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OSCILLATION OF FIXED POINTS OF SOLUTIONS TO
COMPLEX LINEAR DIFFERENTIAL EQUATIONS

ABDALLAH EL FARISSI, MAAMAR BENBACHIR

ABSTRACT. In this article, we study the relationship between the derivatives
of the solutions to the differential equation f*) + A, 1 fF=D 4... 4 Agf =0
and entire functions of finite order.

1. INTRODUCTION AND STATEMENT OF RESULTS

Throughout this article, we assume that the reader is familiar with the funda-
mental results and the standard notations of the Nevanlinna’s value distribution
theory [13, 12]. In addition, we will use A(f) and A(1/f) to denote respectively
the exponents of convergence of the zero-sequence and the pole-sequence of a mero-
morphic function f, p(f) to denote the order of growth of f, A(f) and A(1/f) to
denote respectively the exponents of convergence of the sequence of distinct zeros
and distinct poles of f. A meromorphic function ¢(z) is called a small function of
a meromorphic function f(z) if T(r,¢) = o(T(r, f)) as r — 400, where T'(r, f) is
the Nevanlinna characteristic function of f. In order to express the rate of growth
of meromorphic solutions of infinite order, we recall the following definitions.

Definition 1.1 ([I1],[I3]). Let f be a meromorphic function and let 21, 22, ... such
that (|z;] =7, 0 <71 <rg <...) be the sequence of the fixed points of f, each
point being repeated only once. The exponent of convergence of the sequence of
distinct fixed points of f is defined by

7(f) = mf{T >0: fw* < +oo}.

Jj=1

Clearly,

log N (r, =—
7(f) = limsup M
r— 00 logr

(1.1)

where N (r, 7 L) is the counting function of distinct fixed points of f(z) in {|z| < 7}.

—Zz
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Definition 1.2 ([4[6,[12]). Let f be a meromorphic function. Then the hyper-order
pa(f) of f(2) is defined by

() = timsup BT )

. 1.2
r—-+00 log T ( )

Definition 1.3 ([4,[6]). Let f be a meromorphic function. Then the hyper exponent
of convergence of the sequence of distinct zeros of f(z) is defined by

log log N (r, %)

A2(f) = lirgigg ogr (1.3)
where N (r, %) is the counting function of distinct zeros of f(z) in {|z] < r}.
For k > 2, we consider the linear differential equation
f® 4 Af=0 (1.4)

where A(z) is a transcendental meromorphic function of finite order p(A) = p > 0.
Many important results have been obtained on the fixed points of general transcen-
dental meromorphic functions for almost four decades (see [15]). However, there are
a few studies on the fixed points of solutions of differential equations. In [I3], Wang
and Li investigated the fixed points and hyper-order of solutions of second order
linear differential equations with meromorphic coefficients and their derivatives,
they obtained the following result.

Theorem 1.4 ([13]). Suppose that A(z) is a transcendental meromorphic function

satisfying §(co, A) = liminf, | Zf((:ﬁ)) =96>0, p(A) = p < +oo. Then every

meromorphic solution f Z 0 of the equation

"+ ARz)f =0, (1.5)

satisfies that f, f', f" all have infinitely many fized points and
T(f) =7(f") =7(f") = p(f) = +o0, (1.6)
To(f) = T2(f") = T2(f") = p2(f) = p. (L.7)

The above theorem has been generalized to higher order differential equations
by Liu Ming-Sheng and Zhang Xiao-Mei as follows.

Theorem 1.5 ([I1]). Suppose that k > 2 and A(z) is a transcendental meromorphic
function satisfying

e em(r,A)
6(OO’A)_ITH—>D-E£ T A) =4>0,

and p(A) = p < +oo. Then every meromorphic solution f #Z 0 of (1.4)) satisfies
that f and f', f",..., f®) all have infinitely many fized points and

) =7() =7(f") = =7(I¥) = p(f) = +00, (1.8)
7o) = To(f ) = Ta(f") = - = To(f®) = pa(f) = p. (1.9)

In [2], El Farissi and Belaidi extended the result of Theorem and gave the
following theorem.
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Theorem 1.6. Suppose that k > 2 and A(z) is a transcendental meromorphic

function satisfying 6(co, A) = liminf, | 7;((;:)) =6>0,and 0 < p(A) =p <

+oo. If ¢ £ 0 is a meromorphic function with finite order p(¢) < 400, then every
meromorphic solution f £ 0 of (1.4) satisfies

Mf—@) =A(f' — @) == AMfM — ) = p(f) = +00, (1.10)
X(f—@)=X(f —p) = =X(f® —p) = pa(f) = p. (1.11)

2. OUR CONTRIBUTION

The main purpose of this article is to study the relationship between the deriva-
tives of the solutions to the differential equation

FO 4+ Ay fE D 4 Agf =0, k>2, (2.1)
and entire functions of finite order, where A; are entire functions of finite order.

We prove the following result.

Theorem 2.1. Let k > 2 and A; be entire functions of finite order such that
max{p(A4;),j =1,....,k =1} < p(Ao) < +00. If ¢ # 0 is an entire function with
finite order, p(p) < 400, then every solution f % 0 of (2.1) satisfies

AP = 0) = AP —p) = p(f) = +o0, i€N (22)
and
Xa(fD =) = Ao (f@ = @) = pa(f) = p(Ag) = p, i €N. (2:3)
For ¢(z) = z in Theorem 2.1, we obtain the following result.

Corollary 2.2. Let k > 2 and A; be entire functions of finite order such that
max{p(A4;),j =1,...,k —1} < p(Ag) < +oo. Then every solution f # 0 of (2.1),
its derivatives f (i € N) have infinitely many fized points and

() =1(fD) = p(f) = +o0, i€N, (2.4)
To(f) = m(f) = p2(f) = p(Ao) = p, i€N. (2.5)

Corollary 2.3. Suppose that k > 2 and A(z) is a transcendental entire function
such that 0 < p(A) = p < +oo. If ¢ £ 0 is an entire function with finite order,

p(p) < oo, then every solution f £ 0 of (1.4) satisfies (2.2) and (2.3)).

3. AUXILIARY LEMMAS

The following lemmas will be used in the proof of Theorem

Lemma 3.1 ([6]). Let f be a transcendental meromorphic function of finite order
p, let T = {(k1,71), (k2,72)s -, (km,Jm)} denote a finite set of distinct pairs of
integers that satisfy k; > j; > 0 fori=1,...,m and let € > 0 be a given constant.
Then the following estimations hold:

(i) There exists a set Ex C [0,2m) that has linear measure zero, such that if
¥ € [0,27) — Eq, then there is a constant R1 = Rq(v) > 1 such that for all z
satisfying arg z = ¢ and |z| = Ry and for all (k,j) € T, we have

(k) ,
et R el .1
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(ii) There exists a set Es C (1,00) that has finite logarithmic measure lm(Eg) =
+oo XEz( )

1 dt, where x, is the characteristic function of Ea, such that for all z
satisfymg |z] ¢ E2 U0, 1] and for all (k,j) € T', we have

M) (k—5)(p—1+2)

o) < . (3.2

To avoid some problems caused by the exceptional set we recall the following
Lemmas.

Lemma 3.2 ([1, p. 68]). Let g : [0,+00) — R and h : [0,+00) — R be monotone
non-decreasing functions such that g( ) < h(r) outside of an exceptional set E of
finite linear measure. Then for any o > 1, there exists 1o > 0 such that g(r) <
h(ar) for allr > 1g.

Lemma 3.3 ([4]). Let Ao, A1,..., Ak—1, F £ 0 be finite order meromorphic
functions. If f is a meromorphic solution with p(f) = +o0o of the equation
PO+ Apa fD 4t A f o+ Aof = F (3.3)

then X(f) = A(f) = p(f) = +o0.

Lemma 3.4 ([2]). Let Ao, A1,...,Ar—1,F # 0 be finite order meromorphic func-
tions. If f is a meromorphic solution of the (3.3) with p(f) = +oo and p2(f) = p,
then f satisfies A2(f) = A2(f) = p2(f) = p.

Lemma 3.5 ([5]). Let A; be entire functions of finite order such that
max{p(A4;),j=1,...,k—1} < p(Ag) = p < +o0,
then every solution f £ 0, of (2.1), satisfies p2(f) = p.

Let A; ( =0,1,...,k—1) be entire functions. We define a sequences of functions
as follows:

AVY=4; j=01,...,k—1

) ) Aifl /
k-1 = A;cill - <A2—1> i €N
L (3.4)
) ] \Ilifl /
Al = Al A;+11( Jl“l) j=0,1,...,k—2;i €N,
v
i—1
where \If;+11 = 2?1-

Lemma 3.6. Let A; be entire functions of finite order such that
B =max{p(4;),j=1,...,k—1} < p(Ay) = o < +o0.

Then (1) There exists a set E; C (1,00) that has finite logarithmic measure such
that for all z satisfying |z| ¢ E; U [0, 1], we have

45| < My exp{yir®}, forj=1,....k—1,

where M;, ;,y; are positive real numbers.
(2) There exists a set E; C (1,00) that has finite logarithmic measure such that
for all z satisfying |z| ¢ E; U [0, 1], we have

|AS — Ag| < Myt exp{niP}  fori €N,
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where M;, ;,y; are positive numbers
(3) For alli € N, A} # 0.

Proof. We use the induction on i: If i = 1, then by (3.4)), we have

(90, (99,,)
451 = 147+ A g < LA AT (35)

By Lemmal[3.1](ii), there exists a set E1 C (1, 00) that has finite logarithmic measure
such that for all z satisfying |z| ¢ E4 U [0, 1], we have

\IJO l
|(‘I,J0+1) | <ty (3.6)
J+1
1A < exp{yr?}, j=0,... k-2 (3.7)
IAJHI exp{yr’}, j=0,... k-2 (3.8)
Combining (3.5)), (3.6 7 and @ yields
|A | < Myrt exp{yr°}. (3.9)

Then (1) is true for ¢ = 1.
Now suppose that the assertion (1) is true for the values which are strictly smaller
than a certain . Let

\Iji_l)’ (\Ili—l)/

i i—1 ( +1 i—1 +1

|A |_ ‘A +AJ+1 \Ijjz 1 ’ |A |+ |AJ+1 \I}JZ 1 ‘ (310)
J+1 Jj+1

By the induction hypothesis, there exists a set F;_1 C (1,00) that has finite loga-
rithmic measure such that for all z satisfying |z| ¢ F;_1 U [0, 1] we have

AT < Mo explyimar?), (k=45 +1) (3.11)

and by Lemma [3.1] there exist a set E! ; C (1,00) that has finite logarithmic
measure such that for all z satisfying |z| ¢ E!_,UJ0,1] and we have

(i)

Rttt
v

Hence, thanks to (3.10),(3.11) and (3.12)), there exist a set E; = E;_1 UE,_, C
(1,00) that has finite logarithmic measure such that for all z satisfying |z| ¢ E; U
[0,1] and we have

| <ttt (3.12)

|AL| < Myrt exp{yir”}. (3.13)
Where M;, p;,y; are positive numbers; the proof of part (1) is complete.
(2) We use the same arguments as before. For ¢ = 1 by (3.4) we have

\IIO 0/
148 - ol = |43+ a2 CG - o] = 14 G

Using Lemma (i), we can state that there exists a set By C (1,00) that has
finite logarithmic measure such that for all z satisfying z| ¢ F; U0, 1] and we have
| (w9)

wy

|A9| < exp{mr’}. (3.15)

<, (3.14)



6 A. EL FARISSI, M. BENBACHIR EJDE-2013/41

From these two inequalities, we find that
|AS — Ag| < Myr# exp{y1r°}. (3.16)

Consequently (2) is true for ¢ = 1. Now suppose that the assertion is true for the
values which are strictly smaller than a certain ¢, then using (3.4)) we obtain

‘I,i—l/ . . \Ili—ll
M) ol <14yt = o] 44 &)

|Af — Ao| = |AGH + AT A |
it it

(3.17)
By induction hypothesis, there exists a set E;_; C (1, 00) that has finite logarithmic
measure such that for all z satisfying |z| ¢ F;_1 U [0, 1] and we have

|A6_1 — A0| g Mi_l’l"#i71 exp{'yi_lrﬁ}. (318)

Using Lemma we deduce that there exist a set E/_; C (1,00) that has finite
logarithmic measure such that for all z satisfying |z| ¢ E/_, U [0,1] and we can
write

\I,i—l !/
\7( \1;11'71) | <t (3.19)
1

Using assertion (1), we obtain
|A§;1| < M_qrti—t eXp{'yi,lrﬁ}. (3.20)
By (3.17), (3.18), (3.19) and ([3.20) there exists a set E; = E;—1 UE!_; C (1,00)
that has finite logarithmic measure such that for all z satisfying |z| ¢ E; U [0, 1] we

have

|AL — Ao| < Myt exp{yir”}, (3.21)

where M;, 11;,7; are positive real numbers. The proof of part (2) is complete.

Now we prove part (3) Suppose that there exists iy € N, such that. Ay = 0,
this implies that —Ay = A — Ag. By (2), there exists a set E;, C (1,00) that has
finite logarithmic measure such that for all z satisfying |z| ¢ F;, U [0, 1], we have

|[Ao| = |AY — Ao| < Myyr'io exp{iyr”}
which contradicts p(Ag) > 5. O

Lemma 3.7. Let A; be entire functions of finite order such that max{p(4;),j =
1,...,k=1} = 8 < p(Ap) = a < +00. Then every non trivial meromorphic solution
of the equation

g® AL g 4 Alg =0, k>2 (3.22)
has infinite order, where A;-, j=0,1,...,k —1 are defined as in (3.4)).

Proof. Assume that (3.22) has a meromorphic solution g with p(g) < oco. We
rewrite (3.22)) as

g(k_l)

4+ AL —Ag=—A, k>2. (3.23)
By Lemma[3.1] (ii), there exists a set E C (1,00) of finite logarithmic measure such
that for all z, |z| ¢ E U [0, 1], we have

g ‘
|[=—|<rY j=kk-1,... 1L (3.24)
g
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On the other hand, Lemma (1) implies that there exists a set F; C (1,00) of
finite logarithmic measure such that for all z, |z| ¢ E; U [0, 1], we have

| A% < Mir# exp{yir”}. (3.25)

And by (2) there exists a set E C (1,00) of finite logarithmic measure such
that for all z, |z| ¢ E! U0, 1], we have

|AS — Ag| < MyrH exp{~irP}. (3.26)

By (3.23)), (3.24)), (3.25)), and (3.26), we can find a set E' := E'U E} U E/ of finite
logarithmic measure such that for all z, |z| ¢ E/ U [0, 1], we have

(k=1)

g(k) i g i
|A0|<|7|+\Ak_1|\ |+ + [Ap — Aol

<7+ Myt exp{yir®}r® + Myt exp{yr? r®
< Mr# exp{yrP}re,
where M, i,y are positive real numbers. This leads to a contradiction with g <

p(Ap), hence p(g) = oc. O

Lemma 3.8. Let A; (j = 0,1,...,k — 1) be entire functions. If f is a solution
of an equation of the form [R.1) then g; = f) (i € N) is an entire solution of the
equation

o+ A gV e+ Afgi =0, (3.27)
where A;, j=0,1,...,k—1 are defined in .

Proof. Assume that f is a solution of (2.1)) and let g; := f@ (i € N). We shall

prove that g; is an entire solution of (3.27). To do this, we use induction. For i = 1,
differentiating both sides of (2.1)), we write

FED L A O (AL + A o) fETD o (AL Ag) f + ALf =0,

Taking
(f®) 4 Ay fE=D 4o A

f = - AO y
we obtain
A/
f(k+1)+(Ak—1*AfO)f(k)+( 1+ Ao — Ak 1 )f(k 1
0
I
+o (A 4+ Ao - AIA )f =0
0
that is,

k k—1 k—2
g + AL 10"V + A agl Y+ Al =
Hence (3.27)) is true for i = 1.

Now suppose that (3.27) is true for the values which are strictly smaller than a
certain 7. If g;_1 is a solution of the equation
k—2 i—
g+ AT g+ AL A g =0, (3.28)
then by differentiation both sides of -, we obtain
k+1) i1 (k i k—1
( + + Ag 1191( )1+((Ak )+ AD 2)91( 1 T+

((Al1 1) +A6 l)gi—l +Aogi71 =0.
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Taking
k i— k— i— k—
Gi—1= (9 k—119§—1 Y4 Ak—1291(—12) 4 Algi-1)')
i—1 — — i—1 )
Ap
we obtain
i—1\s i—1y\s
k1 o1 (Ag )" i i i—1 (A9 )Y 1
91(_1 )+ (Ak711 - ﬁ)gﬂ + ((Akj)/ + A, - Akfllﬁ)gz(—l )
0 0
) ) ) Aifl /
+ot ((Alfl)/ + A(Zfl - Alf1 (A2—1) )9271 =0;
0
that is,
g+ AT g Y + ALY 4 AT g =0,
Lemma [3.8]is thus proved. O

3.1. Proof of Theorem Assume that f is a solution of (2.1). By Lemma

we have pa(f) = p(Ap). Using Lemma we can state that g; := f¥) (i € N)
is a solution of ([3.27). Let w(2) := g;(2) — ¢(2); ¢ is an entire finite order function.
Then p(w) = p(g:) = p(f) = oo and pa(w) = p2(g:) = p2(f) = p(Ao).

To prove A(gi — @) = A(gi — ¢) = o0 and Xa(gi — ) = Xa(gi — 9) = p(Ao),
we need to prove only that A(w) = oo and Ao(w) = p(Ap). Using the fact that
g; = w+ ¢, and by Lemma [3.8] we can write

w® 4+ AL wkD o Al = — (@““) + AL o* Dy Aécp) = F. (3.29)

By p(¢) < oo and Lemma we obtain F' # 0 and p(F) < co. By Lemma
AMw) = Mw) = p(w) = oo and Aa(w) = A2(w) = pa(w) = p(Ap). The proof of
Theorem [2.1]is complete.
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