, the sequence (R, .(-)), is uniformly
bounded on the circular crown 1 < |z| < |zp| + 1, and then it is uniformly bounded
on the set {z € C: |z| > 1}, as well.

Since, for |z| > |zo|, one have that R, ,(z) — R(z,T)x, as n — oo, the Vitali
theorem [IIl Theorem 3.14.1] assures us that the limit lim,,_o Ry (%), exists for
all z in the circular crown 1 < |z| < |zg| + 1. This yields, limg o, 7%z = 0. O

Corollary 2.4. Let U be a strongly continuous and q-periodic evolution family
acting on H, such that all assumptions in Theorem [2.1] are fulfilled. Then the
tragectory U(-,0)x is strongly stable, i.e., lim;_,o U(t,0)x = 0.

Proof. Lett > 0 and k be the integer part of é, and let p € [0, g] such that ¢t = kq+p.
Obviously, t — oo if and only if ¥ — oo. Since the family {U(¢,s) : t > s > 0} is
exponentially bounded, this yields

Ut 0)z]| = Ut kq)U (kq, 0)z|| < [U(%, kq)|l - [IU (g, 0)"=]|
< Me*?||U(g,0)" x|l — 0,
where Lemma [2.3| with U (g, 0) instead of T' was used. O

Corollary 2.5. Let U be a strongly continuous and q-periodic evolution family
acting on H. Assume the following:

(1) The condition is fulfilled.
(2) The map U(-,0)y satisfies a Lipschitz condition for every y € D.
(3) The evolution family U acts properly on the linear subspace D, i.e.
U(t,s)(D) C D for everyt > s> 0.
Under these assumptions, the trajectory t — U(t,s)x : [s,00) — H, is strongly
stable for every s > 0 and every x € D.

Proof. Let t > s > 0 and N be any positive integer such that ¢ > Nqg > s.
Such N exists for ¢ large enough. Then U(t,s)x = U(t — Nq,0)U(Ng,s)z. Since
ys := U(Ngq, s)x € D, we may apply the previous Corollary to finish the proof. O
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Corollary 2.6. Let T = {T'(t)}+>0 be a uniformly bounded and strongly continuous
semigroup acting on a Hilbert space H, and let D(A) the maximal domain of its
infinitesimal generator. If there exists a positive constant Ky such that

t

supsup || [ €T (t — s)yds|| :== K(y) < Killy||pay < 00, Vy € D(A), (2.6)
per t>0  Jo

then, the semigroup T is strongly stable.

Proof. Since, for every z € D(A), the map T'(-)z is differentiable, it satisfies a
Lipschitz condition on (0, ¢). Then, by applying the above Theorem it follows
that T'(-)z is strongly stable for every x € D(A). Let now, y € H and x,, € D(A)
such that x, — y, as n — o0, in the norm of H. Then,

1T @yl < NT )y — z) | + 1) n]
<sup{(|IT@)] ¢ = 0}y — wnll + [T ()xn]l — 0, ast,n— oc.
]

Corollary 2.7. If an evolution family U = {U(t, s)}i>s>0, as in Theorem [2.1
verify for every y € H, and also (A1) with v instead of x, for every v € H,
then it is uniformly exponentially stable, i.e. there are two positive constants N
and v such that

|U(t,s)]| < Ne V(=9 for allt > s> 0.

The proof of the above corollary follows by applying Theorem [2.1] and Lemma

[2:17] below.

Remark 2.8. The assumption that (A1), with v instead of x, is satisfied for every
v € H, is too restrictive. For example, in the particular case when U (t,s) = T (t—s)
for every t > s > 0, where {T'(t)}+>0 is a strongly continuous semigroup acting on
H | the family U verify the above Lipschitz assumption if and only if the semigroup
is uniformly continuous, i.e. if and only if there exists a bounded linear operator
acting on H such that T(t) = e*4 for all ¢ > 0.

Proof. Indeed, under assumption (A1), the map ¢ — u,(t) := T(t)z belongs to
W12°((0,q), H), therefore u,(-) is differentiable a.e. on (0,q), ||ul ()| < L. (L.
being the constant of Lipschtitz of u,(-)) and wu,(t) belongs in the domain D(A)
of the infinitesimal generator a.e. on (0,q). Then, there exists a sequence (t,) of
positive real numbers, with ¢, — 0 as n — oo such that uy(t,) € D(A), ug(tn) =
T(t,)x — x, as n — oo and the sequence (u’,(t,)) = (AT'(t,)) converges in the weak
topology of H. This latter fact is an obvious consequence of the Banach-Steinhaus
theorem by using the classical fact that the adjoint A*, of A, is the infinitesimal
generator of the semigroup {T'(¢)*}:+>0. Since, A is closed in the weak topology of
H, it follows © € D(A). Then D(A) = X and A is bounded. O

The following lemmas are useful in the proof of Theorem [2:1}

Lemma 2.9 ([2, Lemma 2.2]). Let us consider the functions hy, ha : [0,q] — C,
defined by:

s, s €10,q/2) B s .
hi(s) = {q s selg/2d and ha(s) = s(qg—s), € [0, ql.
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Denote , q
Hl (l’(‘) Z:/ hl(s)eiﬂsds, HQ(M) ::/ h2(8)6i“sd5_
0 0
Then, |Hy(p)| + [Ha(p)| # 0 for all p € R.

The continuation by periodicity on the real axis of the function h;, for j € {1, 2},
will be denoted by the same symbol.

Lemma 2.10. Let x € X such that the map s — U(s,0)x satisfies a Lipschitz
condition on (0,q). For each j € {1,2}, let consider the q-periodic function f; :
R — H, given on [0, q], by:

fi(@t) == h;(t)U(t,0)z.
Then the following two statements hold:

(1) Each function f; satisfies a Lipschitz condition on R.
(2) The Fourier series associated to f; is absolutely and uniformly convergent
on R.

Lemma 2.11 ([6, Lemma 1]). If
sup || > e RU(g,0)"] = M () < 0o (2.7)
" k=0

then e belongs to the resolvent set of U(q,0). Moreover, if [2.7) holds for every
w € R, then r(U(q,0)) < 1, i.e. the family U is uniformly exponentially stable.

3. PROOF OF THEOREM [2.1]

Proof of Lemma[2.10 (1) Let x € H, K, := supc(o 4 [|U(s,0)z|| and Ly > 0 such
that |U(t,0)x — U(s,0)z| < L.|t — s| for all ¢, s € (0,¢). One has

1£5@) = fi ()l = [1h; U (¢, 0)x — h;(s)U (s, 0)z]|
< [hOIIU(E,0)z = U(s, 0)x[| + |h;(t) = h(s)[[[U(s, 0)z|

2
< (max{%, qz}Lz + K, - max{1,q})|t — s|.

Using the continuity of the map U(-,0)z, the previous inequality may be extended
first for ¢, s € [0,¢] and then, by using the periodicity of the map f;, to the entire
axis.

(2) An argument of this type for scalar valued functions may be found in [I8]
Exercise 16, pp. 92-93]. For sake of completeness we present the details. For each
t € R and each positive number p, which will be chosen later, denote g;(t) :=

fi(t+p) — f;(t — p). Using (2.2), we obtain
q )
Cn(gj) = Z </ <gj(5)762”ms/quk>d8>uk
0

kEZy

S ([t o mds — [0 = o), ) ds

q
kez, 70 0

keZy P —p

q—p

(F (), B0 ) Y
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q . . .
— Z |:/ (e2wznp/q _ e—217rnp/q)<fj (7_),62'L7TTLT/quk>dT:| m
kezy Y0

q .
= Z (/ 2i sin(2n7rp/q)<fj(7'),ezmm/quk)dT)uk
kezy 0
= 2isin(2nmwp/q)en(f;).
In view of the Bessel inequality and taking into account that the function f;
satisfies a Lipschitz condition on R with a constant L(x), follows

q
4qgp°L*(z) = / lg; (D17dt = > llea(gi)I? = D dllea(f)I] sin(2nmp/q)|*.
0 nez nez
Let p be a positive integer and p := 54z, Set A, := {n € Z|2P~1 < |n| < 27}
Obviously, |A,| = 27 and @ < |sin(2nmp/q)| for each n € A,. Furthermore,
Up>1A, =Z\ {—1,0,1}. Using the Schwartz inequality, we obtain

2
( Z ”Cn(fJ)H) <2° Z ||Cn(fj)||2
neAp neA,
<203 lea(f;) 2 sin? 2np/q)
ncA,
L2 ()

and

S el < (V) )

n€zZ\{-1,0,1}
The restriction of f; to the interval [0, ¢] belongs to L?([0, ¢], H) and, in addition,
fi = (/) X pep €™ /e, (f)- Set

N
SN’j(t) = Z 62intﬂ-/qcn(fj).
n=—N

Clearly, ( [y IIf; () —sn.;(t) ||2dt)2), decays to 0 when N — co. As is already shown,
the series (), ., €2"™/9¢,(f;)), is uniformly convergent on R, hence there exists
a continuous function s; : R — H, such that

sup ||5](t) - SN,j(t)” — 0 as N — oo.
teRrR

Since

Isn.g = sill 2o, < Vallsng — sille = 0,
s; = f; in L*([0,¢], H). The functions s; and f; are continuous and equal almost
everywhere on [0,¢], so f;(t) = s;(t) for each t € [0,¢]. Taking into account that
both functions are g-periodic, they are equal on R. To conclude, the Fourier series
associated to f;, is absolutely and uniformly convergent on R to f;. O

Proof of Theorem[2.1. For every n € Z, and every z € X, one has

e n=l (ktl)g
/ e U(ng, s)fi(s)ds = Z/ e"*U(ng, s) f;(s)ds
0

k=0"ka
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n—1 q
= / eI (ng, kq + p) fi(kq + p)dp
_ 0

n—1
= Hj(n) Y _ e U((n — k)q,0)z.
k=0
Let A be the set of all real  for which Hy () = 0. In view of Lemma[2.9] we obtain

5 {mhmjﬁiwwm,M@Mﬂ,u¢A

|| €iuqu(q,0)n7kI” _ )
';) mmgorl Jo €U (ng. ) fa(s)ds||, pe A

On the other hand
[ vt sl = 15 57 [ e g spe( )]

k€EZ
< — Z llex (f7)l
keZ
K
<T(m@+ X las).
ke{—1,0,1}

O

Proof of Theorem 2.2. Let x € D(A?%) be fixed. Obviously, the Fourier coefficients
ce(fj),k € Z,j € {1,2}, belong to D(A?). On the other hand
t

supsup|| [ €™ T(t - s)Ayds| < Ril|Aylpa) < o0, Vy € D(A),
per t>0 Jo

and then
t

supsup|| [ e T(t — s)yds|pay < Rullyllpa) < oo, Vy e D(A?).

per >0 Jo
Now, we can apply Theorem for H = (D(A),|| - | pa)),D = D(A?) and
U(t,s)=T(t—s) fort > s. O

4. EXAMPLES

Example 4.1. Let H := L*([0,7],C) be endowed with the usual norm and let
{T'(t)}1>0 be the semigroup defined on H, by

(T(t Ze tn” sin (né) (/OTr x(s)sin(ns)ds), Eel0,x],t >0,

having A as mﬁnlteSlmal generator. Further details about this semigroup and its
infinitesimal generator may be find, for example, in [23, pp. 179, 199]. We recall
that the domain of A consists by all absolutely continuous functions z(-) such that
2'(+) is absolutely continuous, z”(-) € H and z(0) = z(7) = 0.
Also, consider the map a : Ry — (0, 00) verifying the following conditions:
(i) a(-) is a w-periodic map,
(ii) a(t) > 1 for every t > 0,
(ili) there exist o € (0,1] and ¢ > 0 such that |a(t) — a(s)| < |t — s]|%, for all
t,s > 0.
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Set A(t) = a(t)A, t > 0. The family {A(t)}1>0 is well-posed (i.e. there exists a
strongly continuous and periodic evolution family U = {U(¢,s)}i>s>0 such that
any solution u(-) of the system #(t) = A(t)z(t), verifies u(t) = U(t, s)u(s) for all
t > s >0). See, [19, 17, [14], for further details concerning well-posedness. In this
case, the evolution family is given by, [0, Example 2.9b],

t
U(t,s)sz(/ a(r)dr)x, Ve H t>s>0.

Obviously, every continuous function f € H verifies the inequality || f|| z2(j0,x),c) <
V7| fllos- Set x(-) € H. Taking into account that &, := [ #(s)sinnsds satisfies
the estimation ||%,] < +/7||z||2, and denoting by F'(-) a primitive function of a(-),
we obtain

I /Ot e””T(/Tt a(’r)dr)x(ﬁ)dTH

2 t e t
7||/ 6%}“’(267”2 f7 a(r)dr Sln(né‘))i’ndTH
& 0 n=1
< Zjels Y [ et g
S —|[T]|2 e T T
VT “—Jo
oo t
< 2||$Hooze—n2F(t)/ a,(T)enzF(T)dT
n=1 0

2 1 >
e > _ P(F(0)—F (1)
: ﬁ”xHQ n? (1-e )

n=1
2 1
< —||z|l2 — < oo.

Thus, for each x = z(-) € H, have

t t — 1
H/O e“”T(/T a(r)dr ) dr|aqo.m,c) < 2wz Y nz <

n=1

On the other hand, the map

t—U(t,0)z = T(/Ot a(s)ds)x

is differentiable for all x € D(A), and its derivative is bounded by |a(:)|s0 X ||Az]].
Then, it satisfies a Lipschitz condition on the interval (0, ¢), and the Corollaries
and above can be applied in this particular case.

Mention that Corollary above cannot be applied to the evolution family in
this example, because, in the special case when a(t) = 1 for every ¢ > 0, there exists
at least one z(-) such that the trajectory U(-,0)z does not satisfy any Lipschitz
condition on the interval (0,¢). Thus, our theoretical results allow us to establish
the strong stability of the periodic evolution family {U(¢, s)}:>s>0 rather than its
uniform exponential stability. As is well-known, the semigroup {7'(¢)} is uniformly
exponentially stable. Combining this with the inequality fst a(t)dr > (t — s) for
t > s, is easily to see that the evolution family {T(f; a(7)dT)}4>s>0 is uniformly
exponentially stable as well.
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The next example shows that the boundedness integral conditions (1.1)) and (2.6)
are not equivalent. More exactly, there exist semigroups which verify (2.6]) and does

not verify (1.1J).

Example 4.2. Let Z, the set of all nonnegative integers and let H := [?(Z,,C)
endowed with the usual norm denoted by || - [|2. Let a,, == —1 +in, n € Zy,
& = (Tn)nez, be a sequence in H and let T'(t)z := (e*'x,). Obviously, the one
parameter family T = {T'(t)};>¢ is a strongly continuous and uniformly bounded
semigroup having as infinitesimal generator the “diagonal” operator defined by
((Az)p) := (apzy). The maximal domain of A consists by all sequences (z,) € H
which verify the condition Y o an2z,|? < oo. Obviously, the semigroup T is
not uniformly exponentially stable. Indeed, supposing the contrary, there are two
positive constants K and v such that

e an|? < K22 a3

holds for every t > 0, N € Z, and x € H. This provides a contradiction when N

is large enough and xx # 0. Then (1.1) is not fulfilled (cf. [I5]).
In the following we prove that (2.6) is fulfilled. Let = (z,,) in D(A) and u be

any real number. Then

t iut _ ,—L4int
(/ emse(t_s)Ade) (n) — ele—xn
0 = +i(p—n)

Therefore,
t ) 0
II/ esel= A3 <2 " nPlwf? < 2] Ax|® < 2|4y < oo,
0 n=1

ie. (2.6) holds.
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