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POSITIVE SOLUTIONS AND GLOBAL BIFURCATION OF
STRONGLY COUPLED ELLIPTIC SYSTEMS

JAGMOHAN TYAGI

ABSTRACT. In this article, we study the existence of positive solutions for the
coupled elliptic system

—Au = A\(f(u,v) + hi(z)) inQ,
—Av = A(g(u,v) + ha(z)) in Q,
u=v=0 on 0,
under certain conditions on f,g and allowing hi,ho to be singular. We also
consider the system
—Au = Aa(z)u + b(@)v + f1(v) + f2(u)) in ©Q,
—Av = A(b(z)u + c(z)v + g1 (u) + g2(v)) in Q,
u=v=0 on dQ,

and prove a Rabinowitz global bifurcation type theorem to this system.

1. INTRODUCTION

The investigation on the existence questions of positive solutions to semilin-
ear elliptic equations and systems has been of great interest to many researchers.
Many problems in mathematical physics, for example, wave phenomena [22], non-
linear field equations [4], combustion theory [3, [13], fluid dynamics [2] etc. lead to
nonlinear eigenvalue problem of the type

—Au = Af(u)7

where a positive solution is meaningful, see for example [4] 5]. In the recent years,
a good amount of research is established for reaction—diffusion systems. Reaction—
diffusion systems model many phenomena in biology, ecology, combustion theory,
chemical reactions, population dynamics etc. A typical example of these models is

—Au = f(v) in Q,
—Av=g(u) in Q, (1.1)
u=v=0 on J,

where € is a bounded domain in RY with a smooth boundary 95).
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Using Schauder’s fixed point theorem and degree theoretic arguments, Dalmasso
[10] obtain the existence and uniqueness of positive solution to . de Figueiredo
et al [IT] obtain the existence of positive solution to by an Orlicz space setting
for N > 3. Hulshof and Van der Vorst [I7] establish the existence of positive solution
to . For the existence and non—existence of positive solutions to in a ball,
we refer the reader to [I4] for N > 4. By the method of sub and supersolutions
and Schauder’s fixed point theorem, Hai and Shivaji [16] establish the existence of
a positive solution to the system

—Au = Af(v) in§,
—Av = Ag(u) in (1.2)
u=v=0 on 0L,

for A\ large. Using the monotonicity of f and g and degree theory and L priori
estimates, Clément et al [9] obtain the existence of at least one positive solution
to (1.2) in bounded, convex domains. The existence of a nonnegative solutions to
ith indefinite weights can be seen in [23] [24]. Hai and Shivaji [16] point out
that, using the similar arguments as in [16], the existence of a positive solution can
be obtained to the following coupled system

—Au = Af(u,v) in .
—Av = Ag(u,v) in Q. (1.3)
u=v=0 on 0,

for A sufficiently large. So it is natural to ask that under what conditions on the
nonlinearities, we have the existence of positive solutions to for A sufficiently
small. Recently, Chern et al [8] establish the existence of positive solutions to
by the method of monotone iteration. In this paper, we show the existence of
positive solutions to the nonhomogeneous elliptic system

—Au = A(f(u,v) + h1(z)) in Q,
—Av = A(g(u,v) + h2(x)) in Q, (1.4)
u=v=0 on 99,

where €2 is a bounded domain in RY with smooth boundary 9, \ is a positive
parameter and hi, he € L>(Q). We allow the sign changing nature of h; and hs.
We will also consider the following coupled system for the existence of a positive
solution
—Au = MNa(z)u+ b(z)v + f1(v) + fo(u) + hi(z)) in Q,
—Av = A(b(x)u + c(z)v + g1(u) + g2(v) + ha(x)) in £, (1.5)
u=v=0 on J9,

where the conditions on a,b, ¢, f1, f2, 91, g2, h1, he will be specified later. By an
application of implicit function theorem in a functional framework, Anoop and the
present author [I] obtain the existence of a positive solution of scalar equation in
RYM. Chern et al [§] also obtain the existence and uniqueness of a solution to ,
where a = b = ¢ = h; = hy = 0, by implicit function theorem. Mitidieri and Sweers
[20] study the n x n weakly coupled system of type , where f;, g;, h; = 0, for
i =1,2. They show the preservance of the positive cone under the weakly coupled
system. We also use the similar arguments as in [Il [§] to obtain the existence of a
unique positive solution to .
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We make the following hypotheses on the nonlinearity and weights:

(H1) Suppose f,g: R? — R are continuous and there exist L > 0 and k > 0 such
that f(z,y) > L, g(x,y) > L, for all z > k and for all y > k.

(H2) The boundary value problems

—Az=hy inQ,
z=0 on 09,
and
—Az=ho inQ,
z=0 on 09,

have positive solutions zp, and zj,, respectively.
(H3) Let f1, f2, 91,92 € C'(R,R) be such that f1(0)+f2(0) > 0, g1(0)+g2(0) > 0.
(H4) Let a,b,c € C(Q,R).
(H5) Let [fu(s) + fo(s)] < [fu(s+8) + fols+ )], lon(s) +92()] < lga(s+57) +
g2(s+s")| for s and s’ near 0, and | f1(S)+ f2(S")| < [f1(S+S")+ f2(S+5)],

[91(S) + g2(S)| < |g1(S + 5") + g2(S + 5")| for S and S’ near oo.

(H6) lim,_o 02 = Tim, o 208 = fim,_ o 203 = fim,_, 20 = o,

(H7) There is a 1 < ¢ < 2%, such that lim,_ ﬁs‘l%

: 91(s) _ 1
hm|s|_,oo ‘slﬁ = hm|s‘_,oo

limj oo (5T =
g2(s) =0.

[s[a=1

We organize this paper as follows: Section 2 deals with the proof of Theorems
While Section 3 shows the bifurcation results. We state now the main
results.

Theorem 1.1. Let (H1) and (H2) hold. Then there exists a positive solution (u,v)
to (L.4) for A sufficiently small.

Theorem 1.2. Let a,b,c € L>(Q). Let (H2) and (H3) hold. Then there exists a
unique positive solution (u,v) to (L1.5)) for \ sufficiently small.

2. PROOF OF MAIN RESULTS

Proof of Theorem[1.1]. Let f(z) = f(0) and g(z) = g(0) for z < 0. Let & be the

solution of
—AEO =1 1in Q.

& =0 on 0.

Now using strong maximum principle and boundary point lemma 18, p.34], we
have &y(z) > cd(xz,00Q) for some ¢ > 0. Let X =C(Q) and A: X x X — X x X
be defined by

A(u,v)(z) = (A/QG(%y)(f(v(y)) +hl(y>)dy,A/QG(l‘,y)(g(U(y)) +h2(y))dy),

where G(z,y) is the Green’s function of —A associated to Dirichlet boundary con-
dition. It is easy to see that A is a completely continuous operator and fixed points
of A are solutions to the problem (1.4). Let v = (£x,€)), where &\ = ’\L—;O and let
there exist wy > 0,w; > 0 and let ¢ = (wp,w1). We note that ¢ < ¢ for A > 0
sufficiently small. Let IC be a cone in X x X defined as:

K={(u,v) € X x X : ¢ < (u,v) < ¢}.

Now we claim that K is invariant under A.

(2.1)
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To prove the claim, we will verify the following:

(i) If (u,v) > v, then A(u,v) > .
(ii) If (u,v) < ¢, then A(u,v) < ¢.

Claim (i). Let (u,v) > ¢. We show that
| Gt ow) + )= 5L [ Gend. @2)
Q

Q

Let C be a positive upper bound of L — f(z,y) and let D be a subregion of Q such
that D C  and

1 _
L& —C G(z,y)dy >0 on Q.
2 Q/D

To see such a choice of D exists, let

2(x) = G(z,y)dy.
Q/D

Then z satisfies —Az = xq/p in Q, z = 0 on 9Q. By Sobolev’s embedding theorem,
there exists a positive constant C; such that

oy
2 llwzs < 01(/9/17 da:) " forp> N, (2.3)

and hence z(z) < ed(z, 0), where € — 0 as d(D,09) — 0. But & > cd(x,00Q) for
some positive constant c. Hence

1 1
§L§0 -C G(z,y)dy > iLcd(x,(?Q) — Ced(z,00) >0 (2.4)

Q/D

for € small enough. Now since u,v > £y, we have u,v > 0 in D and hence f(v) > L
in D. Consequently,

| Gty ot) + mo)dy - 52 [ GGop)ay
Q Q
= [ Gnmiy+ [ Glenrut).o)ds = 5L [ Gy

— 2, (2) + /D Gl ) (F(uly) v(y) — L)y
1

+ G(z,y)(f (uly), v(y)) — 5L)dy (2.5)
Q/D
1 1
2 51 [ Gyt [ Gl fa) o) - 5
2 gk~ [ Gl = Sl v)iy
> 1Lfo -C G(z,y)dy > 0.
2 Q/D

Using the same arguments, we obtain

[ Gty o) + mawdy > 52 [ Gy
Q Q
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Claim (ii). Let us define

f(xy,m2) = sup  sup  f(y1,92), G(z1,22) = sup  sup g(yi,¥2).
0<y1<z1 0<y><w2 0<y1 <z 0<y><x2

It is easy to see that f and § are nondecreasing functions. Let (u,v) < ¢ = (wp, wr).
We show that A(u,v) < ¢; i.e.,

A / Gz, 9)(f (u(y),v(w)) + ha(y))dy < wo,
Q

A / Gz, y) (g(uly), v(»)) + ha())dy < wr.
Q

For this,
A [ Gl )ty o) + )y
Q
< A/ G(z,y)h (y)dy + A/ G(z,y) f(u(y), v(y))dy, (by definition of f)
Q Q
< Azp, (z) + )\/ G(z, y)f(wo,wl)dy (2.6)
Q

=A |:Zh1 (z) + f(w07w1)€o}
< M zny L) + M||ollL=(a)] (where f(wo,wl) < M for some M > 0)
< wg, for A > 0 sufficiently small,

which proves the claim. Next, again using the same arguments, we obtain

A / G, ) (9(uly)) + ha(y))dy < wi, (2.7)
Q

which proves the second claim. This completes the proof of this theorem. ([

Proof of Theorem[I.3 We extend f; and g; to be defined on R for w,v < 0 in the
following manner. Let f;(x) = f(0) and g;(x) = ¢(0) for x < 0, ¢ = 1,2. Let
F:R x [HYQ))? — H Y(Q)]? defined by

(Dt Ma(@)u+ b@)o + fi(0) + folw) + b (2))
FOuv) = <Av bz + () + 91 (1) + ga ) + n <:c>>> '

It is clear that (A, u,v) = (0,0,0) is a solution of (1.5). To obtain the solution
of (1.5) in a small neighborhood of A = 0, we apply implicit function theorem at
(A, u,v) = (0,0,0). The Fréchet derivative of F' is given by

A¢ + Ma(z)o + b(x)Y + fi(v)y + f’(U)¢)>
Fu v )‘a ’ ) = ! ? .
w0 = (3 G0 Lo Lo ok
Thus F(uﬁv)(O,O,())(ng,w)T = (A¢, AY)T, which is an isomorphism from [Hg(2)]?
to [H~1(Q)]?. Also, one can see that F'is a C! map. By an application of implicit
function theorem, see [25, Theorem 4B, pp. 150],
FOu,v) =0 (2.8)

has a unique solution (A, u(A),v(X)) for A € (0, ) for some small Ay > 0 and
u(0) = v(0) = 0. Furthermore, u and v are C* maps and satisfy (2.8 in the weak
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sense. Now we differentiate (2.8)) with respect to A and evaluate at (0,0,0), which
yields that (u/(0),v'(0)) is the unique solution of

—Au'(0) = f1(0) + f2(0) + h1(z) in Q,

—Av'(0) = g1(0) + 92(0) + ho(z) in Q, (2.9)

4 (0) =2'(0) =0 on 9.

Now by (H3), using f1(0) + f2(0) > 0, ¢1(0) 4+ ¢g2(0) > 0 and an application of (H2)
implies that «/(0) > 0,v'(0) > 0 in Q and using the fact that u(0) = v(0) = 0, we
get u(A) > 0,v(A\) > 0 for A € (0,9), 6 < Ag. Since hy, he € L>®(2), by the classical
regularity theory, u/(0),v'(0) € C1(Q2) and one can see that u()\)(z),v(\)(z) >
0, Vz € Q, which completes the proof. O

3. BIFURCATION
Let us consider the coupled system
—Au = Ma(z)u + bx)v + f1(v) + fo(u)) in Q,
—Av = A(b(z)u + c(z)v + g1 (u) + g2(v)) in Q, (3.1)
u=v=0 on J,

where a,b, ¢, f1, f2,91, 92 are defined earlier. Let F : R x X = [H}(Q)]2 - YV =
[H=1(£2)]? defined by

— _ (Au+ Aa(x)u+bx)v + f(v) + fa(w))
F(A u,v) = (Av + Ab(@)u + c(x)v + gr (u) + gg(u))) :

Let fi, f2, 91,92 € C'(R,R) such that f1(0) = 0 = f2(0) = g1(0) = g2(0). Then
we observe that F(\,u,v) = 0, for all A € R; i.e., (), 0,0) is a solution of (3.1]) for
every A € R. These kind of pairs are called trivial solutions. The set

L ={(\u,v) ERx X :F(\u,v)=0,u#0,v#0}

is called a set of nontrivial solutions of (3.1). We say that (X,0,0) is a bifurcation
point of (3.1)) if in any neighborhood of (),0,0) in R x X, there exists a nontrivial
solution . We recall some qualitative results from [0 [7, 12} [I5]. Let us
denote S3(2) be the set of all symmetric matrices of the form

a(z) blx
- (i)
where a, b, c € C(Q, R) satisfy
(i) A is cooperative, i.e., b(z) > 0, for all x € €.
(il) max,cq max{a(z),c(z)} > 0.
Given A € S5(Q), let us consider the weighted eigenvalue problem
—Au = Aa(z)u+b(x)v) in Q,
—Av = A(b(x)u + c(z)v) in Q, (3.2)
u=v=0 on 0.

In view of (i) and (ii) above, we can use spectral theory for compact operators [12]
to obtain a sequence of eigenvalues

0 < A1(A) < Ap(A) < Ag(A) < -+ < A(A) ...
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such that A\ (A) — oo as k — oo. From [0 [7, T2, [I5], we know that Ay = A;(A) is
positive, simple and isolated.

The next proposition deals with a connection between the eigenvalue of
and the bifurcation point of and is adapted from [19] to the coupled system.

Proposition 3.1. Let (H4)—~(H7) be satisfied. If (X,0,0) is a bifurcation point of
, then A is an eigenvalue of (3.2)).

Proof. Let U = <g) and H = (Zl> It is well-known that the auxiliary problem
2

—AU=HinQ; u=v=0o0ndN (3.3)
has a unique solution U for each H € [H~1(Q)]?; i.e., U € [Hg(Q)]? such that

/ Vu.Vu, = (hi,v1), Vv € H (),
Q (3.4)

/ Vu.Vug = (ho,ve), VYuy € HH(Q),
Q

and (u,v) is unique. In the above equations (-, -) denotes the duality pairing between
H}(Q) and H~1(Q). Let us denote by (—A)~!(H) the unique weak solution of (3.3)).
Then

(=) [HTHQ)? = [Hy ()

is a continuous operator. Also, since [H}(2)]? embeds compactly into [L"]? for
each r € (1,2*) so it follows that the restriction of (—=A)~! to [L"]? is a completely
continuous operator. It is easy to observe that (\,u,v) is a solution of if and
only if (), u,v) satisfies

w\ o ay-1 u Fi(v) + Fy(u)

Q>—(A) QM”(J+(GWQ+@@) : (3:5)
where F, Fy, G1, G denote the usual Nemitsky operator associated with f1, fa,
g1, go, respectively. From (HS), the right-hand side of (3.5) defines a completely
continuous operator from [H(Q2)]? to itself. Let us assume that (X,0,0) is a bifur-
cation point of (3.1). We show that A is an eigenvalue of (3.2)). Since (A,0,0) is a
bifurcation point so there exists a sequence {A\n, Un, v, 1521 of nontrivial solutions
of (3.1) such that A\, — X in R and u,, — 0, v, — 0 in H}(Q). Since (A, tn,vy)
satisfies (3.5]), we have

ﬁ 'LAL Fl(vn)+F2(“n)

n o —1 n Unp
<vn> =(-4) <’\A(x) (vn) + (Gﬂu{ﬂ%ﬂw))) ; (3.6)
where dn = T, On = R unll = lJunlliz = (fq |Vu,|?dz)'/?. Since ||i,|| = 1
and |0, || = 1, for all n € N/, so we can assume that

Gy — U, Oy — 0 in HY(Q),
up to a subsequence as n — co. We claim that

Fl(vn) + F2(un) . 0in Lq/ G] (Un) + GQ(UTL)

[[n| [[on]|

—0in LY, (3.7)




8 J. TYAGI EJDE-2013/82

where ¢ is chosen in (H8) and without any loss of generality 2 < gq. We note that
Fi(vn) + Fa(un) _ (Fi(vn) + Fa(un)) (un + vn)

[[wn | (Vn + un) [lwn | ’
Gi(un) + Ga(vn) _ (G (tm) + Galvn)) (n + ) (38)
[[vn]] (un +vn) [[vn]]

Thus from (3.8)) and Hélder inequality, to prove the claim it is sufficient to find a
real number r > 1 and a constant C' > 0 so that

e S U R el I S 2R CY)
(Un + Un) ’ (tun + Un) ’ .
and
) L tomd oy m“"”" | <C VneN.  (310)

[[n| [[on]|

In view of (H7) and (H8), let us fix e > 0 and choose positive numbers § = 5(e), 6
and M = M(6,6) such that for every x € Q and n € N, the following inequalities
hold:

[fr(&) <elsl, [fa(s)] <elsl, [g1(s)] <els], |ga(s)| <els| for[s] <& (3.11)

and
[f1(s)] < M|s|7h, [ fals)| < M]s|T7H,

91()| < M[s|T™t, ga(s)] < M|s|?"! for |s| > 6.
Let r be a real number greater than 1. Then from (3.11)), we get

(F1(vn) + Fa( Un a
L) ol

/|f1 Un) + fo(un) |qr

Up + Up

(3.12)

fl(vn) + f2(un)

/ |qlrdac
{2€Q|un+vn| <5} Un + Up

- FICARSAUS!
{2€Q16< |un+v, | <5} Un + Un

o FICARSAUS!
{@€Q|untvn|>5} Up, + Unp,

</ fi(un + vn) + fo(uy + vp)

- J{zeqllun+va|<6} Up + Up

vn + Up ) 1 q'r
+/ |f1 Ja( )|q da
{z€Q|6< | un+v,| <5}

Upn + Uy
Up + Up) + Up + Un) g'r
+/ |f1 )+ fal )’q o
{z€Q||un+v,|>8}

Up, + Up
< €Q+M" / [t + v 770D dz (by (311), B12))
Q

< €0 + o(a=2)q'r=1pra'r / (|un|q/T(q—2) + |vn|q/r(q—2))dx.
Q

’
q'r
| dx
q'r
| dzx

!
qr
| dzr
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From the above inequality and using the fact that u, — 0 and v, — 0 in H}(Q),
we find that

Fl(vn) + FQ(un)

[[wnl
Using the same arguments as above, one can also see that
Gl (un) + CTY2 (vn)

—0in LY, if ¢'r(q—2) < 2*. (3.13)

o —0in LY, if¢'r(g—2) <2* (3.14)
Un
and therefore, (3.9) is satisfied if
qr(g—2) < 2% (3.15)
Also, using the boundedness of 4, in L?", we see that (3.10) is satisfied if
qr < 2" (3.16)

To obtain an r satisfying (3.15) and (3.16]) is equivalent to obtain an r such that
¢¢=2) 1 _2"-¢

2% T 2%
and the above inequality always holds because of ¢ < 2* and this choice of r

satisfying (3.17]), proves (3.9) and (3.10).

Now from (3.6), (3.7), and the compactness of (—A)~!, we can assume that
(passing a subsequence if necessary) @, — 4, 9, — © in H}(Q). Now we pass the
limit in (3.6) and find that

(g) — (—a)! <)\A(x) (:j)) : (3.18)

Since ||i,|| = 1, so @ # 0, which implies that ) is an eigenvalue of (3.2), which
proves the claim. (I

(3.17)

From [6] [7, T2 15], we know that A;(A) is an isolated eigenvalue of (3.2)) so if
we let

A2(A) = inf{A > A (A)|) is an eigenvalue of (3.2}, (3.19)

then A\ (A) < A2(A). By definition, there is no eigenvalue of (3.2)) less than A\ (A),
therefore for A < A\1(A) or A\1(A4) < A < A2(A), the system

(Z) = (-A)! ()\A(x) (Z)) (3.20)

admits only the trivial solution © = v = 0. Let us define the completely continuous
operator Sy : [H}()]> — [H{(2)]? by

S (Z) =(=A)"! (AA(:U) (Z)) . (3.21)

It is clear that when A < A1(A) or A\1(A) < A < A2(A), the Leray—Schauder degree
deg[Hé ()2 (I — 51/\7 B(O7 ’l")7 0)

is well defined for any r > 0. The next lemma is well-known for a scalar equation,
see [2I] and the same proof works for a system also and it is given in [19] for any
p > 1. We omit the proof of this lemma.



10 J. TYAGI EJDE-2013/82

Proposition 3.2. Let r > 0 and A € R. Then

1 ifA<A(A)

degp1(qy2(I — Sx, B(0,7),0) = {_1 if A(A) < X < Aa(A).

Our main result on bifurcation is the following theorem.

Theorem 3.3. Let (H4)—-(HT7) and (i)—(ii) be satisfied. Then (A1, 0,0) is a bifurca-
tion point of (3.1). Moreover, there is a component of the set of nontrivial solutions
of (3.1) in R x [H{(£2)]? whose closure contains (A1, 0,0) and is either unbounded

or contains a pair (), 0,0) for some eigenvalue \ of ([3.2]) with X # \;.
Proof. Let us set

u _ u Fi(v) + Fa(u)

T =(-A)"' (A4 ! : 22

() = e (e (8) + (G et (322

Suppose that (A1,0,0) is not a bifurcation point of (3.1)). Then there exist € >
0,0p > 0 such that there is no nontrivial solution of the system

0)-2()-0

for [A] < eand § < §p with |lu|| = 0 = ||v||. Since degree is invariant under compact
homotopy so we obtain that

degp1(qy2 (I — Sx, B(0,7),0) = constant, for A € [A\1 — €, A1 + €. (3.24)
With the choice of € small enough, there is no eigenvalue of (3.2]) in (A1, A1 + €.

We fix A € (A1, A1 +€]. Tt is easy to see that if we choose ¢ sufficiently small then
the system

(0) - (o () o (01 60)) =) v

has no solution (u,v) with ||u]| = § = |jv|| for every s € [0,1]. In fact, assuming
the contrary and by the similar lines of the proof as Proposition[3.1] we find that A
is an eigenvalue of . From the invariance of the degree under homotopies and
Proposition [3.2] we then obtain

degp1(qy2 (I = Tx, B(0,7),0) = degga (a2 (I — Sx, B(0,r),0) = 1. (3.26)
Similarly, for A € [A\; — ¢, A1), we find that
deg[Hé(Q)]z(I —T»,B(0,r),0) = 1. (3.27)
an lead a contradiction to and hence (A1,0,0) is a bifurcation
3.1)).

point of ( The rest of the proof of this theorem is completely similar to the

classical Rabinowitz global bifurcation theorem, see [2I]. For the sake of brevity

we omit the details. O
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