
Electronic Journal of Differential Equations, Vol. 2013 (2013), No. 84, pp. 1–15.

ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

ftp ejde.math.txstate.edu

EXISTENCE AND STABILITY OF MILD SOLUTIONS TO
IMPULSIVE STOCHASTIC NEUTRAL PARTIAL FUNCTIONAL

DIFFERENTIAL EQUATIONS

DANHUA HE, LIGUANG XU

Abstract. In this article, we study a class of impulsive stochastic neutral
partial functional differential equations in a real separable Hilbert space. By

using Banach fixed point theorem, we give sufficient conditions for the existence

and uniqueness of a mild solution. Also the exponential p-stability of a mild
solution and its sample paths are obtained.

1. Introduction

Since deterministic neutral functional differential equations were originally pro-
posed by Hale and Meyer [3], many researchers including Hale and Verduyn Lunel
[4], Kolmanovskii and Nosov [6] have done extensive works on this subject and
their applications. However, a system is usually affected by external perturbations
which in many cases are of great random uncertainties such as stochastic forces
on the physical systems and noisy measurements caused by environmental uncer-
tainties [17, 18, 19], a stochastic neutral functional differential equations should
be produced instead of a deterministic one. Correspondingly, a number of inter-
esting results on the stochastic neutral functional differential equations have been
reported [1, 5, 7, 9, 10, 12]. Sakthivel, Ren and Kim [16] studied the existence
and asymptotic stability in pth moment of mild solutions to second-order nonlinear
neutral stochastic differential equations. Ren and Sakthivel [13] studied the exis-
tence, uniqueness, and stability of mild solutions for second-order neutral stochastic
evolution equations with infinite delay and Poisson jumps. More recently, the ex-
istence, uniqueness and exponential stability of a mild solution of the stochastic
neutral partial functional differential equations have been considered by Luo [8].

However, in addition to stochastic effects, impulsive effects exist in many evo-
lution processes in which states are changed abruptly at certain moments of time,
involved in such fields as medicine and biology, economics, mechanics, electronics.
Impulsive effects often make the system properties decline or even cause insta-
bility. Therefore, impulsive effects should be taken into account in researching
the exponential stability of the stochastic systems. Some significant progress has
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been made in the techniques and methods of studying the existence and stability
for impulsive stochastic difference equations, impulsive stochastic differential equa-
tions with delays and impulsive stochastic partial functional differential equations
[14, 15, 20, 21, 22, 23, 24]. However, so far no work has been reported on the cor-
responding problems for impulsive stochastic neutral partial functional differential
equations and the aim of this paper is to close this gap.

Motivated by the above discussions, we will study the existence, uniqueness and
exponential p-stability of a mild solution of the impulsive stochastic neutral partial
functional differential equations. By using Banach fixed point theorem, we give
some sufficient conditions for the existence and uniqueness of a mild solution of
this class of equations. Also the exponential p-stability of a mild solution as well
as its sample paths are obtained.

2. Preliminaries

Throughout this paper, unless otherwise specified, X and Y are two separable
Hilbert spaces. with norms ‖ · ‖X , ‖ · ‖Y , respectively. Let L(Y,X) be the space of
all bounded linear operators from Y into X equipped with the usual norm ‖ · ‖.

Let (Ω,F , {Ft}t≥0, P ) be a complete probability space with a filtration {Ft}t≥0

satisfying the usual conditions of complete sub-σ-fields of F . Let w(t), t ≥ 0, be
a Y -valued, Q-Wiener process which is assumed to be adapted to {Ft}t≥0 and for
every t > s the increments w(t)−w(s) are independent of Fs. Hence, w(t), t ≥ 0, is a
continuous martingale relative to {Ft}t≥0 and we have the following representation
of w(t):

w(t) =
∞∑
i=1

Bitei,

where {ei} is an orthonormal set of eigenvectors of Q, {Bit}, t ≥ 0, is a family of
mutually independent real Wiener processes with incremental covariance λi > 0,
Qei = λiei and trQ =

∑∞
i=1 λi < ∞. Let h(t) be an L(Y,X)-valued function and

λ be an arbitrary sequence {λ1, λ2, . . . } of positive numbers, we may often use the
following notation

‖h(t)‖λ :=
{ ∞∑
n=1

|
√
λnh(t)en|2

}1/2

whenever this series is convergent.

PC[J, X] =
{
ψ : J→ X : ψ(s) is continuous for all but at most countably

many points s ∈ J and at these points ψ(s+) and ψ(s−)

exist and ψ(s) = ψ(s+)
}
,

where J ⊂ R is an interval, ψ(s+) and ψ(s−) denote the right-hand and left-hand
limits of the function ψ(s) at time s, respectively. Let PC := PC[[−τ, 0], X] with
the norm ‖ϕ‖PC = sup−τ≤θ≤0 ‖ϕ(θ)‖X . Let PCbF0

[[−τ, 0], X] be the Banach space
of all bounded F0-measurable, PC[[−τ, 0], X]-valued random variables φ, satisfying
sup−τ≤θ≤0E‖φ(θ)‖pX <∞ for p > 0, where E denote the expectation of stochastic
process.



EJDE-2013/84 EXISTENCE AND STABILITY OF MILD SOLUTIONS 3

Assume that {S(t), t ≥ 0} is an analytic semigroup with its infinitesimal genera-
tor A, then it is possible under some circumstances (see [11]) to define the fractional
power (−A)α for any α ∈ [0, 1] which is a closed linear operator with its domain
D((−A)α).

Consider the following impulsive stochastic neutral partial functional differential
equations

d[x(t) +G(t, xt)] = [Ax(t) + f(t, xt)]dt+ g(t, xt)dw(t), t ≥ 0, t 6= tk,

∆x(tk) = x(t+k )− x(t−k ) = Ik(x(t−k )), t = tk, k = 1, 2, . . . , N,

xi(t) = φi(t), −τ ≤ t ≤ 0,

(2.1)

where xt(θ) = x(t + θ) for θ ∈ [−τ, 0], G, f : R+ × PC → X, and g : R+ × PC →
L(Y,X) are all Borel measurable. Ik shows the jump in the state x at time tk, and
tk satisfies 0 < t1 < · · · < tN < limk→∞ tk =∞.

Definition 2.1. A process {x(t), t ∈ [0, T ]}, 0 ≤ T < ∞, is called a mild solution
of (2.1) if

(i) x(t) is Ft-adapted;
(ii) x(t) ∈ X has càdlàg paths on t ∈ [0, T ] a.s and for each t ∈ [0, T ], x(t)

satisfies the integral equation

x(t) = S(t)[φ(0) +G(0, φ)]−G(t, xt)−
∫ t

0

AS(t− s)G(s, xs)ds

+
∫ t

0

S(t− s)f(s, xs)ds+
∫ t

0

S(t− s)g(s, xs)dw(s)

+
∑

0<tk<t

S(t− tk)Ik(x(t−k )),

(2.2)

for any φ ∈ PCbF0
[[−τ, 0], X] almost surely.

3. Main results

We assume the following hyptheses:
(H1) A is the infinitesimal generator of an analytic semigroup of bounded linear

operators {S(t), t ≥ 0} in X satisfying ‖S(t)‖X ≤ γevt, t ≥ 0, for some
constants γ ≥ 1 and v ∈ R.

(H2) There exist constants C1 > 0 and α ∈ [0, 1] such that for any x, y ∈ PC
and t ≥ 0, G(t, x) ∈ D((−A)α),

‖(−A)αG(t, x)− (−A)αG(t, y)‖X ≤ C1‖x− y‖PC .

(H3) The functions f and g satisfy the Lipschitz and linear growth conditions;
that is, there exist positive constants C2, C3, C4 such that

‖f(t, x)− f(t, y)‖X ≤ C2‖x− y‖PC ,
‖g(t, x)− g(t, y)‖λ ≤ C3‖x− y‖PC ,

‖f(t, x)‖X + ‖g(t, x)‖λ ≤ C4(1 + ‖x‖PC),

for any x, y ∈ PC, t ≥ 0.
(H4) There exist nonnegative constants qk such that for any x, y ∈ PC,

‖Ik(x)− Ik(y)‖X ≤ qk‖x− y‖PC , k = 1, 2, . . . , N. (3.1)
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Lemma 3.1 ([8, Lemma 2.1]). Suppose that the assumption (H1) holds, then for
any β ≥ 0,

(i) for each x ∈ D((−A)β),

S(t)(−A)βx = (−A)βS(t)x;

(ii) There exist constants Mβ > 0 and v ∈ R such that

‖(−A)βS(t)‖X ≤Mβt
−βevt, t > 0.

Theorem 3.2. Under assumptions (H1)–(H4), system (2.1) has a unique mild
solution x(t), 0 ≤ t ≤ T , if the following condition holds

L := 5p−1
[
‖(−A)−α‖pCp1 +Mp

1−ατ
p(T )T p−1 + γpep|v|TCp2T

p−1

+ γpep|v|TCp3T
p−2
2 +Np−1γpep|v|T (

N∑
k=1

qpk)
]
< 1,

where M1−α and v are the constants in Lemma 3.1 (ii), and

p ≥ 2, τ(T ) =
∫ T

0

t−(1−α)evtdt <∞.

Proof. Define a nonlinear operator Ψ : PCbF0
[[−τ, 0], X]→ PCbF0

[[−τ, 0], X] by

Ψx(t) = S(t)φ(0) + S(t)(−A)−α(−A)αG(0, φ)− (−A)−α(−A)αG(t, xt)

+
∫ t

0

(−A)1−αS(t− s)(−A)αG(s, xs)ds+
∫ t

0

S(t− s)f(s, xs)ds

+
∫ t

0

S(t− s)g(s, xs)dw(s) +
∑

0<tk<t

S(t− tk)Ik(x(t−k )), 0 ≤ t ≤ T.

(3.2)
From Lemma 3.1, (H1), (H2) and (H4), we obtain that for any 0 ≤ t ≤ T ,

‖x(t)‖X ≤ γe|v|T ‖φ(0)‖X + γe|v|TC‖(−A)−α‖(1 + ‖φ‖PC)

+ C‖(−A)−α‖(1 + ‖xt‖PC)

+
∫ t

0

CM1−α(t− s)−(1−α)ev(t−s)(1 + ‖xs‖PC)ds

+ ‖
∫ t

0

S(t− s)f(s, xs)ds‖X + ‖
∫ t

0

S(t− s)g(s, xs)dw(s)‖X

+ ‖
∑

0<tk<t

S(t− tk)Ik(x(t−k ))‖X

≤ γe|v|T ‖φ(0)‖X + γe|v|TC‖(−A)−α‖(1 + ‖φ‖PC)

+ C‖(−A)−α‖(1 + ‖xt‖PC) + CM1−ατ(T )(1 + sup
0≤s≤t

‖xs‖PC)

+ γe|v|T
N∑
k=1

qk‖x(t−k )‖PC + ‖
∫ t

0

S(t− s)f(s, xs)ds‖X

+ ‖
∫ t

0

S(t− s)g(s, xs)dw(s)‖X ,

(3.3)
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where C is a positive constant. Since

sup
0≤t≤T

‖xt‖PC ≤ sup
0≤t≤T

‖x(t)‖X + ‖φ‖PC ,

using (3.3) we have

sup
0≤t≤T

‖x(t)‖X

≤ γe|v|T ‖φ(0)‖X + γe|v|TC‖(−A)−α‖(1 + ‖φ‖PC)

+ C‖(−A)−α‖(1 + sup
0≤t≤T

‖x(t)‖X + ‖φ‖PC)

+ CM1−ατ(T )(1 + sup
0≤t≤T

‖x(t)‖X + ‖φ‖PC) + γe|v|T
N∑
k=1

qk sup
0≤t≤T

‖x(t)‖X

+ sup
0≤t≤T

‖
∫ t

0

S(t− s)f(s, xs)ds‖X + sup
0≤t≤T

‖
∫ t

0

S(t− s)g(s, xs)dw(s)‖X ;

(3.4)
that is,

[1− C‖(−A)−α‖ − CM1−ατ(T )− γe|v|T
N∑
k=1

qk] sup
0≤t≤T

‖x(t)‖X

≤ γe|v|T ‖φ(0)‖X + C(1 + ‖φ‖PC)[(γe|v|T + 1)‖(−A)−α‖+M1−ατ(T )]

+ sup
0≤t≤T

‖
∫ t

0

S(t− s)f(s, xs)ds‖X + sup
0≤t≤T

‖
∫ t

0

S(t− s)g(s, xs)dw(s)‖X .

(3.5)
So, by the linear growth conditions in (H3), Hölder’s inequality and Burkholder-
Davis-Gundy type of inequality for stochastic convolutions [2], for any p ≥ 2, there
exist a number c(p, T ) > 0 such that

sup
0≤t≤T

E‖Ψx(t)‖pX

≤ 3p−1[1− C‖(−A)−α‖ − CM1−ατ(T )− γe|v|T
N∑
k=1

qk]−p

×
{

(γe|v|T ‖φ(0)‖X + C(1 + ‖φ‖PC)[(γe|v|T + 1)‖(−A)−α‖+M1−ατ(T )])p

+ 2pγpep|v|T (T p−1 + c(p, T ))Cp4

∫ T

0

(1 + E‖xs‖pPC)ds
}
.

(3.6)
This means that Ψx(t) ∈ PCbF0

[[−τ, 0], X], if x(t) ∈ PCbF0
[[−τ, 0], X]. Further, for

x(t), y(t) ∈ PC, 0 ≤ t ≤ T , we have

sup
t∈[0,T ]

E‖Ψx(t)−Ψy(t)‖pX

≤ 5p−1 sup
t∈[0,T ]

E‖G(t, xt)−G(t, yt)‖pX

+ 5p−1 sup
t∈[0,T ]

E‖
∫ t

0

AS(t− s)G(s, xs)ds−
∫ t

0

AS(t− s)G(s, ys)ds‖pX
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+ 5p−1 sup
t∈[0,T ]

E‖
∫ t

0

S(t− s)f(s, xs)ds−
∫ t

0

S(t− s)f(s, ys)ds‖pX

+ 5p−1 sup
t∈[0,T ]

E‖
∫ t

0

S(t− s)g(s, xs)dw(s)−
∫ t

0

S(t− s)g(s, ys)dw(s)‖pX

+ 5p−1 sup
t∈[0,T ]

E‖
∑

0<tk<t

S(t− tk)Ik(x(t−k ))−
∑

0<tk<t

S(t− tk)Ik(y(t−k ))‖pX

≤ 5p−1‖(−A)−α‖pCp1 sup
t∈[0,T ]

E‖xt − yt‖pPC + 5p−1(Mp
1−ατ

p(T )T p−1

+ γpep|v|TCp2T
p−1 + γpep|v|TCp3T

p−2
2 ) sup

t∈[0,T ]

E

∫ t

0

‖xt − yt‖pPCds

+ 5p−1Np−1γpep|v|T sup
t∈[0,T ]

N∑
k=1

E‖Ik(x(t−k ))− Ik(y(t−k ))‖pX

≤ 5p−1‖(−A)−α‖pCp1 sup
t∈[0,T ]

E‖xt − yt‖pPC + 5p−1(Mp
1−ατ

p(T )T p−1

+ γpep|v|TCp2T
p−1 + γpep|v|TCp3T

p−2
2 ) sup

t∈[0,T ]

E

∫ t

0

‖xt − yt‖pPCds

+ 5p−1Np−1γpep|v|T (
N∑
k=1

qpk) sup
t∈[0,T ]

E‖x(t)− y(t)‖pPC

≤ 5p−1
[
‖(−A)−α‖pCp1 +Mp

1−ατ
p(T )T p−1 + γpep|v|TCp2T

p−1

+ γpep|v|TCp3T
p−2
2 +Np−1γpep|v|T (

N∑
k=1

qpk)
]

sup
t∈[0,T ]

E‖xt − yt‖pPC .

Hence, we obtain

sup
t∈[0,T ]

E‖Ψxt −Ψyt‖pPC ≤ L sup
t∈[0,T ]

E‖xt − yt‖pPC .

For L < 1, the mapping Ψ is a contraction mapping. By Banach fixed point
theorem, there exists a unique fixed point, which implies system (2.1) has a unique
mild solution. The proof is complete. �

Theorem 3.3. Under assumptions (H1)–(H4), the mild solution of (2.1) is expo-
nentially p-stable (p ≥ 2) provided

‖Ik(x(t−k ))‖pX ≤ dk, dk ≥ 0, k = 1, 2, . . . , N,

and

[6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1 + 6p−1γpCp3/r
p
2−1]

(1− 6p−1Cp1‖(−A)−α‖p)
> 0,

(3.7)
where M1−α > 0, r = −v > 0 are the constants in Lemma 3.1 (ii) and Γ(·) is the
gamma function.

Proof. Note that in this situation, for any β ≥ 0, there exist constants Mβ > 0 and
r > 0 such that

‖(−A)βS(t)‖X ≤Mβt
−βe−rt, t > 0.
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It is known that

x(t) = S(t)[φ(0) +G(0, φ)]−G(t, xt)−
∫ t

0

AS(t− s)G(s, xs)ds

+
∫ t

0

S(t− s)f(s, xs)ds+
∫ t

0

S(t− s)g(s, xs)dw(s)

+
∑

0<tk<t

S(t− tk)Ik(x(t−k )).

By Lemma 3.1, (H2), and the fact that f(t, 0) ≡ 0 almost surely in t, we obtain
that for any t ≥ τ , −τ ≤ θ ≤ 0,

‖x(t+ θ)‖X
≤ γe−r(t+θ)(‖φ(0)‖+ C1‖φ‖PC‖(−A)−α‖) + C1‖(−A)−α‖‖xt+θ‖PC

+
∫ t+θ

0

C1
M1−αe

−r(t+θ−s)

(t+ θ − s)(1−α)
‖xs‖PCds+ ‖

∫ t+θ

0

S(t+ θ − s)f(s, xs)ds‖X

+ ‖
∫ t+θ

0

S(t+ θ − s)g(s, xs)dw(s)‖X +
N∑
k=1

γe−r(t+θ−tk)‖Ik(x(t−k ))‖X .

(3.8)

Thus, for any t ≥ τ and −τ ≤ θ ≤ 0, we have

E‖x(t+ θ)‖pX ≤ 6p−1γpe−pr(t+θ)(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p

+ 6p−1Cp1‖(−A)−α‖pE‖xt+θ‖pPC

+ 6p−1E(
∫ t+θ

0

C1
M1−αe

−r(t+θ−s)

(t+ θ − s)(1−α)
‖xs‖PCds)p

+ 6p−1E‖
∫ t+θ

0

S(t+ θ − s)f(s, xs)ds‖pX

+ 6p−1E‖
∫ t+θ

0

S(t+ θ − s)g(s, xs)dw(s)‖pX

+ 6p−1Np−1γp
N∑
k=1

e−pr(t+θ−tk)E‖Ik(x(t−k ))‖pX .

(3.9)

By using Hölder’s inequality and Burkholder-Davis-Gundy type of inequality, we
have that for any t ≥ τ , −τ ≤ θ ≤ 0,

E
(∫ t+θ

0

C1
M1−αe

−r(t+θ−s)

(t+ θ − s)(1−α)
‖xs‖PCds

)p
= E

(∫ t+θ

0

C1
M1−αe

−( 1
q + 1

p )r(t+θ−s)

(t+ θ − s)(1−α)
‖xs‖PCds

)p
≤
[( ∫ t+θ

0

(C1
M1−αe

− r
q (t+θ−s)

(t+ θ − s)(1−α)
)qds

)1/q]p
× E

[( ∫ t+θ

0

(e−
r
p (t+θ−s)‖xs‖PC)pds

) 1
p
]p

= Cp1M
p
1−α

(∫ t+θ

0

e−rs

sq(1−α)
ds
)p/q ∫ t+θ

0

e−r(t+θ−s)E‖xs‖pPCds
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= Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1

∫ t+θ

0

e−r(t+θ−s)E‖xs‖pPCds,

where p, q > 1, 1
q + 1

p = 1.

E‖
∫ t+θ

0

S(t+ θ − s)f(s, xs)ds‖pX ≤ γ
pE‖

∫ t+θ

0

e−r(t+θ−s)f(s, xs)ds‖pX

= γpE‖
∫ t+θ

0

e−( 1
q + 1

p )r(t+θ−s)f(s, xs)ds‖pX

≤ Cp2γp/rp−1

∫ t+θ

0

e−r(t+θ−s)E‖xs‖pPCds,

(3.10)
and

E‖
∫ t+θ

0

S(t+ θ − s)g(s, xs)dw(s)‖pX

= E[‖
∫ t+θ

0

S(t+ θ − s)g(s, xs)dw(s)‖2X ]
p
2

≤ γpE[
∫ t+θ

0

e−r(t+θ−s)‖g(s, xs)‖2λds]
p
2

= γpE[
∫ t+θ

0

e−(1− 2
p )r(t+θ−s)e−

2
p r(t+θ−s)‖g(s, xs)‖2λds]

p
2

≤ γpCp3/r
p
2−1

∫ t+θ

0

e−r(t+θ−s)E‖xs‖pPCds,

(3.11)

which immediately implies

E‖x(t+ θ)‖pX ≤ 6p−1γpe−pr(t+θ)(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p

+ 6p−1Cp1‖(−A)−α‖pE‖xt+θ‖pPC
+ [6p−1Cp1M

p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

∫ t+θ

0

e−r(t+θ−s)E‖xs‖pPCds

+ 6p−1Np−1γpe−pr(t+θ)
N∑
k=1

eprtkdk;

(3.12)
that is,

E‖x(t+ θ)‖pX ≤ 6p−1γpe−pr(t+θ)[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]

+ 6p−1Cp1‖(−A)−α‖pE‖xt+θ‖pPC
+ [6p−1Cp1M

p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

∫ t+θ

0

e−r(t+θ−s)E‖xs‖pPCds,

(3.13)
where d = Np−1

∑N
k=1 e

prtkdk.
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Therefore, for arbitrary 0 < ε < r and T > τ large enough, we have∫ T

τ

eεtE‖x(t+ θ)‖pXdt

≤ 6p−1γp[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]
∫ T

τ

e−pr(t+θ)+εtdt

+ 6p−1Cp1‖(−A)−α‖p
∫ T

τ

eεtE‖xt+θ‖pPCdt

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

∫ T

τ

∫ t+θ

0

e−r(t+θ−s)+εtE‖xs‖pPC ds dt.

(3.14)

On the other hand, note that for any −τ ≤ θ ≤ 0 and t ≥ τ ,∫ T

τ

∫ t+θ

0

e−r(t+θ−s)+εtE‖xs‖pPC ds dt

=
∫ τ+θ

0

∫ T

τ

e−r(t+θ−s)+εtE‖xs‖pPC dt ds

+
∫ T+θ

τ+θ

∫ T

s−θ
e−r(t+θ−s)+εtE‖xs‖pPC dt ds

≤ 1
r − ε

∫ τ+θ

0

er(s−θ)E‖xs‖pPCds+
1

r − ε

∫ T+θ

τ+θ

eε(s−θ)E‖xs‖pPCds

≤ 1
r − ε

∫ τ

0

er(s−θ)E‖xs‖pPCds+
1

r − ε

∫ T

0

eε(s−θ)E‖xs‖pPCds.

(3.15)

Therefore, substituting (3.15) into (3.14) yields∫ T

τ

eεtE‖x(t+ θ)‖pXdt

≤ 6p−1γp[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]
∫ T

τ

e−pr(t+θ)+εtdt

+ 6p−1Cp1‖(−A)−α‖p
∫ T

τ

eεtE‖xt+θ‖pPCdt

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

1
(r − ε)

∫ τ

0

er(s−θ)E‖xs‖pPCds

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

1
(r − ε)

∫ T

0

eε(s−θ)E‖xs‖pPCds

≤6p−1γp[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]
∫ T

τ

e−pr(t−τ)+εtdt

+ 6p−1Cp1‖(−A)−α‖peετ
∫ T

τ

eεsE‖xs‖pPCds
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+ 6p−1Cp1‖(−A)−α‖peετ
∫ r

0

eεsE‖xs‖pPCds

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

1
(r − ε)

erτ
∫ τ

0

ersE‖xs‖pPCds

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

1
(r − ε)

eετ
∫ T

0

eεsE‖xs‖pPCds;

i. e., ∫ T

τ

eεtE‖xt‖pPCdt ≤ L1(ε) + L2(ε)
∫ T

0

eεsE‖xs‖pPCds, (3.16)

where
L1(ε)

= (1− 6p−1Cp1‖(−A)−α‖peετ )−1
{

6p−1γp[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]

×
∫ T

τ

e−pr(t−τ)+εtdt+ 6p−1Cp1‖(−A)−α‖peετ
∫ τ

0

eεsE‖xs‖pPCds

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]

1
(r − ε)

erτ
∫ τ

0

ersE‖xs‖pPCds
}
,

(3.17)

L2(ε) = (1− 6p−1Cp1‖(−A)−α‖peετ )−1
{

[6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1

+ 6p−1Cp2γ
p/rp−1 + 6p−1γpCp3/r

p
2−1]

1
(r − ε)

}
eεr.

(3.18)
Hence, from (3.16) we have∫ T

0

eεtE‖xt‖pPCdt ≤ L1(ε) +
∫ r

0

eεtE‖xt‖pPCdt+ L2(ε)
∫ T

0

eεtE‖xt‖pXdt. (3.19)

On the other hand, by virtue of (3.7), it is possible to choose a suitable 0 < ε < r
small enough such that L2(ε) < 1, for such an ε > 0, we may deduce that there
exists a real number L3(ε) > 0 such that∫ T

0

eεtE‖xt‖pPCdt ≤ (1− L2(ε))−1(L1(ε) +
∫ r

0

eεtE‖xt‖pPCdt) := L3(ε) <∞.

(3.20)
From (3.13), for any −τ ≤ θ ≤ 0, t ≥ τ , we have

E‖x(t+ θ)‖pX
≤ 6p−1γpe−pr(t+θ)[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]e−ε(t−τ)

+ 6p−1Cp1‖(−A)−α‖pE‖xt+θ‖pPC
+ [6p−1Cp1M

p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]L3(ε)e−ε(t−τ).

(3.21)
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Now, we proceed with our arguments by considering two possible situations for any
fixed t ≥ 0.

Firstly, suppose that sup−τ≤θ≤0E‖xt+θ‖
p
PC = E‖xt‖pPC , then from (3.21) we

have

E‖xt‖pX ≤ 6p−1γpe−pr(t+θ)[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]e−ε(t−τ)

+ 6p−1Cp1‖(−A)−α‖pE‖xt‖pPC
+ [6p−1Cp1M

p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]L3(ε)e−ε(t−τ),

(3.22)

which immediately yields

E‖xt‖pPC ≤ (1− 6p−1Cp1‖(−A)−α‖p)−1[6p−1γpe−pr(t+θ)

× [(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]eετ

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]L3(ε)eετ ]e−εt := L4(ε)e−εt.

(3.23)

On the other hand, for this fixed t ≥ 0, if sup−τ≤θ≤0E‖xt+θ‖
p
PC = E‖xt−τ‖pPC ,

then from (3.21) we have

E‖xt‖pPC ≤ 6p−1γpe−pr(t+θ)[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]e−ε(t−τ)

+ 6p−1Cp1‖(−A)−α‖pE‖xt−r‖pPC
+ [6p−1Cp1M

p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]L3(ε)e−ε(t−τ).

(3.24)

Hence, in this situation we have

E‖xt‖pPC ≤ L5(ε)e−εt + L6(ε)E‖xt−τ‖pPC , (3.25)

where

L5(ε) = 6p−1γpe−pr(t+θ)[(‖φ(0)‖+ C1‖(−A)−α‖‖φ‖PC)p + d]eετ

+ [6p−1Cp1M
p
1−αΓp/q(qα− q + 1)/rpα−1 + 6p−1Cp2γ

p/rp−1

+ 6p−1γpCp3/r
p
2−1]L3(ε)eετ ,

(3.26)

and

L6(ε) = 6p−1Cp1‖(−A)−α‖p. (3.27)

Combining (3.23) with (3.25), for any t ≥ τ , we have

E‖xt‖pPC ≤ max{L4(ε)e−εt, L5(ε)e−εt + L6(ε)E‖xt−τ‖pPC}. (3.28)

In other words, for any t ≥ 2τ , we have

E‖xt−τ‖pPC ≤ max{L4(ε)e−ε(t−τ), L5(ε)e−ε(t−τ) + L6(ε)E‖xt−2τ‖pPC}. (3.29)
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In view of (3.28) and (3.29), we obtain that for any t ≥ 2τ ,

E‖xt‖pPC
≤ max

{
L4(ε)e−εt, [L5(ε) + L6(ε)L4(ε)e−ετ ]e−εt,

2∑
i=1

(L5(ε)Li−1
6 (ε)eε(i−1)τ )e−εt + L2

6(ε)E‖xt−2τ‖pPC
}

:= max{L̂2(ε)e−εt,
2∑
i=1

(L5(ε)Li−1
6 (ε)eε(i−1)τ )e−εt + L2

6(ε)E‖xt−2τ‖pPC},

(3.30)

where
L̂2(ε) = max{L4(ε), L5(ε) + L6(ε)L4(ε)e−ετ}.

By induction, there exists a positive number L̂m(ε) such that for any t ≥ τ ,

E‖xt‖pPC

≤ max
{
L̂m(ε)e−εt,

m∑
i=1

(L5(ε)Li−1
6 (ε)eε(i−1)τ )e−εt + Lm6 (ε)E‖xt−mτ‖pPC

}
,

(3.31)

where m is the positive integer such that 0 ≤ t−mτ < τ . Obviously, to obtain the
desired exponential stability of (2.1), we need to consider only the term

E‖xt‖pPC ≤
m∑
i=1

(L5(ε)Li−1
6 (ε)eε(i−1)τ )e−εt + Lm6 (ε)E‖xt−mτ‖pPC . (3.32)

In fact, choose a suitable ε > 0 small enough such that L6(ε)eετ < 1, then we may
deduce from (3.32) that

E‖xt‖pPC

≤
(
L5(ε)

m∑
i=1

(Li−1
6 (ε)eε(i−1)τ )

)
e−εt + Lm6 (ε)(‖φ‖pX + E‖xτ‖pPC)

≤
(
L5(ε)

m∑
i=1

(Li−1
6 (ε)eε(i−1)τ )

)
e−εt + Lm6 (ε)(L5(ε)e−ετ + (1 + L6(ε))‖φ‖pPC)

≤
(
L5(ε)

m∑
i=1

(Li−1
6 (ε)eε(i−1)τ )

)
e−εt + (L5(ε)e−ετ + (1 + L6(ε))‖φ‖pPC)(L6(ε))t/r

≤
(
L5(ε)

∞∑
i=1

(Li−1
6 (ε)eε(i−1)τ )

)
e−εt + (L5(ε)e−ετ + (1 + L6(ε))‖φ‖pPC)(L6(ε))t/r

=
L5(ε)

1− L6(ε)eετ
e−εt + (L5(ε)e−ετ + (1 + L6(ε))‖φ‖pPC)(L6(ε))t/r

=
L5(ε)

1− L6(ε)eετ
e−εt + (L5(ε)e−ετ + (1 + L6(ε))‖φ‖pPC)e−ε1t,

(3.33)
where 0 < ε1 = − lnL6(ε)/τ .

Hence, from (3.31) and (3.33), ones may deduce that there exist numbers C(φ) >
0 and ε > 0 such that

E‖x(t;φ)‖pX ≤ E‖xt‖
p
PC ≤ C(φ)e−εt, for any t ≥ τ.
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The proof is complete. �

4. An illustrative example

In this section, we illustrate the obtained result. Let X = L2([0, π]) and A be de-
fined as Af = f ′′ with domain D(A) = {f(·) ∈ L2([0, π]) : f ′′ ∈ L2([0, π]), f(0) =
f(π) = 0}.

It is well known that the analytic semigroup S(t)(t ≥ 0), generated by the
operator A on X which is a separable Hilbert spaces. Furthermore, A has a discrete
spectrum with eigenvalues of the form −n2, n ∈ N , and corresponding normalized
eigenfunctions given by en(ξ) := (2/π)1/2 sin(nξ).

In addition to the above, the following conditions hold:
(a) {en : n ∈ N} is an orthonormal basis of X.
(b) If f ∈ X, then S(t)f =

∑∞
n=1 e

−n2t〈f, en〉en and Af = −
∑∞
n=1 n

2〈f, en〉en
for every f ∈ D(A).

(c) For f ∈ X, (−A)−
1
2 f =

∑∞
n=1

1
n 〈f, en〉en.

(d) The operator (−A)1/2 : D((−A)1/2) j X → X is given by

(−A)1/2f =
∞∑
n=1

n〈f, en〉en, ∀f ∈ D((−A)1/2),

where D((−A)1/2) = {f(·) ∈ X :
∑∞
n=1 n〈f, en〉en ∈ X}.

Consider the stochastic neutral partial functional differential equation

∂

∂t

[
x(t, ξ) +

∫ 0

−τ

∫ π

0

b(s, η, ξ)x(t+ s, η)dηds
]

=
∂2

∂ξ2
x(t, ξ) + p0(ξ)x(t, ξ) +

∫ 0

−τ
p(s)x(t+ s, ξ)ds+ p1 cosx(t− τ, ξ)dBt,

t 6= tk, ξ ∈ I = [0, π],

∆x(tk) = x(t+k )− x(t−k ) = Ik(x(t−k )), t = tk, k = 1, 2, . . . , N,

x(t, 0) = x(t, π) = 0, t ∈ R,

x(s, ξ) = φ(s, ξ), φ(·, ξ) ∈ PCbF0
[[−τ, 0], R], φ(s, ·) ∈ L2([0, π]),

(4.1)

where Bt is the standard one-dimensional Wiener process, the functions p0, p are
continuous, p1 ≥ 0. And Ik(x(tk)) = e−kx(tk). We also assume that

(i) The function b(·) is (Lebesgue) measurable and∫ π

0

∫ 0

−τ

∫ π

0

b2(θ, η, ξ) dηdθ dξ <∞.

(ii) The function ∂i

∂ξi b(θ, η, ξ), i = 1, 2, are measurable, b(θ, η, 0) = (θ, η, π) = 0
for every (θ, η) and

L1 := max
{∫ π

0

∫ 0

−τ

∫ π

0

(
∂i

∂ξi
b(θ, η, ξ))2dηdθdξ : i = 0, 1, 2

}
<∞.

Define G, f : C([−τ, 0];X) by setting

G(t, x)(ξ) := B(x)(ξ) :=
∫ 0

−τ

∫ π

0

b(s, η, ξ)x(s, η) dη ds,
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f(t, x)(ξ) := p0(ξ)x(t, ξ) +
∫ 0

−τ
p(s)x(s, ξ)ds.

From (i), it is clear that B is a bounded linear operator on X. Furthermore, from
the definition of B and (ii), we obtain

〈B(x), en〉 =
∫ π

0

[ ∫ 0

−τ

∫ π

0

b(s, η, ξ)x(s, η)dηds
]
(

2
π

)1/2 sin(nξ)dξ (4.2)

=
1
n

(
2
π

)1/2〈
∫ 0

−τ

∫ π

0

∂

∂ξ
b(s, η, ξ)x(s, η)dηds, cos(nξ)〉 (4.3)

=
1
n

(
2
π

)1/2〈B1(x), cos(nξ)〉, (4.4)

where B1(x) =
∫ 0

−τ
∫ π
0

∂
∂ξ b(s, η, ξ)x(s, η)dη ds. By using (ii) again, we obtain that

B1 : X → X is a bounded linear operator with ‖B1‖ ≤ L1, so ‖(−A)1/2B(x)‖ =
‖B1(x)‖. Hence B(x) ∈ D[(−A)1/2], and ‖(−A)1/2B‖ ≤ L1. Similarly, we can
prove that f is a bounded linear operator on X,

‖f(t, ·)‖ ≤ sup
t∈R
‖p0(t)‖+

√
τ(
∫ 0

−τ
p2(s)ds), t ∈ R.

By simple parameters computation, we can easily verify that all conditions of The-
orems 3.2 and 3.3 are satisfied. Therefore, (4.1) has a unique mild solution, which
is exponential p-stable.
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