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SOLUTIONS IN SEVERAL TYPES OF PERIODICITY FOR
PARTIAL NEUTRAL INTEGRO-DIFFERENTIAL EQUATION

JOSE PAULO C. DOS SANTOS, SANDRO M. GUZZO

ABSTRACT. In this article we study the existence of mild solutions in sev-
eral types of periodicity for partial neutral integro-differential equations with
unbounded delays.

1. INTRODUCTION

In this article we study the existence of several types of mild solutions for the
partial neutral integro-differential equation

%(x(t) + f(t,xzy)) = Ax(t) + /0 B(t — s)x(s)ds + g(t, zy), (1.1)
o =p €DB, (1.2)

where A: D(A) C X — X and B(t) : D(B(t)) C X — X, t > 0, are closed linear
operators; (X, ||-||) is a Banach space; the history x; : (=00, 0] — X, 4(0) = x(t+0),
belongs to an abstract phase space B defined axiomatically, and f,g: I x B — X
are appropriated functions.

The literature relative to ordinary neutral differential equations is very extensive,
thus we suggest the Hale and Lunel book [20] concerning this matter. Referring
to partial neutral functional differential equations, we cite the pioneer articles Hale
[19] and Wu [37, 38, BI] for finite delay equations, Herndndez and Henriquez [28|
29], Hernandez [25] for the unbounded delay, Herndndez and dos Santos [27] and
Henriquez et al. [2I 24] and Dos Santos et al. [14] 16l I5] for partial neutral
integro-differential equations with unbounded delay.

The existence of almost automorphic, asymptotically almost automorphic, al-
most periodic, asymptotically almost periodic, S-asymptotically w-periodic and
asymptotically w-periodic solutions to differential equations is among the most
attractive topics in mathematical analysis due to their possible applications in
areas such as physics, economics, mathematical biology, engineering, etc. (cf.
[, 2, 3, @ 5,80, 11, 12, 13, 16, 17, 23, 26, 33| [34, 41, 42, 43]). The concept,
of asymptotically almost automorphic, was introduced in the literature in the early
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eighties by N’Guérékata [32]. However, the literature concerning S-asymptotically
w-periodic functions with values in Banach spaces is recent (cf [4 @, [7, 22] 23]).
The existence of asymptotically almost automorpic, S-asymptotically w-periodic
functions and asymptotically w-periodic for the partial neutral system -
is an untreated topic in the literature and this fact is the main motivation of the
present work.

This paper is organized in four sections. In Section [2] we mention a few results
and notations related with resolvent of operators and of several types of periodicity.
In Section [3| we study the existence of several types of periodicity mild solutions
to the partial neutral system —. In Section 4, we discuss the existence
and uniqueness of several types of periodicity solution to a concrete partial neutral
integro-differential equation with delay, as an illustration to our abstract results.

2. PRELIMINARIES

Let (Z,]]-]|z) and (W, ||-|lw) be Banach spaces. We denote by £(Z, W) the space
of bounded linear operators from Z into W endowed with norm of operators, and
we write simply £(Z) when Z = W. By R(Q) we denote the range of a map @ and
for a closed linear operator P : D(P) C Z — W, the notation [D(P)] represents the
domain of P endowed with the graph norm, ||z||1 = ||z||z + [|[Pz|lw, z € D(P). In
the case Z = W, the notation p(P) stands for the resolvent set of P, and R(\, P) =
(M — P)~! is the resolvent operator of P. Furthermore, for appropriate functions
K :[0,00) — Z and S : [0,00) — L£(Z, W), the notation K denotes the Laplace
transform of K, and S * K the convolution between S and K, which is defined by
S*xK(t) = f(f S(t—s)K(s)ds. The notation, B, (x, Z) stands for the closed ball with
center at  and radius r > 0 in Z. As usual, Cy([0, 00), Z) represents the sub-space
of C4(]0, 00), Z) formed by the functions which vanish at infinity and C,, ([0, 00), X)
denote the spaces C,([0,00),X) = {z € Cp([0,00),X) : z is w-periodic }. If k :
R — W, we denote ||k|lw,co = sup,eg [|k(s)||w or if k : [0,00) — W, we denote
llwioo = SUP,cio sy I16(5) -

In this work we will employ an axiomatic definition of the phase space B similar
at those in [30]. More precisely, B will denote a vector space of functions defined
from (—o00,0] into X endowed with a semi-norm denoted by | - ||z and such that
the following axioms hold:

(Al) If z : (—o0,0 +b) — X with b > 0 is continuous on [o,0 + b) and z, € B,

then for each t € [0, 0 + b) the following conditions hold:
(i) x4 isin B,

(i) 2Ol < Hllaills,
(i) [Jz:lls < K(t — o) sup{[|z(s)]| : 0 < s <t} + M(t — o)|[z5]|5,
where H > 0 is a constant, and K, M : [0,00) — [1,00) are functions such
that K(-) and M (-) are respectively continuous and locally bounded, and
H, K, M are independent of z(-).

(A2) If z(-) is a function as in (Al), then z; is a B-valued continuous function
on [o,0 +b).

(B1) The space B is complete.

(C1) If (¢™)nen is a sequence in Cp((—00,0], X) formed by functions with com-
pact support such that ¢™ — ¢ uniformly on compact, then ¢ € B and
le™ —¢llp — 0 as n — oo.
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Definition 2.1. Let S(¢) : B — B be the Cy-semigroup defined by S(¢)p(8) = ¢(0)
on [—t,0] and S(t)¢(0) = p(t+0) on (—oo, —t]. The phase space B is called a fading
memory if ||S(¢t)¢||g — 0 as t — oo for each ¢ € B with ¢(0) = 0.

Remark 2.2. In this work we assume there exists positive K such that
max{K(t),M(t)} < K

for each ¢ > 0. Observe that this condition is verified, for example, if B is a fading
memory, see [30, Proposition 7.1.5].

Example 2.3. The phase space C, x LP(p,X). Let r > 0, 1 < p < oo and
let p : (—o00,—7] — R be a nonnegative measurable function which satisfies the
conditions (g-5), (g-6) in the terminology of [30]. Briefly, this means that p is
locally integrable and there exists a non-negative, locally bounded function + on
(—00, 0] such that p(§ +0) < y(€)p(8), for all £ <0 and 6 € (—oo, —r) \ N¢, where
N¢ C (—o0,—r) is a set with Lebesgue measure zero. The space C, x LP(p, X)
consists of all classes of functions ¢ : (—00,0] — X such that ¢ is continuous on
[—r, 0], Lebesgue-measurable, and p||¢||? is Lebesgue integrable on (—oo, —r). The
seminorm in C,. x LP(p, X) is defined by

Il := sup{llp(6) | : —r < 0 < 0} + ( /

—00

-

o®)lo(6)7a0) """

The space B = C, x LP(p; X ) satisfies axioms (A1), (A2), (B1). Moreover, when r =
0 and p = 2, we can take H = 1, M(t) = v(—t)*/? and K(t) =1 + (ff’t p(0)do) /2,
for ¢ > 0 and
0
R= (sup Iv(s)Y/?] + (1 + (/ p(9)d0)1/2)).
s<0 —00
See [30, Theorem 1.3.8] for details.

For better comprehension of the subject we shall introduce the following defini-
tions, hypothesis and results. Throughout the rest of the paper we always assume
that the abstract integro-differential problem

di@i” = Au(t) + / Bt - 9)a(s)ds, @1)
0
H0) =1 € X. (2.2)

Definition 2.4. A one-parameter family of bounded linear operators (R(t)):>0
on X is called a resolvent operator of (2.1)-(2.2) if the following conditions are
satisifed.

(a) Function R(:) : [0,00) — L(X) is strongly continuous and R(0)z = z for

all x € X.
(b) For z € D(A), R(-)x € C([0,),[D(A)]) N C(]0,00), X), and
de(tt)”” — AR(D)x + /O B(t — s)R(s)ads, (2.3)
dR;f)x ~ R(t) Az + /O R(t — 5)B(s)ads, (2.4)

for every t > 0,
(c) There exists constants M > 0,4 such that |R(t)|| < Me’t for every ¢ > 0.
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Definition 2.5. A resolvent operator (R(t));>0 of (2.1)-(2.2) is called exponen-
tially stable if there exists positive constants M, 3 such that [|R(t)| < Me Pt

In this work we assume that the following conditions are satisfied:

(H1) Operator A : D(A) C X — X is the infinitesimal generator of an analytic
semigroup (T'(t))i>0 on X, and there are constants My > 0,w € R and
¥ € (m/2,7) such that p(A) D A,y ={A € C: X #w, |arg(A —w)| < I}
and RO\, A)|| < % for all A € Auy.

(H2) Forallt >0, B(t): D(B(t)) € X — X is a closed linear operator, D(A) C
D(B(t)) and B(-)x is strongly measurable on (0,00) for each € D(A).
There exists b(-) € L([0,00)) such that 3()\) exists for Re(A) > 0 and
| B(t)z|| < b(t)||z|l1 for all ¢ > 0 and = € D(A). Moreover, the operator
valued function B : Ay 2 — L([D(A)],X) has an analytical extension
(still denoted by B) to A,y such that [BA)z| < [|BO)| [lz]l for all
x € D(A), and [|[BOV)]| = O(7) as [A| — oc.

(H3) There exists a subspace D C D(A) dense in [D(A)] and positive constants
Ci, i = 1,2, such that A(D) C D(A), BO\)(D) C D(A), |[AB(\)z| <
Ci||z|| for every z € D and all A € A, .

For r >0, 0 € (§,9) and w € R, set

Apo={AeC: AFw, |\ >r |arg(A —w)| < 0},
and w + 1"};79, i =1,2,3, the paths
erF}ﬂﬂ ={w+te?  t>r},
w—i—I‘f’(, ={w+re®: -0 <E<0},
w+T2,={w +te 0t >,
with w 4T = Ule w + T}, 4 oriented counterclockwise. In addition, ¥(G) is the
! U(G)={reC:G\) =M —A—-B\) ' eL(X)}
The next results establish that the operator family (R(t));>o defined by
R(E) = {2; Joir, , EGNAA, t>0, 25)
I, t=0.
is an exponentially stable resolvent operator for —.

Theorem 2.6 ([16, Corollary 3.1]). Suppose that conditions (H1)—(H3) are sat-
isfied. Then, the function R(:) is a resolvent operator for system (2.1)-(2.2)). If

w+r <0, the function R(+) is an exponentially stable resolvent operator for system
&1)-E2).

In the next result we denote by (—A)? the fractional power of the operator (—A),
(see [35] for details).

Theorem 2.7 ([16, Corollary 3.2]). Suppose that conditions (H1)—(H3) are satis-
fied. Then there exists a positive number C such that

(r4w)t > 1
||<—A>ﬂ7e<t>||s{ce o

= 2.6
Celr =0 1€ (0,1), (2:6)
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for all¥ € (0,1). Ifw+7r <0 and 9 € (0,1), then there exists ¢ € L'([0,00)) such
that

I(=A)’R@)I| < ¢(t). (2.7)
In the remaining of this section we discuss the existence of solutions to
t
d”;ff) — Az(t) + / B(t — s)x(s) ds + f(t), te]0,a], (2.8)
0
z(0) =z € X, (2.9)

where f € L'([0,a], X). In the sequel, R(:) is the operator function defined by
(2.5). We begin by introducing the following concept of classical solution.

Definition 2.8. A function z : [0,b] — X, 0 < b < a, is called a classical solution

of (2.8)-([2.9) on [0,b] if z € C([0,b],[D(A)]) N C*((0,b],X), the condition (2.9)
holds and the equation (2.8)) is satisfied on [0, a.

Theorem 2.9 ([I8, Theorem 2]). Let z € X. Assume that f € C([0,a], X) and
x(+) is a classical solution of (2.8)-(2.9) on [0,a]. Then

x(t):R(t)z—i—/O R(t—s)f(s)ds, tel0,al. (2.10)

Motivated by (2.10)), we introduce the following concept.
Definition 2.10. A function u € C([0,a], X) is called a mild solution of (2.8)-(2.9)
if
t
u(t) = R(t) + / R(t—s)f(s)ds, € ]0,al.
0

To establish our existence result, motivated by the previous facts, we introduce
the following assumptions.
(P1) There exists a Banach space (Y| - ||y) continuously included in X such
that the following conditions are verified.
(a) For every t € (0,00), R(t) € LIX)NL(Y,[D(A)]) and B(t) € L(Y, X).
In addition, AR(-)z, B(-)z € C((0,00), X) for every x € Y.
(b) There are positive constants M, 3 such that
IR(s)|| < Me™P%, s>0.

(¢) There exists ¢ € L'([0,00)) such that [[AR(t)| (v, x) < ¢(t), t > 0.
(PF) f:R x B —Y is a continuous function and there exists a continuous non
decreasing function Ly : [0, 00) — [0, 00), such that

It 401) = f(t2)lly < Lp(r)llvn = olls,  (t45) € R x Br(0,B).

(PG) ¢g:R x B — X is a continuous function and there exists a continuous and
non decreasing function Ly : [0, 00) — [0, 00) such that

lg(t, 1) — g(t, ¥a)l| < Lg(r)lvr — alls, (¢, %5) € R x B,(0, B).

(P2)
M
Eg}g [é — Ly(28r)rp — ?Lg@ﬁr)r}

1 M
> —(Mllells + M| f(0,0) + sup [[f(t,0)]lyp+— sup [g(t 0)]),
2R t€[0,00) B te[0,00)
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where p = ([lic|lev.x) + 9]l + F[1bllL2)-
Motivated by the theory of resolvent operator, we introduce the following concept

of mild solution for (|1.1))-(1.2).

Definition 2.11. A function u : (—00,b] — X, 0 < b < aq, is called a mild
solution of (L.1)-(1.2) on [0,0], if ug = ¢ € B; uljoy € C([0,b] : X); the functions
T ARt — 7)f(T,u,) and T — fOT B(1 — &) f(&, ug)d§ are integrable on [0,t) for
every t € (0,b] and

u(t) = R(1)((0) + F(0,0)) — F(t,u) — / AR(t — ) f (5, 1,)ds

—K;R@—SXAlﬂs—@f@mgﬂﬁs+l;RU—SM@J@M& te 0]

Now, we need to introduce some concepts, definitions and technicalities on
asymptotically almost periodical functions, S-asymptotically w-periodic, asymp-
totically w-periodic asymptotically and almost automorphic functions.

Definition 2.12. A function f € C(R,Z) is almost periodic (a.p.) if for every
€ > 0 there exists a relatively dense subset of R, denoted by H(e, f, Z), such that

[ft+8&) —ft)z<e, teR,&eH(ef 2Z).

Definition 2.13. A function f € C([0,00),Z) is asymptotically almost periodic
(a.a.p.) if there exists an almost periodic function g(-) and w € Cy([0,0), Z) such

that f(-) = g(-) +w(").
In this paper, AP(Z) and AAP(Z) are the spaces
AP(Z)={feCR,Z): fisap. },
AAP(Z)={f € C([0,),Z) : f is a.a.p. },
endowed with the norm of the uniform convergence. We know from the result in
[40] that AP(Z) and AAP(Z) are Banach spaces.
Definition 2.14. A function u € Cy([0, ), X) is said S-asymptotically w-periodic
if
Jim (ult + ) — () = 0.

In the rest of this paper, the notation SAP,,(X) stands for the space
SAP,(X)={f € Cp(R, X) : f is S-asymptotically w-periodic },

endowed with the norm of the uniform convergence. It is clear that SAP,(X) is a
Banach space.

Definition 2.15. A continuous function f : [0,00) X Z — W is said uniformly
S-asymptotically w-periodic on bounded sets if f(-,z) is bounded for each = € Z,
and for every e > 0 and for all bounded set K C Z, there exists L(K,e) > 0 such
that || f(t,z) — f(t +w,z)|lw < € for every t > L(K,¢) and all x € K.

Definition 2.16. A continuous function f : [0,00) x Z — W is said asymptotically
uniformly continuous on bounded sets, if for every € > 0 and for all bounded
set K C Z there exist constants L(K,e) > 0 and 6 = 6(K,e) > 0 such that
l1f(t,x) — ft,y)|lw < e for all t > L(K,e) and every z,y € K with ||l —y||z <.
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Lemma 2.17 (22, Lemma 4.1]). Assume that f : [0,00) x Z — W is a function
uniformly S-asymptotically w-periodic on bounded sets and asymptotically uniformly
continuous on bounded sets. Letu € SAP,(Z), then the function§ : R — W defined
by O(t) = f(¢t,u(t)) is S-asymptotically w-periodic.

By using a similar procedure to the proof of the [23] Lemma 3.5], we prove the
next result.

Lemma 2.18. Suppose that condition (P1)(b) holds and f € SAP,(X). Let F :
[0,00) — X be the function defined by

F(t) = /0 R(t—s)f(s)ds.
Then F € SAP,(X).

Lemma 2.19 ([23] Lemma 2.10]). Assume that B is a fading memory space and
u € C(R, X) is such that ug € B and uljg,o) € SAP,(X), then t — u; € SAP,(B).

Definition 2.20. A function u € Cy([0, 00), X) is called asymptotically w-periodic
if there exists an w-periodic function v and w € Cy([0, 00), X) such that u = v+ w.

Remark 2.21. In [23] the authors have shown that the set of the asymptotically
w-periodic functions is properly contained in SAP,,(W).

Lemma 2.22 (|23, Remark 3.13)). If u € Cy([0,00), X) is a function such that
limy o0 (u(t + nw) — u(t)) = 0, uniformly for n € N, then u(-) is asymptotically
w-periodic.

In the rest of this paper, S, (X) stands for the space
Su(X) ={f € Cp([0,0), X) : tlim f(t+nw) — f(t) = 0, uniformly for n € N},
endowed with the norm of the uniform convergence.

Lemma 2.23 ([4, Lemma 2.3]). Let f : [0,00)xZ — W be asymptotically uniformly
continuous on bounded sets. Suppose that for all bounded subset K C Z, the set
{f(t,z) >0,z € K} is bounded and lim;_, || f(t + nw, 2) — f(t, 2)|| = 0, uniformly
forz€ K andn € N. Ifu € S,(Z), then f(-,u(-)) € S,(W).

Lemma 2.24. [ Lemma 3.7] Suppose that condition (P1)(b) holds and f €
Su(X). If F is the function defined by F(t) = fg R(t — s)f(s)ds, t > 0, then
FeS,(X).

We now introduce some notion of asymptotically almost automorphic.

Definition 2.25. A function f € C(R,X) is said to be almost automorphic if
for every sequence of real numbers (s}, )nen, there exists a subsequence (s,)neny C
(8! )nen such that

g(t) == nlirrgo ft+sn)
is well defined for each t € R, and
f(#) = lim g(t—sy)

for all t € R.
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It is well known that the range of an almost automorphic function is relatively
compact on X, and hence it is bounded. Moreover, the space of all almost au-
tomorphic functions, denoted by AA(X), endowed with the norm of the uniform
convergence is a Banach space [33].

Definition 2.26. A function f € C([0,00),Z) is said to be asymptotically al-
most automorphic if it can be written as f = g + h where ¢ € AA(Z) and
h € Cy(]0,0), Z). Denote by AAA(Z) the set of all such functions.

Definition 2.27. A function f € C(R,Z) is said to be compact almost auto-
morphic if for every sequence of real numbers (o, ),en there exists a subsequence
(Sn)nGN - (an)nGN such that

g(t) := lim_ f(t+sn),
f(t) = lim g(t - s,)

uniformly on compact subsets of R. The collection of those functions will be denoted
by AA.(Z).
Definition 2.28. A function f € C(R x Z,W) is said to be compact almost

automorphic in ¢ € R, if for every sequence of real numbers (o, )nen there exists a
subsequence ($y,)nen C (0p)nen such that

g(t,) = lim f(t+s,,2),

n—oo

f(t,2) = lim g(t — sy, 2),

where the limits are uniform on compact subset of R, for each z € Z. The space of
such functions will be denoted by AA.(Z, W).

Definition 2.29. A continuous function f € C([0,0),Z) is said to be compact
asymptotically almost automorphic if it can be written as f = g + h where g €
AA.(Z) and h € Cy(RT, Z). Denote by AAA.(Z) the set of all such functions.

Definition 2.30. Let K C Z and I C R. Let Cx (I x Z, W) denote the collection
of functions f : I x Z — W such that f(¢,-) is uniformly continuous on K for every
tel CR.

Definition 2.31. A function f € C(]0,00) x Z, W) is said to be compact asymptot-
ically almost automorphic if it can be written as f = g + h, where g € AA.(Z, W)
and h € Cy([0,00) x Z,W). Denote by AAA.(Z, W) the set of all such functions.

Lemma 2.32 ([9, Lemma 3.3]). Letu € AAA(Z) and f € AAA(Z,W)NCr(R x
Z, W), where R = {u(t) : t € R}. Then the function ® : R — W defined by ®(t) =
F(tult)) € AAA(W).

Lemma 2.33 ([9, Lemma 3.4]). Suppose that condition (P1)-(b) holds and f €
AAA(X). If F is the function defined by

F(t) = /0 R(t—s)f(s)ds, t>0,

then F € AAA.(X).

Lemma 2.34 ([9, Lemma 3.5]). If u € AA.(X), then the function s — us belongs
to AA.(B). Moreover, if B is a fading memory space and v € C(R, X) is such that
ug € B and ulj,o0) € AAA(X), then t — uy € AAA(B).



EJDE-2013/31 SOLUTIONS IN SEVERAL TYPES OF PERIODICITY 9

3. SEVERAL TYPES OF PERIODICITY OF MILD SOLUTIONS

In this section we establish the existence of several type of periodicity for solu-
tions to partial neutral integro-differential equations system —. For that,
we need to introduce a few preliminaries and important results. Following, we con-
sider the problem of the existence of compact asymptotically almost automorphic
solutions.

In the following, we let A(Z) stands for one of the spaces AAA.(Z), SAP,(Z)
or S,(Z).

Lemma 3.1. Assume the condition (P1) is fulfilled. Let u € A(Y) and G(-) :
[0,00) — X be the function defined by

/Rt—s/Bs—T ) drds, t>0.
Then G(-) € A(X

Proof. First we consider the AAA.(Y) case. By Lemma is sufficient to prove
that H(t fo (t —s)u(s)ds € AAA.(Y). Suppose u =k + h where k € AA.(Y)
and h € Co([O oo) Y). Then

/ Bt — s)k )ds—/o B(t—s)k(s)ds—k/OtB(t—s)h(s)ds
+q(t),

where

w(t) = [ B(t — s)k(s)ds,

¢ 0
q(t) = /0 B(t — s)h(s)ds — [ B(t — s)k(s)ds.

For a given sequence (0, )nen of real numbers, fix a subsequence (s,,)nen, and a
continuous functions v € Cy(R,Y) such that k(t + s,,) converges to v(t) in Y, and
v(t — sp,) converges to k(¢) in Y, uniformly on compact sets of R.

From the Bochner’s criterion related to integrable functions and the estimate

[B(t = s)k(s)|| = 1B = s)ll cev.x) 1k (s)lly < bt = s)[|k(s)]ly (3.1)

it follows that the function s — B(t — s)k(s) is integrable over (—oo,t) for each
t € R. Furthermore, since

t
w(t + 50) :/ B(t— s)k(s + sn)ds, tE€R, neN,
— 00

using the estimate and the Lebesgue Dominated Convergence Theorem, it
follows that w(t + s,) converges to z(t) = ffoo B(t — s)v(s)ds for each t € R.

The remaining task consists of showing that the convergence is uniform on all
compact subsets of R and that ¢(-) € Cyp([0,0), X). Let K C R be an arbitrary
compact and let ¢ > 0. Since h € CO([O oo) Y) and k() € AA.(Y), there exists a
constant L and N, such that K C [, £] with

/ b(s)ds < €,

2
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k(s +sn) —v(s)lly <&, n>N, s€[-L, L],
[h(s)lly <e, s> L.
For each t € K, one has
[w(t + sn) = 2(t)]l

t
< [ 1B~ s)lewao k(s + 52) o) s

—L t
< / b(t — s)||k(s + sn) — v(s)|lyds + /_L b(t — s)||k(s+ sn) — v(s)|yds

— 00

g2||k||y,m/ b(s)ds+s/ b(s)ds
0

t+L

(o) (o)
§2”k||y’°°/L b(s)ds—i—a/o b(s)ds

2

< <(2llhen+ [ b)),

which proves that the convergence is uniform on K, from the fact that the last
estimate is independent of ¢t € K. Proceeding as previously, one can similarly prove
that z(t — s,) converges to w uniformly on all compact subsets of R. Next, let us
show that ¢(-) € Cy([0,0), X). For all ¢ > 2L we obtain

0 t
la(t)] < / IB(t - 9)l| e [15(5) [y ds + / 1B(t — 3)ll oy 11(s) [y ds

—0o0
t/2

< [ o= 9lkolvas + [ bl [ o))

/ b(s dsuk||m+s/ b(s ds+/ b(s)ds|| ]y o

< e([kllye + / b(s)ds + [[h]]y-o0)-

Now we consider the SAP,(Y) case. From Lemma is sufficient to prove
that

t
H(t) = / B(t — s)u(s)ds
0
is SAP,(X). For all t > 0,

17O < [ 1B = )leo o o)l dr
< [ o= slutslvas
S\Iully,m/O b(s)ds.

This shows that H € Cy(]0,00), X). Furthermore, for w > 0, we have for ¢t > L > 0,

[H(E+w) = H()|

t+w
—||/ B(t+w—s)u ds—/Bt—s s)dsl|
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w t t
< / b(t + w — s)||u(s)|yds + | / B(t — s)u(s + w)ds — / B(t — s)u(s)ds]|
0 0 0
w t
< ||u\|y,oo/ bt +w— s)ds+/ IB(t — s)(uls + w) — u(s))|ds
0 0
w L
< ||u\|yoo/ b(t+w—s)ds+/ b(t — s)|lu(s + w) — u(s)||yds
0 0

¢
+ / b(t — s)||u(s +w) —u(s)||yds.
L
For all € > 0, we choose L sufficiently large such that ||u(s + w) — u(s)|ly < € for
all s > L and [;° b(s)ds < e. Hence, for t > 2L we obtain
t

t+w
(@)~ HOI < fullvoe [ bs)ds + 2y [
t

t—L

t—L
y,ooa+2||u||y,ooe+e/ b(s)ds
0

< €(3||u||y7oo + /000 b(s)ds).

Finally, let us prove the S, (Y") case. From the Lemmais sufficient prove that
limy o0 H(t+nw)— H(t) = 0, uniformly in n € N, where H(t) = fot B(t—s)u(s)ds.
For all £ > 0, we choose L sufficiently large such that ||u(s + nw) — u(s)||y < e for
all s > L and f;o b(s)ds < e. Hence, for t > 2L we obtain

[H(t +nw) — H(t)]|

t+nw t
< /o B(t 4+ nw — s)u(s)ds — /0 B(t — s)u(s)ds||

b(s)ds + ¢ /t_L b(s)ds
0

< lul

nw L
< ||tu,oo/0 b(t+nw—s)ds+/0 b(t — s)|Ju(s + nw) — u(s)||yds

t

+ / bt — 8)|[uls + nw) — uls)||y ds

L

t+nw t o]
< ||tu,oo/ b(s)ds+2\|u||y700/ b(s)ds+5/ b(s)ds
t t—L 0
<<l + [ bs)ds)
0
This completes the proof. (Il

Lemma 3.2. Let condition (P1)(c) hold and u be a function in AY). If I :
[0,00) — X is the function defined by I(t) = fot AR(t—s)u(s)ds, then I(-) € A(X).

Proof. All the AAA.(Y), SAP,(Y) and S,,(Y") cases require small modifications in
the proof of Lemma (3.1 O

Theorem 3.3. Let f € AAA.([0,00)xB,Y) and g € AAA.(][0,00)xB, X). Assume
that B is a fading memory space and (P1), (P2), (PF), (PG) hold. Then there
exists € > 0 such that for each ¢ € B.(0,B) there exists a unique mild solution

u(-, ) € AAAL(X) of (LI)-(T.2).
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Proof. By the hypothesis there exists a constant r > 0 such that
M
[r— Ly(28r)2Rrp — FLQ (287)28r]

M
> M|olls + M| £0,)] + S[up 10y + 7, s[glp : lg(t, 01,
tel0 )

where R is the constant introduced in Remark 2.2 We affirm that the assertion
holds for ¢ <r. Let ¢ € B.(0,B) and the space

D = o € AAAL(X) : 2(0) = 9(0), |x(8)]| < 7, ¢ > 0}
endowed with the metric d(u,v) = ||u — V|0, We define the operator I' : © —
C([0,00); X) by

Tu(t) = RO((0) + (0.¢)) = f(07) = [ ARG = )f(s.7.)ds

- [[Rit=9) [ Be-oscaodeds+ [ RE-sglsmis 120

where w : R — X is the function defined by the relation uy = ¢ and ©w = u

n [0,00). From the hypothesis (P1) (PF) and (PG) we obtain that T'u is well
defined and that T'u € C([0,00); X). Moreover from Lemma we have that
function s — u, € AAA.(B). By Lemma we conclude that s+— f(s,us) €

AAA([0,00),Y) and s — g(s,us) € AAA ([ ) X). From Lemmas[2.33] 3.1] B-2]
and lim;_, ||R(¢)(¢(0) + f(0,¢))|| = 0, we obtain that T'u € AAA.(X).

Next, we prove that I'(-) is a contraction from © into ®. If u € ® and t > 0, we
obtain

[Tu(t)]]
< [R@)(@(0) + £(0, o) + lliell v,y (Lf (8, we) — f (& 0)ly + (1 (£ 0)]ly)

" / AR — $)(F(s, i) — F(s,0))lds + / JAR(t — 3)(s,0)]ds
n / IR(t — 5) / "Bls — O)(F(€Te) — £(6,0))de]ds
n / IRt s) / " B(s - ©)(¢.0)de]|ds

+ / IR (= 8)(g(s, i) — g(s,0))l|ds + / IR(t — 5)g(s,0)ds
0 0
< Milplls + M. 91 + bicloc (s ()l + s 156,01

/<z>t—st (s s + s 156,00l ¢
tel0

+ / Me0-9) / b(s — &)L (e )| e | sléds

+ sup IIftOIIY/ Me™ ts/bs— Ydéds

te[0,00)
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t
+ / Me P00 L () s+ st (e 0) / MeP-9)4s
0 te[0,00
< Mllolls + MIF(0, )]

+osup [£E0) ]y (el + / ¢d&w—/

t€[0,00)

M
+ 2 sup lg(t,0)]

B te[0,00)
+memmmmmm+/ (u+f/ 9)ds)|[Tlls

M
+ 5 LolllElls)llls

< Mjells + M| £(0,9)]l

+ sup |If (& 0)lly ([licllccv,x) + 1€l 2t +*HbIIL1)
t

€[0,00)

M . M
+— sup |[lg(t,0)[| + L 28Rr)(licllzev,x) + @l + —1bll L) 287
5 te[0,00) 5

M
+ ?Lg(2ﬁr)2ﬁr <r

where the inequality ||u:|] < 28r has been used and i, : ¥ — X represents the
continuous inclusion of ¥ on X. Thus, I'(®) C ©. On the other hand, for u,v € D
we see that

[Tu(t) —To(®)]

< Nl | £t @) — (8.7 |y
4‘AtAR@8Muxxﬂﬂ&ﬂaf®ﬂ9hds
+AtRu—gmlﬂw@—fmaKMWﬂa%>—ﬂa@my%ms
+AtR@$MM&%)M&%)®

< (Lf(Zﬁr)ﬁ,u n Lg(gﬁr)ﬁ%) = o]

< (Ls2sr)28p + Lg(2ﬁr)2ﬁ%) 1t = 0],

we observe that r — Ly (2Rr)28rpu — %Lg(%%r)?ﬁr > 0, this implies that

M
Ly (287r)28p + ELQ(ZQ?")QR <1,
which shows that T'(-) is a contraction from © into ©. The assertion is now a
consequence of the contraction mapping principle. The proof is complete. [

Remark 3.4. A similar result was obtained by Dos Santos et al. [16] for the
existence of asymptotically almost periodic solutions for the system (|1.1))-(1.2).
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Proposition 3.5. Let f:[0,00) x B—Y and g: [0,00) x B— X be uniformly S-
asymptotically w-periodic on bounded sets and asymptotically uniformly continuous
on bounded sets. Assume that B is a fading memory space and (P1), (P2), (PF),
(PG) hold. Then there exists € > 0 such that for each ¢ € B:(0,B) there exists a
unique mild solution u(-, ) € SAP,(X) of (LI)-(1.2) on [0, 00).

Proof. Let the space
D, ={x € SAP,(X) : z(0) = ¢(0), |z(t)]| < r,t > 0}

endowed with the metric d(u,v) = |Ju — v||s, we define the operator T : ©, —
C([0,00); X) by

Pu(t) = R()(@(0) + F(0,9)) — F(t,7r) — / AR(t — ) f (s, T)ds

—/0 R(t—s)/o B(s—f)f(&ﬂg)dfds—l—/o R(t— 8)g(s,us)ds, t >0,

where @ : R — X is the function defined by the relation %y = ¢ and @ = w on [0, 00).
From the hypothesis (P1), (PF) and (PG) we obtain that I'u is well defined and
that T'u € C([0,00); X). Moreover, from Lemma [2.19 we have that function s —
s € SAP,(B). By Lemma [2.17, we conclude that s — f(s,us) € SAP,,([0,0),Y)
and s — g(s,us) € SAP,([0,00),X). From Lemmas [2.18] u 3.1| and [3.2] n it follows
that Tu € SAP,(X). Using the same argument of Theorem [3.3| proof, we obtain
that I'(D,,) C ©,, and T is a contraction. This completes the proof. ]

Proposition 3.6. Let f: [0,00) X B—Y and g : [0,00) x B — X be asymptoti-
cally uniformly continuous on bounded subset K C B, and lim;_. || f(t + nw, ) —
f&,)ly = 0, limyeo ||g(t + nw, ) — g(t, )| = 0 uniformly for v € K and
n € N. Assume that B is a fading memory space and (P1), (P2), (PF) and (PG)
hold. Then there exists € > 0 such that f0'r each ¢ € B, (0 B) there exists a unique
asymptotically w-periodic mild solution u(-, ) of . on [0, 00).

Proof. We define the space
Do = {z € S,(X) : 2(0) = ¢(0), lz@)[| <r, ¢ >0}

endowed with the metric d(u,v) = ||u — v||oo. It is easy see that Dg is a closed
subspace of S,,. We define the operator I' : ®y — C([0,00); X) by

Tu(t) = R(E)(p(0) + £(0,9)) — f(t, ) - / AR(t — 5) (5, Tis)ds

— /Ot R(t—s) /OS B(s — &) f(&, ug)déds + /Ot R(t —s)g(s,us)ds, t>0,
where @ : R — X is the function defined by the relation uwy = ¢ and w = u on
[0,00). We observe that R(-)(¢(0) + f(0,¢)) € Cp([0,0), X)) and

Jm (R(t +nw) = R())((0) + £(0,¢)) = 0,
uniformly in n € N. Moreover, from [36, Lemma 3.16] and Lemma we obtain

that limy oo || f(t + nw, Utpnw) — f(E U)|ly = 0 and lims, o0 [|g(t + nw, Utgne) —
g(t,uz)|| = 0, uniformly in n € N. By Lemmas [2.24] and we have that

lim Tz(t + nw) — Tz(t) = 0,
t—o0
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uniformly in n € N. From Lemma[2.22|and using the same argument of the Theorem
proof we conclude that u = T'u € ®y and w is asymptotically w-periodic. The
proof is ended. O

4. APPLICATIONS

In this section we study the existence of several type of asymptotically periodicity
solutions of the partial neutral integro-differential system

2o [ [ b tmeuts,manas

— ((%2 +v) [u(t,f) + /Ot e*V(t’S)u(s,ﬁ)ds} + / ao(s — t)u(s,§)ds,

u(t,0) =u(t,m) =0, u(0,§) =e(0,¢), (4.2)
or (t,€) € [0,a] x [0,7], # < 0,v < 0 and v > 0. Moreover, we have identified
( )(§) = ¢(6,€)-

To represent this system in the abstract form (1.2), we choose the spaces
X = L?([0,7]) and B = Cy x L?*(p, X), see Exampl for details. We also
consider the operators A, B(t) : D(A) CX — X,t>0, given by Az = 2" +
ve, B(t)r = e " Ax for v € D(A) = {z € X : 2" € X, z(0) = z(7) = 0}.
Moreover, A has discrete spectrum, the eigenvalues are —n? + v, n € N, with
corresponding eigenvectors z,(€) = (2)'/2sin(n), the set of functions {z, : n € N}
is an orthonormal basis of X and T'(t)z = > 7, e~ (=g )2, for € X,
For o € (0,1), from [35] we can define the fractional power (—A)® : D((—A)%) C
X — X of Ais given by (—A)%x = >_°7  (n? — v)*(z, 2,,) 2n, where D((—A)%) =
{z € X : (—A)*z € X}. In the next Theorem we consider Y = D((—A)'/2?). We
observe that p(A) D {A € C: Re(A\) > v} and ||AR(X, A)|| < M; for Re(\) > v,
from [31, Proposition 2.2.11] we obtain that A is a sectorial operator satisfying
IR\, A)|| < IAMVI’M > 0, therefore (H1) is satisfied. Moreover, it is easy to see
that conditions (H2)-(H3) are satisfied with b(t) = e™7*, and D = C§°([0,7]) the
space of infinitely differentiable functions that vanishes at £ = 0 and £ = 7. Under
the above conditions we can represent the system

aug1; : (88; + V) [U(t,g) + /Ot 677(t75)u(s,§)d5}, (4.3)
u(t, ™) = u(t,0) = 0, (4.4)

d”;(f) — Az(t) + /O B(t — )a(s)ds

z(0) =z € X.
We define the functions f,g: B — X by

/ / b(s,n,&)w(s,n)dnds,

a(0)(€) = / ao(s)(s, €)ds

(4.1)

in the abstract for

where
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(i) The function ag : R — R is continuous and L, (fi)oo %ds)% < 00.
(ii) The functions b(-), %’g]g) are measurable, b(s, n,7) = b(s,n, 0) = 0 for all
(s,n) and

Ly = max / / / 351 (9 1, 5))2dnd9d§)1/2:i:0,1} < o0

Moreover, f,g are bounded linear operators, || f|lzi,x) < Ly, ||9llz(8,x) < Lg and
a straightforward estimation using (ii) shows that f(I x B) € D((—A)2) and

1
[(=A)2ft )lewx) < Ly
for all t € I. This allows us to rewrite the system (4.1)-(4.2) in the abstract form

(TI)-(T2) with uo = ¢ € B.

Theorem 4.1. Assume that the previous conditions are verified. Let 2 < K < v
and v < 0 such that |v| > max{M(K +1+7),7}. If 5= > Lyu+ ‘H_V‘L where
7‘+V

= (A + M@+

||50||B <R,
(i) there exists a unique mild solution u(-) € AAA(X) of 1'1}
(i) there exists a unique mild solution u(-) € SAP,(X) of (4
(iii) there exists a unique asymptotically w-periodic mild solutwn u( of .
).

Proof. By using a similar procedure as in the proof of [I6, Theorem 5.1] we obtain
an exponentially stable resolvent operator for the system —. From the
previous facts, Theorem and Theorem the assumption (P1) is satisfied.
Observing that

)), then there exists R > 0 such that if

Mllglls(1 + Ly) < +oo,

since 55 > Lyp+ Lq7 there exists a constant rg such that if R > rqg, we have

M
—LiypyR— —L,R>M 1+ Ly).

Now, for |¢|lg < R, from Theorem we obtain that there exists a unique mild
solution of (4.1)-(4.2) such that u(-) € AAA.(X). By Proposition there exists

a unique mild solution u(-) € SAP,(X) of (4.1)-(4.2) and from Proposition it
follows that there exists a unique asymptotically w-periodic mild solution wu(-) of

(4.1)-(4.2). The proof is complete. O
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