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CONSTANT SIGN SOLUTIONS FOR SECOND-ORDER m-POINT
BOUNDARY-VALUE PROBLEMS

JINGPING YANG

ABSTRACT. We will study the existence of constant sign solutions for the
second-order m-point boundary-value problem

u’(t) + f(t,u(t)) =0, te€(0,1),

m—2

u(0) =0, u(l) = agu(n),
i=1

wherem > 3,n; € (0,1)and a; > Ofori =1,...,m—2, with Z:’;IZ a; < 1, we
obtain that there exist at least a positive and a negative solution for the above
problem. Our approach is based on unilateral global bifurcation theorem.

1. INTRODUCTION

In recent years, there has been considerable interests in the existence of nodal
solutions of second-order m-point boundary value problems (BVPs) of the form

u”(t) + f(u(t)) =0, t€(0,1),

w2 1.1
u(0) =0, wu(l)= Z a;u(n;), (1.1)
i=1

see [1L 2, [6] [8, O] and the references therein.

Ma and O’Regan [6] considered under the assumption f € C1(R,R) with
sf(s) > 0 for s # 0. They obtained the existence of nodal solutions for fy, foo €
(0,00), where fo = lim,_q %, foo = limy o0 @

In 2011, An [2] considered the problem

o’ () + Af(u(t)) =0, te(0,1),

m=2 1.2
u(0) =0, u(l)= Z aiu(n;) (2)

under the assumption f € C1(R\{0},R) N C(R,R) with sf(s) > 0 for s # 0. She
investigated the global structure of nodal solutions of (|1.2)) in the case fo = oo,
foo € [0, 0], by using Rabinowit’s global bifurcation theorem.
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From above results, we can see that the existence results are largely based on
the assumption that fp, foo are constants and nonlinearity term is autonomous. It
is interesting to know what will happen if fy, fo are functions and the nonlinear
term is non-autonomous?

The above results rely largely on the direct computation of eigenvalues and eigen-
functions of the linear problem associated with (1.2)), hence, it can not be extended
to the more general problem. In view of the fact that the principle eigenvalue can be
easily obtained by Krein-Rutman Theorem, in this paper, we obtain the existence
of constant sign solution for

u’(t) + f(t,u(t)) =0, te(0,1),

mz2 1.3
uw(0) =0, wu(l)= Z a;u(n;) (1.3)

by relating it to the principle eigenvalue of the associated linear problem. We make
the following assumptions:

(H1) A <a(t) = limpg 400 L3) yniformly on [0, 1], and the inequality is strict

S
on some subset of positive measure in (0, 1); where A; denotes the principle

eigenvalue of
W) + Mp(t) =0, te(0,1),

m2 (1.4)
$(0) =0, (1) = aw(m);
i=1
(H2) 0 < limg—o @ = ¢(t) < Ay uniformly on [0,1], and all the inequalities
are strict on some subset of positive measure in (0, 1);
(H3) f(t,s)s>0forallte€ (0,1) and s # 0.

By applying the bifurcation theorem of Lépez-Gémez [4, Theorem 6.4.3], we will
establish the following results.

Theorem 1.1. Suppose that f(t,u) satisfies (H1)-(H3). Then (1.3) possesses at
least one positive and one negative solution.

Similar result is obtained under the following assumptions.

(H1") A1 > a(t) = limg)— 400 @ > 0 uniformly on [0, 1], and all the inequalities
are strict on some subset of positive measure in (0,1), where A; denotes

the principle eigenvalue of (|1.4));
(H2’) limg_o @ = ¢(t) > A1 uniformly on [0, 1], and the inequality is strict
on some subset of positive measure in (0, 1).

Theorem 1.2. Suppose that f(t,u) satisfies (H1"), (H2’), (H3). Then (1.3) pos-
sesses at least one positive and one negative solution.

The existence of constant sign solutions of ([1.3]) is related to the eigenvalue
problem

u'(t) + pft,u(t) =0, te(0,1),
m—2‘ ’ (1.5)
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where p > 0 is a parameter. Therefore, we will study the bifurcation phenomena for
(1.5) with crossing nonlinearity. Moreover, the bifurcation point of (1.5) is related
to the principle eigenvalues of the problem

u” (t) + pe(t)u(t) =0, te(0,1),

2 1.6
W) =0, u(l)= 3" aquln), o
=1

it is well-known that there exists a principle eigenvalue 1 (c(t)) of (1.6) (see [10]).
The rest of the paper is organized as follows: in Section 2, we state some notations
and preliminary results. In Section 3, we prove the main results.

2. NOTATION AND PRELIMINARY RESULTS

To show the constant sign solutions of 7 we consider the operator equation

u = pTu. (2.1)

This equations are usually called nonlinear eigenvalue problems. Lépez-Gémez [4]
studied a nonlinear eigenvalue problem of the form

u=pTu+ H(p,u), (2.2)

where H(p,u) = o(||lul|) as |Ju|| — 0 uniformly for x on a bounded interval, and
T is a linear completely continuous operator on a Banach space X. A solution of
is a pair (u,u) € R x X, which satisfies . The closure of the set nontrivial
solutions of is denoted by C. Let X(T") denote the set of eigenvalues of linear
operator T. Lépez-Gdémez [4] established the following results.

Lemma 2.1 ([4, Theorem 6.4.3]). Assume X(T') is discrete. Let po € 3(T) such
that ind(I — pT,0) changes sign as j crosses po, then each of the components C
(denote the components of S emanating of (u,0) at (uo,0)), satisfies (uo,0) € C,
and either
(i) C is unbounded in R x X;
(ii) there exist Ay € X(T) \ {No} such that (A1,0) € C; or
(iii) C contains a point

(t,y) € R x (V\{0}),
where V' is the complement of span{y,,}, ¢., denotes the eigenfunction
corresponding to eigenvalue fi.

Lemma 2.2 ([4, Theorem 6.5.1]). Under the assumptions:

(A) X is an ordered Banach space, whose positive cone, denoted by P, is normal
and has a nonempty interior;

(B) The family Y(u) has the special form
where T is a compact strongly positive operator, i.e., T(P\{0}) Cint P;

(C) The solutions of u = pTu+ H(u,u) satisfy the strong mazimum principle.

Then the following assertions are true:

(1) Spr(T) is a simple eigenvalue of T, having a positive eigenfunction denoted
by o > 0, i.e., Yo € int P, and there is no other eigenvalue of T with a
positive eigenfunction;



4 J. YANG EJDE-2013/65

(2) For every y €int P, the equation
u—pTu=y
has exactly one positive solution if pu < SP%(T), whereas it does not admit a

positive solution if pu > SI)%(T).

Lemma 2.3 (cite[Theorem 2.5]bl). Assume T : X — X is a linear completely
continuous operator, and 1 is not an eigenvalue of T, then

ind(I —T,0) = (—1)7,

where B is the sum of the algebraic multiplicities of the eigenvalues of T' large than
1, and B =0 if T has no eigenvalue of this kind.

Let Y be the space C[0, 1] with the norm |[|ul|oc = max;c,1]|u(t)]. Let

E={ucC'0,1]:u(0) =0, u(l) = i aiu(mi)}

with the norm

— li
[[ull = Jnax lu(®)] + [nax |u' ()]

Define L : D(L) — Y by setting
Lu(t) := —u"(t), te][0,1], uw€ D(L),

where
m—2

D(L) = {u € C?[0,1] : uw(0) = 0, u(1) = > azu(m:)}.
i=1
Then L' : Y — E is compact.

Let E = R x E under the product topology. As in [7], we add the point
{(p,00)| p € R} to our space E. For any u € C[0,1], if u(xzg) = 0, then x¢ is
a simple zero of u if u/(x¢) # 0. For v € {+, —}, define:

e SV is the set of functions such that
(i) u(0) =0, vu'(0) > 0;
(ii) u has constant sign in (0,1).
e TV is the set of functions such that
(i) w(0) =0, vu/(0) > 0 and u/(1) # 0;

(ii) ' has exactly one simple zero point in (0, 1);

(iii) w has a zero strictly between each two consecutive zeros of u'.
Obviously, if u € T}, then u € SY. The sets T} are disjoint and open in E, (see [8]
Remark 2.2]). Finally, let ¢4 = R x TY.

Furthermore, let ¢ € C([0,1] x R) be such that f(t,u) = ¢(t)u + (¢, u) with

lim L@ u)

=0 uniformly on [0, 1].
lu| -0 w

Let

¢(t,u) = max |((t,s)| fort e [0,1].

0<|s|<u

Then ¢ is nondecreasing with respect to v and

lim <tw)

u—0+ u

= 0. (2.3)
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From this equality, it follows that

) _ Gel) _ Sl _ Sdal)
[l il il il
uniformly for ¢ € [0, 1].
Let us study
Lu — pe(t)u = pd(t,u) (2.4)

as a bifurcation problem from the trivial solution v = 0. Equation (2.4) can be
converted to the equivalent equation

1
u(t) = / G(t, 5) ue(s)u(s) + uC(s, u(s)))ds
= WL e(tu(®)] + L u (b)),

where G(t, s) denotes the Green’s function of Lu = 0.
We note that ||L=[¢(t, u(t))]]| = o(||u]|) for u near 0 in E. Since

L7 (t, u(t))]]| = max |/ (t,$)C(s,u(s))ds| + max |/ Gi(t, s)((s,u(s))ds]|

tel0,1] te[0,1]
< ClI¢t ut))loo-

Lemma 2.4 ([8 Proposition 4.1]). If (u,u) € E is a non-trivial solution of (2.4),
then u € TV forv e {+,—}.

Lemma 2.5. For v € {+,—}, there exists a continuum C; C E of solutions of
(2.4) with the properties:
() (i (c(8)).0) € Cx:
(i) CY\{(pa(c(1)),0)} C R < TY;
(iii) CY is unbounded in E, where pi(c(t)) denotes the principle eigenvalue of

().

Proof. From above, we know that problem is of the form considered in [4],
and satisfies the general hypotheses imposed in that paper.

From [10], we know that the principle eigenvalues of is simple. So for
v € {+,—}, combining Lemma 2.1 with Lemma 2.3, we know that there exists a
continuum, C} C E, of solutions of such that:

(a) CY is unbounded and (u1(c(t)),0) € CY,Cy\{(u1(c(t)),8)} C E, or

(b) (wj(c(t)),0) € CY, where j € N, pu;(c(t)) is another eigenvalue of if
possible, or

(¢) CY contains a point

(t,y) € R x (V\{0}),

where V is the complement of span{y; }, ¢1 denotes the eigenfunction cor-
responding to principle eigenvalue py(c(t)).

We finally prove that the first choice (a) is the only possibility. In fact, all
functions belong to the continuum set C{ are constant sign, this implies that it
is impossible to exist (p;(c(t)),0) € Cf,j € N,j # 1, where p;(c(t)) is another
eigenvalue of if possible. If this happened, it will be contracted with the
definition of SY.
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Next, we will prove (c) is impossible, suppose (c¢) occurs, without loss of gener-
ality, suppose there exists a point (1,) € R x (V\{#}) N C{". Define
P={uecC"0,1]:u(t) >0, tc0,1]},

then P is a normal cone and has a nonempty interior, and C; \{(u1(c(t)),0)} C
int P.
Note that as the complement V' of Span{¢1} in E, we can take

1
COR

Thus, for this choice of V, if the component C;" contains a point
(t,y) e Rx (V\{0})NCy
Then there exists u € F for which

(D~ —

c()u — ———
pa(c(t))

Thus, for each sufficiently large > 0, we have that ¢(¢)u+ne1(¢) > 0 in (0,1) and

V= Rlc(t)Ig

Lu=y >0, in (0,1).

c(t)u + ne(t)pr (t) — Lu+np1) =y >0 1in (0,1).

o
p(e(t))

Hence, by Lemma 2.2, we have

Spr( L)y<1,

L
pa(e(t))

which is impossible. since Spr(L) = p1(c(t)). O

3. PROOF OF MAIN RESULTS

Proof of Theorem 1.1. Theorem 1.2 is proved in similar manner. It is clear that
any solution of of the form (1,u) yields a solution u of (L.3). We will show
CY crosses the hyperplane {1} x Ein R x E.

By p1(c(t)) being strict decreasing with respect to c(t) (see [B]), where pq(c(t))
is the principle eigenvalue of (L.6]), we have i (c(t)) > p1(A) = 1.

Let (pn, un) € CY with u,, # 0 satisfies

fin + [[un | — +o0.

We note that u,, > 0 for all n € N, since (0, 9) is the only solution of for u =0
and CY N ({0} x E) = 0.

Step 1: We show that if there exists a constant M > 0, such that u,, C (0, M]
for n € N large enough, then C{ crosses the hyperplane {1} x E in R x E. In this
case it follows that ||u,| — oo.

Let £ € C(]0,1] x R) be such that

ft,u) = a(t)u + £(t, u)
with
lim £tw)

lu| =400 U

=0 uniformly on [0, 1]. (3.1)

We divide the equation
Luy, — ppa(t)un = pné(t, un) (3.2)
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by ||u,| and set @, = m Since i, is bounded in C?[0,1], after taking a subse-
quence if necessary, we have that @, — @ for some @ € F with ||a|| = 1. By (3.1)),
using the similar proof of (2.3]), we have that

i $EUn®) gy

n—toe lup

Thus, we obtain

where fi(a(t)) = lirf -

It is clear that w € CY C CY, since C? is closed in R x E. Therefore, fi(a(t)) is
the principle eigenvalue of corresponding to weight function a(t).

By the strict decreasing of fi(a(t)) with respect to a(t) (see [5]), we have fi(a(t)) <
7i(A1) = 1. Therefore, CY crosses the hyperplane {1} X F in R x E.

Step 2: We show that there exists a constant M such that u, € (0, M] for
n € N large enough. On the contrary, we suppose that lim, . pn = +00. On
the other hand, we note that

t,u
—ul = unif( n)un.
Un

We have ﬂnf(%z) > A; for n large enough and all ¢ € (0,1]. We get w,, must

change its sign in (0, 1) for n large enough, which contradicts the fact that u,, € T}.

Therefore,
pn < M

for some constant positive M and n € N sufficiently large. (]
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