Electronic Journal of Differential Equations, Vol. 2013 (2013), No. 45, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

EXISTENCE OF POSITIVE SOLUTIONS FOR EVEN-ORDER
m-POINT BOUNDARY-VALUE PROBLEMS ON TIME SCALES

ISMAIL YASLAN

ABSTRACT. In this article, we consider a nonlinear even-order m-point bound-
ary-value problems on time scales. We establish the criteria for the existence of
at least one, two and three positive solutions for higher order nonlinear m-point
boundary-value problems on time scales by using the four functionals fixed
point theorem, Avery-Henderson fixed point theorem and the five functionals
fixed point theorem, respectively.

1. INTRODUCTION

Higher order multi-point boundary value problems on time scales have attracted
the attention of many researchers in recent years; see for example [T}, 2], [3, @] 10l 111
12| 13|, [T4], [T5] 16l 17] and the references therein.

In this article, we are concerned with the existence of single and multiple positive
solutions to the following nonlinear higher order m-point boundary value problem
(BVP) on time scales:

()27 () = f(t,y(t)), t€[t1,tm] C T, neN

m—1 1.1
(tl) = Yy (tk)’ ( )

k=2

2i4+1 2 2i+1
Y2 (tm) =0, ay® (t1) - By®

where a > 0 and 3 > 0 are given constants, t1 <ty < ... <tp_1 <ty, m >3 and
0 <i<n—1. We assume that f : [t1,%,] x [0,00) — [0, 00) is continuous.

Throughout this article we assume T is any time scale and [t,%,,] is a subset of
T such that [t1,¢,] = {t € T : 1 <t < #,}. Some basic definitions and theorems
on time scales can be found in the books [7, [§], which are excellent references for
calculus of time scales.

In this article, existence results of at least one positive solution of are first
established as a result of the four functional fixed point theorem. Second, we apply
the Avery-Henderson fixed-point theorem to prove the existence of at least two
positive solutions to . Finally, we use the five functional fixed-point theorem
to show that the existence of at least three positive solutions to . The results
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are even new for the difference equations and differential equations as well as for
dynamic equations on general time scales.

2. PRELIMINARIES

To state the main results of this paper, we will need the following lemmas.
Lemma 2.1. If a # 0, then Green’s function for the boundary value problem

_yAz (t) = Ov te [tlvtm];

m—1
Y2 (tm) =0, ay(ty) — By>(t) = y2(tr), m=>3
k=2
is given by
Hq(t,s), t1 < s<o(s) <o,
Hy(t, s), ty <s<o(s) <ts,
G(t,s) = (2.1)
Hyo(t,s), tm—2<s<0(s) <tm_1,
Hyo1(t,8), tm-1 < s <0(s) <tm,
where

forallj=1,2,...,m—1.

Proof. A direct calculation gives that if h € C[t1,t,,], then the boundary-value
problem

—y2 (1) = h(t), € [t1,tm),
m—1
v (tm) =0, ay(t) =By (t) = Dy (t), m>3
k=2
has the unique solution

y(t):/tm(ﬁ—&-s—tl)h(s)As*; - / h(s)As—k/m(t—s)h(s)As

@ k=2 7tk t
tm 6 m—1 ] -1 tit1 tm
. / C 4 s —t)h(s)As — 7/ h(s)As +/ (t — s)h(s)As.
@ R t
Hence, we obtain . O

Lemma 2.2. If a > 0 and 8 > 0, then the Green’s function G(t, s) in satisfies
the inequality

t—1t1
tm - tl

G(t,s) > G(tm, S)

for (t,8) € [t1,tm] X [t1,tm].
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Proof. (i) Let s € [t1,t,,] and t < s. Then we obtain

G<tm75) _tm'f‘%—tl tm_tl.

G(t,s)  t+8H=1 _t—h

(ii) For s € [t1,tm] and s < ¢, we have
Glt,s) _ | t—t
G(tm,s) T tm—

(]
Lemma 2.3. Ifa > 0 and 8 > 0, then the Green’s function G(t, s) in satisfies
0<G(t,s) <G(s,s)
for (t,8) € [t1,tm] X [t1,tm]-

Proof. Since o > 0 and 8 > 0, H;(¢t,s) > 0 for all j = 1,2,...,m — 1. Then we
obtain G(t,s) > 0 from (2.1).

Now, we will show that G(t,s) < G(s,s). (i) Let s € [t1,tn) and t < s. Since
G(t, s) is nondecreasing in t, G(¢,s) < G(s, s).

(i) For s € [t1,tm] and s <, it is clear that G(¢,s) = G(s, s). O

Lemma 2.4. Ifa >0, 8> 0 and s € [t1,tn], then the Green’s function G(t,s) in
(2.1) satisfies

min G(t,s) > K||G(., )],

tE[tnl—htm]
where
B+ altm—1 —t1)
K= 2.2
B+m—2+alty, —t1) (2:2)
and ||z| = maxiefz, ¢, [2()]-

Proof. Since the Green’s function G(t,s) in (2.1)) is nondecreasing in ¢, We have
mingep, . G(t,s) = G(tnm_1,s) In addition, it is obvious that [|G(., s)|| = G(s, s)
for s € [t1,t,] by Lemma[2.3] Then we have

G(tm-1,5) > KG(s,s)
from the branches of the Green’s function G(t, ). O

If we let G1(t, s) := G(t, s) for G as in (2.1)), then we can recursively define

Gy(t, ) :/mGj_l(t,r)G(r,s)Ar

t1

for 2 < j <n and G,(t,s) is Green’s function for the homogeneous problem
()" (1) =0, te [t tn],

2i41 2i 2041 2041
AT () =0, ay® () - By () =Dy (),

where m >3 and 0 <i<n-—1.
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Lemma 2.5. Leta > 0, 8 > 0. The Green’s function G, (t, s) satisfies the following
inequalities

0< Galt,s) SL"HGC ), (ts) € [t tm] X [tr,tl,
Gn(t,s) > K"M™ G, 8)ll,  (t,8) € [tm_1,tm] X [t1,tm]
where K is given in , and

tm
L= / IG(, 8)|As > 0, (2.3)
t1
tm
M= / IG(.,5)|As > 0. (2.4)
tm—1

The proof of the above lemma is done using induction on n and Lemma
Let B denote the Banach space Clt1,t,,] with the norm ||y|| = max;efs, +,.1 [y(t)]-
Define the cone P C B by

] KnMn—l
P={yeB:yt)20, min y(t)>———Ilyl} (2.5)

[tmflytm] B Ln_l

where K, L, M are given in (2.2), (2.3)), (2.4)), respectively.

Note that (1.1]) is equivalent to the nonlinear integral equation

tm

y(t) = t Gn(t,s)f(s,y(s))As. (2.6)
We can define the operator A : P — B by
tm
Ay(t) = [ Gl (s, (5D s, (27)
t1

where y € P. Therefore, solving in P is equivalent to finding fixed points of
the operator A.

It is clear that AP C P and A : P — P is a completely continuous operator by
a standard application of the Arzela-Ascoli theorem.

Now we state the fixed point theorems which will be applied to prove main
theorems. We are now in a position to present the four functionals fixed point
theorem. Let ¢ and ¥ be nonnegative continuous concave functionals on the cone
P, and let  and 6 be nonnegative continuous convex functionals on the cone P.
Then for positive numbers 7, 7, 4 and R, define the sets

Qle.n,m, R) ={x € P:r < p(x),n(x) < R},
UV, 7)={z € Qe,n,m R): 7 < ¥(a)},
V(0,p) ={z e Qe R) : 0(x) < .
The following theorem can be found in [6].

Theorem 2.6 (Four Functionals Fixed Point Theorem). Suppose P is a cone in
a real Banach space E, ¢ and ¥ are nonnegative continuous concave functionals
on P, n and 6 are nonnegative continuous convex functionals on P, and there exist
nonnegative positive numbers v, 7, and R, such that A : Q(p,n,7,R) — P is a
completely continuous operator, and Q(p,n,7, R) is a bounded set. If

) {zeUW,7):n() <BRIN{zeV(@,u) :r<p)}#£0

(il) @(Az) > r, for all x € Q(p,n,r, R), with p(x) =71 and p < 0(Ax),

(ili) p(Az) >, for allx € V(0, ), with p(z) =7,
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(iv) n(Az) <R, for all x € Q(p,n,r, R), with n(x) = R and V(Az) < T,
(v) n(Az) <R, for allz € U(¥, 1), with n(xz) = R,
then A has a fized point x in Q(p,n,r, R).

Theorem 2.7 (Avery-Henderson Fixed Point Theorem [B]). Let P be a cone in a
real Banach space E. Set

P(¢,r) ={ue P:¢(u) <r}.

Assume there exist positive numbers r and M, nonnegative increasing continuous
functionalsn, ¢ on P, and a nonnegative continuous functional @ on P with 6(0) = 0
such that

p(u) < 0(u) <n(u) and |lu]| < Mp(u)
for all w € P(¢,r). Suppose that there exist positive numbers p < q < r such that
O(Au) < X0(u), for0<A<1andu € IP(0,q).

If A: P(¢,r) — P is a completely continuous operator satisfying
(i) ¢(Au) > r for all u € OP (¢, 1),
(il) 6(Au) < q for all u € OP(9,q),
(iii) P(n,p) # 0 and n(Au) > p for all uw € OP(n,p),
then A has at least two fixed points w1 and us such that

p < nluy) with O(ur) < q and q < 0(uz) with ¢p(uz) < 7.

Now, we will present the five functionals fixed point theorem. Let p,n,0 be
nonnegative continuous convex functionals on the cone P, and v, ¥ nonnegative
continuous concave functionals on the cone P. For nonnegative numbers h,a,b,d
and ¢, define the following convex sets:

P(p,c) ={xz € P:p(x) <c},
P(p,v,a,¢) ={z € P:a < v(x),¢(x)
Q(e,n,d,c) ={x € P:n(x) < d, ¢(z)

<
<

<c}h

<c}, (2.8)

b, (z) < c},
yplx) <

P(p,0,7,a,b,¢c) ={x € P:a<~(x),0(x) ,
d,o(x) < c}.

Q(o,n, Y, h,d,c)={x € P:h<U(z),n(x)
The following theorem can be found in [4].

Theorem 2.8 (Five Functionals Fixed Point Theorem). Let P be a cone in a real
Banach space E. Suppose that there exist nonnegative numbers ¢ and M, nonneg-
ative continuous concave functionals v and ¥ on P, and monnegative continuous
conver functionals ¢, n and 0 on P, with

v(x) < n(z),[lz]| < Me(z),Ve € P(p,c).

Suppose that A : P(p,c) — P(p,c) is a completely continuous and there exist
nonnegative numbers h,a, k,b, with 0 < a < b such that
(i) {z € P(p,0,7,b,k,c) : y(x) > b} # 0 and y(Azx) > b
forxz € P(p,0,v,b,k,c),
(ii) {z € Qp,n, ¥, h,a,c):n(x) <a} #0 and n(Azx) < a
forx € Q(p,n, ¥, h,a,c),
(iii) v(Az) > b, for x € P(p,7,b,c), with 0(Ax) > k,
(iv) n(Az) < a, for z € Q(p,n,a,c), with ¥(Azx) < h,
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then A has at least three fized points x1,x,x3 € P(p,c) such that
n(z1) <a, ~(x2) >b, nlxs) >a withy(xs) <b.

3. MAIN RESULTS

Now, we will give the sufficient conditions to have at least one positive solution
for (1.1). The four functionals fixed point theorem will be used to prove the next
theorem.

Theorem 3.1. Let a > 0 and 8 > 0. Suppose that there exist constants r, R, p, T
with 0 <r <7< pu< Rr= %M and R = #;1,1 If the function f
satisfies the following conditions:

(i) f(t.y) = gy for all (t,y) € [tm—1,tm] X [r, 1],

(i) f(t,y) < 7% for all (t,y) € [tr1,tm] x [0, R],
then (1.1)) has at least one positive solution y such that r < y(t) < R fort € [t1,tm].

Proof. Define the maps

=W = mi t
0 = m t),
(y) te[tm?{,tm]y( )
= t).
n(y) te%tliiin]y( )

Then ¢ and ¥ are nonnegative continuous concave functionals on P, and n and 6
are nonnegative continuous convex functionals on P. Since
= max t)| = <R
Ioll =, maxly(e)] = n(y) <
for all y € Q(p,n, 7, R), Q(p,n,r, R) is a bounded set. Note that the operator
A Q(p,m,r,R) — P is completely continuous by a standard application of the
Arzela-Ascoli theorem.
Now, we verify that the remaining conditions of Theorem ‘We obtain

‘If(g):uzﬂ n(g):u<R,
o N
05)=n ¢G)=n>r

Then, we have & € {y € U(V,7) : n(y) < R} N{y € V(0,u) : ©(y) > r}, which
means that (¢) in Theorem is fulfilled.

Now, we shall verify that condition (ii) of Theorem is satisfied. By Lemma
2.5 we obtain

tm

G(Ay) = Gn(tmvs)f(svy(s))As

t1

< / "G ) 1F (s u(s))As.

t1
Since 6(Ay) > p, we find that

[ GG uonas > 5 (3.1)

n—1"
t1 L
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Then, we obtain

tm

SD(Ay) = Gn(tmflv S)f(S, y(S))AS

ty

> K / " IG5, u(s)As > 1,

using Lemma and (3.1)).
Now, we shall show that condition (iii) of Theorem holds. Since ¢(y) = r

and y € V (0, 1), we find that r < y(t) < p for t € [ty—1,tm]. By Lemma [2.5 and
the hypothesis (i), we have

o(Ay) = / " Gt $)F(5,y(s))As

tm
> K”M"il/ NG, s)|If(s,y(s)As >r.

tm—1
Now, we shall verify that condition (iv) of Theorem is fulfilled. We get

tm

\II(Ay) = Gn(tmfl»s)f(svy(s))As

t1

> K / "G ) F (s, y(s)As

t1

using Lemma 2.5 Since ¥(Ay) < 7,

/ "IGC ) (s () As <

.
t KnpMn—1 !
Then, by Lemma and (3.2]) we obtain

n(Ay) = / " Gt 8) £ (5, u(s)) A

(3.2)

<2t [T IGGN s y(s)As < R

t1
Finally, we shall show that condition (v) of Theorem is satisfied. Since
n(y) = R, we find 0 < y(t) < R for ¢ € [t1,t,]. Using Lemma and the
hypothesis (i7), we have

n(Ay) = / " Gt )/ (5,9(5))As

ty

thl

<1t [ 160 s As < R
ty

Hence, by Theorem the (1.1)) has at least one positive solution y such that

r <y(t) < R for t € [t1,tm]. This completes the proof. O

Now we will use the Avery-Henderson fixed point theorem to prove the next
theorem.

Theorem 3.2. Assume a > 0, § > 0. Suppose there exist numbers 0 < p < q<r

such that the function f satisfies the following conditions:
-1

(1) f(t,y) > W fO?" (tvy) € [tm—l,tm] X [7", %]f
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n—1

(i) f(t,y) < 7% for (t,y) € [tr, tm] X [0, Zm=];
aon n n—1
(111) f(t7y) > Kn;l}\/[n fo']"t 6 [tmflvtm} X [KLJTE{I p7p}7
where K, L, M, are defined in (2.2), (2.3), (2.4), respectively. Then (1.1)) has at

least two positive solutions y1 and yo such that

p <, nax yi(t)  with e yi(t) <gq
max  yo(t) with  min  yo(t) < 7.
tE[tm—1,tm] tE€[tm—1,tm]
Proof. Define the cone P as in . From Lemma AP C P and A is completely
continuous. Let the nonnegative increasing continuous functionals ¢,6 and n be
defined on the cone P by

= i t 0(y) := t = t).
o(y) te[tff_l?,tm]y( ), 0(y) te[ff_afftm]y( ), n(y) teI[l;lfi,:{m}y( )
For each y € P, we have ¢(y) < 0(y) < n(y), and from (2.5)
Ln—l
< —_— .
lyll < KnMn,1¢(y)

Moreover, 6(0) = 0 and for all y € P, X € [0, 1] we obtain 8(\y) = \0(y).

We now verify that the remaining conditions of Theorem hold.
Claim 1: If y € 9OP(¢,r), then ng(Ay) > r : Since y € OP(¢,r) and |ly|]| <
#gﬁ(y), we have r < y(t) < W for t € [ty—1,tm]. Then, by hypothesis
(i) and Lemma [2.5| we find that

o(Ay) = / " Gtmr, ) [ (5,y(s))As

tm
> K [ 16 pl)As > v

tm—1
Claim 2: If y € 0P(0,q), then 8(Ay) < ¢ : Since y € IP(,q) and |ly|]] <
#(ﬂ(y), 0 <yt < #11 for t € [t1,tm]. Thus, using hypothesis (ii) and
Lemma [2.5] we obtain
t7n
0(Ay) = Gn(tm,s)f(s,y(s))As

t1
tm
<1t [T 160 us) s < 0
t1
Claim 3: P(n,p) # () and n(Ay) > p for all y € OP(n,p): Since § € P and p > 0,

5eP.p). lye 3P(77 p) and n(y) > LZ2L— ly||, we obtain %p <y(t) <
llyl| = p for t € [tm—1,tm]. Hence, by hypothesis (iii) and Lemma we have

n(Ay) = / " Gt 5)f (5 5(s))As

tm
> K / 1GC. )] £ (5. 5(s))As > p.

tm—1
Since the conditions of Theoremare satisfied, BVP (|1.1)) has at least two positive
solutions y; and ys such that

p< max yi(t) with max y1(t) <gq
t€[t1,tm] tE[tm—1,tm]
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max yo(t) with  min  yo(t) <7 O
tE€[tm—1,tm] tE[tm—1,tm]

Now, we will apply the five functionals fixed point theorem to investigate the
existence of at least three positive solutions for (|1.1)).

Theorem 3.3. Let o > 0 and 8 > 0. Suppose that there exist constants a, b, c with
0<a<b< % < ¢ such that the function f satisfies the following conditions:
(i) f(t,y) < g7 for (t,y) € [t1,tm] x [0,¢],
(i) £(t,y) > geiare for () € [tmor,tm] X b, s,
(il) f(t,y) < 7= for (t,y) € [t1,tn] % [0,a],
where K, L, M are as defined in , , , respectively. Then has at

least three positive solutions y1,ys and ys such that

max yi(t) <a < max ys(t),

tety,tm] tety,tm]
te[tgl,irll,tm] balt) <b< te[ti?j?,tm] ve(t).
Proof. Define the cone P as in and define these maps
YY) =0y) =  min - y(t),
0y) = ax, (),
oly) =nly) = max yt).

Then v and ¥ are nonnegative continuous concave functionals on P, and ¢, n and
f are nonnegative continuous convex functionals on P. Let P(p,c), P(p,7,a,c),

Q(p,n,d,c), P(p,0,7,a,b,c) and Q(p,n, ¥, h,d,c) be defined by (2.8)). It is clear
that

Y(y) <ny), Iyl =ely), Vye Pp,c).

If y € P(p,c), then we have y(t) € [0,c] for all ¢ € [t1,t,,]. By Lemma and
the hypothesis (i), we obtain

o(Ay) = / " Gt 5)f (5, 4(s))As

ty

tm
<1t [T 160 s As < e
t1
This proves that A : P(p,c) — P(p,c).
Now we verify that the remaining conditions of Theorem Let y; = b*% such

-1

that 0 < € < (% — 1)b Since
Y(y1) =b+e€ > b,
bLn—l
O(y1) =b+e < K1
bLn—l
@(yl):b‘f'Gl < W <C,

] .
y I 3’77 I ann[n 170 y .
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If y € P(p,0,7,b, KZ’WLA;;Il,c), then we have b < y(t) < % for all ¢t €
[tm—1,tm]. By using Lemma [2.5] and the hypothesis (i), we obtain

tm

v(Ay) = Gnltm-1,5)f(s,y(s))As

t1

> Ky / " IGC ) F (5, (s)As > b

tm—1

Thus, the condltlon (i) of Theorem [2.§ holds.

Let y» = %5 such that 0 < ez < (1 — Kzly”l )a. Since
n(y2) =a—e <a,
KnMn—l
V(y2) =a—e2 > a1 @

o(y2) =a—e <,
we find that

KnMn—l
{y € Q(@,'I’], \Ila Taﬂaac) : 77(9) < Cl} 7& (Z)

Ify e Q(go,n,\ll,%a,,a,c), then we obtain 0 < y(t) < a, for t € [t1,tm].
Hence,

n(Ay) = / " Gl ) (5 4(s))As

<! / 1G9 (s 5()As < a

by Lemma [2.5| and the hypothesis (iii). It follows that condition (ii) of Theorem
is fulfilled.
Now, we shall show that the condition (iii) of Theorem is satisfied. We have
tm

H(Ay) = Gn(tm,s)f(s,y(s))As

t1
tm
< / G0 8)]17(s.u(s)) A
ty
using Lemmau Since 0(Ay) > KnMn 1, we obtain
tm b
G(. As> —————.
GG e As >
Then, by Lemma and ([3.3) we find that

tm

,Y(Ay) = Gn(tmfh S)f(S, y(S))AS

ty

> K- / " 1G9 (5. u(s) As > b

t1

(3.3)

Finally, we shall verify that the condition (iv) of Theorem holds. By Lemma
2.5 we obtain

tm

U(Ay) = Gultm—1,5)f(s,y(s))As

t1



EJDE-2013/45 EXISTENCE OF POSITIVE SOLUTIONS 11

> KM [ G A

t1

Since ¥(Ay) < %a, we have

t’”l a
|G ) As < i (3.4)
Then, we find that

tm

N(Ay) = [ Gultm.s)f(s,y(s)As

SLWJ/MW%JNﬂ&MWAS<w

t1
using Lemma and ((3.4)).
Since the conditions of Theorem are satisfied, ([1.1)) has at least three positive

solutions y1, y2,ys € P(y,c) such that

max t) <a< max t),
te[t1,tm) yl( ) tE[t1,tm] y3( )

min t)y<b< min t).
te[tm_l,tm]y?’< ) S — b2()

This completes the proof. ([
Example 3.4. Let T = {(1/5)" : n € N} U {0} U[3,5]. We consider the boundary
value problem

2013y2 1

_yA4(t) = 77 1 2013’ te [5,5] cT
A6 =0, Ju(p) - 25 () =143 A, (35)
) =0, ) -2 () =B+ ()

If we take r = 84500, 7 = 187083, u = 633177.9584 and R = 1401856, then
all the conditions in Theorem are satisfied. Thus, BVP (3.5 has at least one
positive solution y such that 84500 < y(t) < 1401856 for ¢ € [z, 5].

If we take p =2 x 1072, ¢ = 26 x 1075 and r = 24 x 1073, then all the conditions
in Theorem are fulfilled. Hence, BVP has at least two positive solutions
y1 and yo satisfying

2x107° < max y;(t) with max y;(t) < 26 x 107°

te[l,5] t€[4,5]
26 x 107% < t ith mi t) < 24 x 1073,
e ya(t) wi in, ya(t)

If we take @ = 15.107%, b = 1 and ¢ = 1320000, then all the conditions in
Theorem hold. Therefore, BVP (3.5)) has at least three positive solutions y1, yo
and y3 such that

max y;(t) < 15 x 107* < max y3(t),
te[t,5] te(z,5]

i t) <1< mi t).
in, y3(t) in, ya(t)
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