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POSITIVE SOLUTIONS FOR A NONLOCAL MULTI-POINT
BOUNDARY-VALUE PROBLEM OF FRACTIONAL AND
SECOND ORDER

AHMED M. A. EL-SAYED, EBTISAM O. BIN-TAHER

ABSTRACT. In this article we study the existence of positive solutions for the
nonlocal multi-point boundary-value problem

u’(t) + f(t,° D*u(t)) =0, «€(0,1), ae. t€ (0,1),
u(0) =0, wu(l)= Zaku(Tk), T € (a,b) C (0,1).
k=1

We also consider the corresponding integral condition, and the two special
cases a =0 and a = 1.

1. INTRODUCTION

Problems with non-local conditions have been extensively studied by several au-
thors in the previous two decades; see for example [1]-[3], [6]-[20], and the references
therein. In this work we show the existence of at least one solution for the nonlo-
cal multi-point boundary-value problem consisting of second and fractional-orders
differential equation

u”(t) + f(t,°Du(t)) =0, «a€(0,1), ae. t €(0,1) (1.1)
with the nonlocal conditions
u(0) =0, u(l)=> apu(r), 7€ (a,b)C (0,1). (1.2)
k=1
Also we deduce the same results for the two differential equations
u’(t) + f(t,u(t)) =0, ae te(0,1) (1.3)
and
u'(t) + f(t, ' (1) =0, ae te(0,1). (1.4)

with the nonlocal conditions (1.2). Also we study problems (1.1}, (1.3)) and (1.4

with an integral condition.
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2. PRELIMINARIES

Let L(I) denote the class of Lebesgue integrable functions on the interval I =
[a,b],where 0 < a < b < oo and let I'(.) denote the gamma function.

Definition 2.1 (]22]). The fractional-order integral of the function f € L![a,b] of
order 3 > 0 is defined by

t(p— )1
o= [ (tr(ﬂ))f(s)ds,

Definition 2.2 ([21,22]). The Caputo fractional-order derivative of order a € (0, 1]
of the absolutely continuous function f(t) is defined by

o 1ad B t(t—s)’o‘d
D f(t) =1, %f(t)*/a m£f(s)ds.

Theorem 2.3 (Schauder fixed point theorem [4]). Let E be a Banach space and
Q be a conver subset of E, and T : Q — Q a compact, continuous map. Then T
has at least one fized point in Q.

Theorem 2.4 (Kolmogorov compactness criterion [5]). Let Q C LP(0,1), 1 <p <
oo. If
(i) Q is bounded in LP(0,1), and
(ii) up — u as h — 0 uniformly with respect to u € Q, then Q is relatively
compact in LP(0,1), where

3. MAIN RESULTS

Consider the fractional-order functional integral equation

tl—a 1 m Tk
)= £(t gy | (L= ohsds =43 o | o= swsy

t 1—
(t—s) "
— | —=——y(s ds).
|, e
The function y is called a solution of the fractional-order functional integral

equation (3.1)), if y belongs to L'[0, 1] and satisfies (3.1)).
We consider the following assumptions:

H1) f:[0,1] x R — R* be a function with the following properties:
g
(a) u— f(t,u) is continuous for almost all ¢ € [0, 1],
(b) t — f(t,u) is measurable for all u € R,
(H2) there exists an integrable function a € L'[0, 1] and constant b, such that

|f(t,u)] < a(t) + blul, a.et € [0, 1],
Theorem 3.1. Let the (H1), (H2) be satisfied. If

B b
- T(3-a)
then (3.1)) has at least one positive solution y € L0, 1].

(3.1)

<1, (3.2)
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Proof. Define the operator T associated with (3.1)) by

Ty(0) = 1t 55— {/ ds—AZak/ 7 — 5)y(s)ds}

(t _ 3)1 @
_/0 T(2-a) y(s )ds)
Let QFf ={y e R" : |ly| <rr >0},
all
1-BA4+A+AY " a)

Let y be an arbitrary element in @, then from assumptions (H1) and (H2), we
obtain

Tyl = | Tyl
/‘f {A/ (1-s)y ds—Aiak/ (7k — )y(s)ds}
- I2_D‘y(t)> ‘dt
< oo [ b a{a [0 siatsyas

_ 1 a
—|—A2ak/ (1 — 8)|y(s)|ds —I—b// (t=s) y(s)|dsdt
—||aHL1+b/ dt /|y |ds+AZak/ y(s)]ds)

+b/ / dt|y( J|ds

m

1 tlfa
< flalz + b A+A2ak A
k=1

1 (t —s)?~@ <
+b/0 Tt kel

T =

b(A+ AL, ar) /1 1

< 1 = 1 P ——
b(A+ AN ax) b

< 1 1 _ 1

< ol + 2GS e + g ol
b(1+A+AY " a

< ol + 2 F(g_%—l Dy =1

which implies that the operator 7' maps @, into it self. Assumption (H1) implies
that T is continuous.

Now let Q be a bounded subset of Q;", then T(Q) is bounded in L'[0,1]; i.e.,
condition (i) of Theorem is satisfied. Let y € Q. Then

I(Ty)n — Tyl = / |(Ty)n(t) — (Ty) (o))t
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1 1 t+h
— [ 15[ @weds- @l
0 t

<[ (1/Hh|<Ty><> (r y><t>|ds)dt
L et

- A;ak [ oty - 1 *“y(t))

Pt “%{A / (1 s)y(s)ds
- AZak/ (1 — 8) ds} - IQ*ay(t)> ‘ dsdt.

then assumption (H2) implies that f € L'(0,1) and

h/t-i-h‘f {A/ 1—s)y ds—AZak/ (T — 5) (s)ds}
_ [2*Oéy(t)) — f(t, I‘(tl{A/ 1—3s)y(s)ds — AZak/O (1 — 8)y(s)ds}
k=1

- I2_ay(t)) ‘ ds — 0

Therefore, by Theorem we have that T'(2) is relatively compact; that is, T is
a compact operator. Then the operator T has a fixed point Q;, which proves the
existence of positive solution y € L0, 1] for (3.1). O

For the existence of solutions to the nonlocal problem (|1.1))—(1.2), we have the
following theorem.

Theorem 3.2. Under the assumptions of Theorem [3.1, if 0 < >°7"  axmi < 1,
then nonlocal problem (|1.1] . ) has at least one posztwe solution u € C’[O, 1], with
u’ € AC[0,1].

Proof. For the problem (L1))-(T.2), let — =/ (t). Then
u(t) = tu! <0) - 12y<t>, (3.3)

where y is the solution of the fractional-order functional integral equation ([3.1)).
Letting ¢ = 73, in (3.3]), we obtain

u(ry) = — /OTk (1. — 8)y(s)ds + Tt (0)
and

Z apu(Ty) Z ag /T 7K — 8)y(s)ds + u'( Z aRTh (3.4)
k=1

0
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From equation (1.2]) and (3.4]), we obtain
1 m Tk m
— / (1 —s)y(s)ds +u'(0) = — Z a, / (11 — 8)y(s)ds + u'(0) Z aRTk -
0 k=1 70 k=1

Then
v =a( [ =it = S [ = spulo)is)
A= (1 — Z aka)
k=1
Then

1 m T t
u(t) = At/o (1 —s)y(s)ds — Atz ak/o (1 — 8)y(s)ds — /0 (t—s)y(s)ds
k=1

1

= t{ /01(1 —s)y(s)ds + Aéakm/o (1—s)y(s)ds

— A;ak/o (1) — s)y(s)ds} —/0 (t — s)y(s)ds.

(3.5)
where y is the solution of the fractional-order functional integral equation (3.1).
Hence, by Theorem m Equation (3.5]) has at least one solution u € C(0,1).
Now, from equation ({3.5]), we have
0) =l t) =0,
u(0) = lim u(t)

u(l) = lm wu(t)

= Akz_:lak/o (1 — 8)y(s)ds — A/O (1 —8)y(s)ds — /O (1 — s)y(s)ds

from which we deduce that (3.5)) has at least one positive solution u € C[0,1]. Now,

;ak/o (1 — 8)y(s)ds < kz_:lam'k/o (1- %)y(s)ds
< ’;akm/o (1 —9)y(s)ds

and

¢ 1 s 1
/0 (t—s)y(s)ds < t/o (1- E)y(s)ds < /0 (1 —s)y(s)ds.

Then the solution of (3.5)) is positive.
To complete the proof, we show that (3.5 satisfies the nonlocal problem (|1.1))—
(1.2). Differentiating (3.5)), we obtain
d?u
22—yt
2 y(t),
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1 t
__Ilfth(A/ (1-3s)y ds—AZak/ (16 — 8)y ds—/ y(s)ds)
0 0
tl—a

:F(QOé){A/ol(l_S ds—AZak/ T — 8)Y ds}

bt —s)t—e
_/0 my(s)ds,

where

and

Z apu(Ty)
k=1
m m Th
= AZ AT Z ay / (1 — s)y(s)ds
k=1 k=1 0
—AZaka/ (1-39)y Zak/ ' (1 — 8)y(s)ds
pt 0 0

k=1
= (Azm:akm - 1) Em:ak /OTk (1 — s)y(s)ds —Aiakm /1(1 — s)y(s)ds
=(A+1-1) iak/o (T — 8)y dS*(A‘Fl)/(l*S)()dS
= Aiak/ (1 — s)y(s)ds — /01(1 — 8)y(s)ds — /01(1 — s)y(s)ds

=u(l).

This complete the proof of the equivalent between problem (|1.1)—(1.2)) and the
integral equation (3.5). This also implies that there exists at least one positive
solution u € C10, 1] of the nonlocal problem ([1.1)—(1.2). O

Example. Our results can be applied to the nonlocal problem
u'(t) + f(t, D%u(t)) =0, «a€(0,1), ae. t € (0,1),
w(0) =0, wu(l)=2u(1/4) —3u(1/2) + 3/2u(3/4).
As an application, we have the following corollaries for the two cases a = 1 and
a=0.
Corollary 3.3. Under the assumptions of Theorem[3.3, the nonlocal problem
u'(t) + f(t,u' (1) =0 ae t€(0,1)

u(0) =0, u(l)=> apu(r), 7€ (a,b)C(0,1), 0<Y armp <1
k=1
has at least one positive solution.

The proof of the above corollary follows by letting & — 1 in Theorems [3.1] and

(see [21]).
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Corollary 3.4. Under the assumptions of Theorem[3.3, the nonlocal problem

ha

o (t) + f(t,u(t) =0 ae t€(0,1)

u(0) =0, u(l)=> apu(n), 7€ (a,b)C(0,1), 0<> apm <1
k=1 k=1
s at least one positive solution.

The proof of the above corollary follows by letting a — 0 in Theorems [3.1] and

[3:2] (see [21]).

Mk

4. INTEGRAL CONDITION

Letu € C]0,1] be the solution of the problem (L.1)-(L.2). Let ay = t; — tx_1,

€ (tg—1,tj), a =19 <t <tz <--- <t, =b. Then condition (L.2)) becomes
u(1) = (t; — tr—1)u(m)-
k=1

From the continuity of the solution u ,to (1.1)—(1.2]), we can obtain

an

m

b
im0t~ teauln) = [ u(s)ds.

k=1
d condition (1.2)) is transformed into the integral condition

Now, we have the following result.

Theorem 4.1. Under the assumptions of Theorem there exist at least one
positive solution u € AC[0,1] to the problem

u’(t) + f(t,D%(t)) =0, «a€]0,1], a.e. t € (0,1),
b
u(0) =0, wu(l) :/ u(s) ds.
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ADDENDUM POSTED BY THE EDITOR ON DECEMBER 4, 2013

In March 2013, an anonymous reader informed us that the results in this article
are incorrect:
Theorem 3.2 is wrong, the example following it is not valid. Corol-
lary 3.3 and Corollary 3.4 are not correct, under the given condi-
tions it is possible that NO positive solution exist.

The authors tried to solve the problem, but the correction was not satisfactoryy,
The authors were informed, but they have not sent any new corrections.

End of addendum.

AHMED M. A. EL-SAYED
FACULTY OF SCIENCE, ALEXANDRIA UNIVERSITY, ALEXANDRIA, EGYPT
E-mail address: amasayed@hotmail.com

EBTisAM O. BIN-TAHER
FACULTY OF SCIENCE, HADHRAMOUT UNIVERISTY OF SCIENCE AND TECHNOLOGY, HADHRAMOUT,
YEMEN

E-mail address: ebtsamsam@yahoo.com



	1. Introduction
	2. Preliminaries
	3. Main results
	Example

	4. Integral condition
	References
	Addendum posted by the editor on December 4, 2013

