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OSCILLATION OF SOLUTIONS TO NEUTRAL NONLINEAR
IMPULSIVE HYPERBOLIC EQUATIONS WITH
SEVERAL DELAYS

JICHEN YANG, ANPING LIU, GUANGJIE LIU

ABSTRACT. In this article, we study oscillatory properties of solutions to neu-
tral nonlinear impulsive hyperbolic partial differential equations with several
delays. We establish sufficient conditions for oscillation of all solutions.

1. INTRODUCTION

The theory of partial differential equations can be applied to many fields, such as
to biology, population growth, engineering, generic repression, control theory and
climate model. In the last few years, the fundamental theory of partial differen-
tial equations with deviating argument has undergone intensive development. The
qualitative theory of this class of equations, however, is still in an initial stage of
development. Many srudies have been done under the assumption that the state
variables and system parameters change continuously. However, one may easily
visualize situations in nature where abrupt change such as shock and disasters may
occur. These phenomena are short-time perturbations whose duration is negligi-
ble in comparison with the duration of the whole evolution process. Consequently,
it is natural to assume, in modeling these problems, that these perturbations act
instantaneously, that is, in the form of impulses.

In 1991, the first paper [4] on this class of equations was published. However,
on oscillation theory of impulsive partial differential equations only a few of papers
have been published. Recently, Bainov, Minchev, Liu and Luo [I}, 2, [6], [7, 8, (9] [T0}, [11]
investigated the oscillation of solutions of impulsive partial differential equations
with or without deviating argument. But there is a scarcity in the study of oscilla-
tion theory of nonlinear impulsive hyperbolic equations of neutral type with several
delays.
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In this article, we discuss oscillatory properties of solutions for the nonlinear
impulsive hyperbolic equation of neutral type with several delays.

0?
8t2|: t.’l? +Zgz — Ti, X j|
1
= a(t)h(u)Au — q(t,z) f(u(t,x)) + Z ar(t)hy (u(t — op, ) Au(t — o, z)  (1.1)

N gt @) fiult - pj)), t# b (Lz) ERTxQ=G,
j=1

u(t), x) = hi(te, v, ulty,z), k=1,2,..., (1.2)
w(td,z) = pr(te, o ue(te, @), k=1,2,..., (1.3)
with the boundary conditions
u=0, (t,z)€eR" x9Q, (1.4)
g—u +o(t,z)u=0, (t,r)€RT x9Q, (1.5)

and the initial condition
Ou(t, x)
ot
Here Q2 C RY is a bounded domain with boundary 99 smooth enough and n is a
unit exterior normal vector of 99, § = max{r;, 0., p;}, ®(t,z) € C?([-§,0] x Q, R),
U(t,z) € CH([-4,0] x Q,R).
This article is organized as follows in Section 2, we study the oscillatory prop-

erties of solutions for problems (|1.]] , 1-) In Sectlon 3, we discuss oscillatory

u(t,z) = ®(t, ), =U(t,x), (t,z)€[—0,0] x .

properties of solutions for problems (1.1, (1.5
We will use the following conditions:

(H1) a(t),a;(t) € PC(RY,RY), 7;,0,,p; are positive constants, ¢(t,z),q;(t, )
are functions in C'(R* x (2, (0,00)), g; is a non-negative constant, > ., g; <
1,i=1,2,....m,57=1,2,...,n,7r=1,2,...,1; where PC denote the class
of functions which are piecewise continuous in ¢t with discontinuities of first
kind only at t = t, k = 1,2,..., and left continuous at t =t3, k =1,2,....

(H2) hu), he(u) € CHR,R), f(u), fo(u) € C(R,R); f(u)fu > C a positive
constant, fj(u)/u > C; a positive constant, u # 0; h(0) = 0, h.(0) =
0, uh/(u) > 0, uhl.(u) > 0, o(t,z) € C(RT x 9Q,R), h(u)p(t,z) > 0,
hr(u)go(t—ar,x)zO,rzl e, 0 <t <ty < s <t < Ll
limk_,oo tk = Q.

(H3) u(t,x) and their derivatives u;(t,x) are piecewise continuous in ¢ with dis-
continuities of first kind only at ¢t = t, k = 1,2,..., and left continuous at
t=tp, u(te,z) = u(t,,x), ue(ty,x) = w(t, ,x), k=1,2,....

(H4) hy(ty, , u(ty, ), pr(te, , us(ty, ©)) € PC(RY x Q x RyR), k = 1,2,...,
and there exist positive constants ay, Qk75k,bk and b < a;, such that for
k=1,2,...,

pk(tk,$,¢) T

< hk(tkax,n) < < by

ap < — < ag, bk<

n - o
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Let us construct the sequence {tx} = {tp} U {tri} U {tgr} U {tkj} where
tri =t + Ty tpr =t + Oy, tkj = tk+p] and tk < tk+1, i =1,2,. m,
r=1,2,...,0,j=1,2,...,n, k=1,2,.

Definition 1.1. By a solution of problems (|1.1] . . ) with initial condition,
we mean that any function u(t, z) for which the following conditions are valid:

(1) If =6 <t <0, then u(t,z) = ®(t,z), 252 — W(¢,z).
(2) fo<t < t; = t1, then u(¢,z) coincides with the solution of the problems

. and . . with initial condition.

(3) If &, < t < trtt, te € {te} \ {tri} U {t;w} U {tk;}), then u(t,z) coincides

with the solution of the problems (|1 and (| . .
(4) Ity <t <tpg1, tr € {tri} U{tpr U {tk]} then u(t, z) satisfies (1.4) ((1.5)))
and coincides with the solution of the problem

82
2 ot St
= a(t)h(U( x))Au(tﬂ ) = q(t,2) f(u(t”, )

—&—Zar (u((t— o)t 2)Au((t — o) T, 2)

- qu(t,x)fj(u((t —pj)tx), t#t, () e RT xQ =G,
u(fZ',x) =u(ty,x), w(tf,z)=uly,z),
forty, € ({tri} U {trr} U {ti;}) \ {ta},

or

u(tl, ) = h, (b, v, ute, ©),  w(t), z) = pr, (e, 2, u(tr, 1)),
for fk S ({tki} U {tkr} U {tkj}) N {tk},

where the number k; is determined by the equality &) = ty, .
We introduce the notation:
Fk ={(t,z) 1t € (tp,ths1),2 € Q}, T =Up I,
={(t,) : t € (tp, tpr),x €}, T =URel,

o) = / u(t.2) d, (t) = ming(t.2),  g;(t) = ming; (1. 2).

Definition 1.2. The solution u € C?(I') N C(T') of problems (T.1)), (T.4) ((T.5)) is
called non-oscillatory in the domain G if it is either eventually positive or eventually
negative. Otherwise, it is called oscillatory.

2. OSCILLATION PROPERTIES FOR (L.1)), (1.4

For the main result of this article, we need following lemmas.
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Lemma 2.1. Let u € C*(I') N CY(T') be a positive solution of (L.1), (1.4) in G,
then function w(t) satisfies the impulsive differential inequality

+C<1i () +Zloj(1

9:)as(Ow(t = p) SO, tF 1,

i

(2.1)
wity) _
ap < <ap, k=1,2,..., 2.2
Sk = w(tk) >~ Uk ( )
w'(tf) _
b, < k2 <bp, k=1,2,... 2.
O > ’wl(tk) ) ) 4y ) ( 3)

where w(t) = v(t) + Y i, giv(t — 7).

Proof. Let u(t,z) be a positive solution of the problem , in G. Without
loss of generality, we may assume that there exists a T > 0, t; > T such that
u(t,x) > 0, u(t — 75,2) > 0, ¢ = 1,2,...,m, u(t — op,x) >0, r = 1,2,...,1,
u(t—pj,x) > 0,7 =1,2,...n, for any (t,z) € [ty,00) X Q.

For t > tg, t #tx, k=1,2,..., integrating with respect to z over €2 yields

;;[/ txdengl/ Ti,x)d:r}

l
+) an(t) /Q he(u(t — oy, ) Au(t — o, ) da

=3 [t yate = py)

By Green’s formula and the boundary condition, we have
/ h(u)Audz = h(u )—ds - / R (u)|gradul? dz
Q oQ

= — [ A'(u)|gradul?®dz <0,
Q

/ he(u(t — o, x))Au(t — o, ) dz < 0.
o

From condition (H2), we can easily obtain

/Qq(t,x)f(u(t,x))dx > C’q(t)/ u(t, z) dx,

Q
/qj(t»fﬂ)fj(u(t—Pjax))dﬂ?ZCij(t)/u(t—Pij) dz.
Q Q

From the above it follows that

2

jtg{ +Zgz t_Tz)}+Cq +ZC](]] Ju(t —pj) <0.
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Set w(t) = v(t) + >.1", giv(t — 7;), we have w(t) > v(t), then we can obtain
w (t) + Cq(t) +chqj ot —p;) <0, t#t.

From this inequality, we have w’ ( ) < 0, and w'(t) > 0, w(t) > 0 for t > ty. In
fact, if w'(t) < 0, there exists 1 > to such that w’(¢1) < 0. Hence we have

w(t)—w(tl):/ w'(s)dsg/ W (t)ds = w' (b))t — 1),

t1 t1

til?oo w(t) = —oo.

This is a contradiction, so w’(t) > 0. Because

—fﬁw@—m

Zgz{ (t—7) — igiv(t—2ﬂ-)]
=3 auntt =)+ 303t —2n)
ot = p) = (1- égi)w(t

Hence, we obtain

”t)+C’<l—§:gi)q +ZC(1—ZQZ)QJ wt—pj) <0, t#t.
i=1

Fort>tg, t=1x, k=1,2,..., from , . and condition (H4), we obtain

u(tZ'7 x)
< 2.4
ap > u(tk,ﬂf) = Ak, ( )
Ut (tz_v x) 7
—= L < by. 2.5
o (tk7 Z‘) = ( )
According to the v(t) = [, u(t,z) dz, we obtain
v(th) _ (ty)
a;, < <ag, b < <b
Tl T T vl
Because w(t) = v(t) + > iv, giv(t — 7;), we finally have
w(tf) _ w'(tf) _+
< < b, < < bg.
) T i)
Hence we obtain that w(t) is a solution of impulsive differential inequality (2.1)—
(2.3). This completes the proof. O

Lemma 2.2 ([5, Theorem 1.4.1]). Assume that
(A1) the sequence {t} satisfies 0 < tg <t1 <t2 <..., limg_otr = 00;
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(A2) m(t) € PCYRY,R] is left continuous at ty, for k=1,2,...;
(A3) fork=1,2,... andt > ty,
m'(t) < p(t)m(t) +q(t), t# tx,
m(t:) < dkm(tk) + ek,
where p(t),q(t) € C(RT,R), dr > 0 and ey, are constants. PC denote the
class of piecewise continuous function from RT to R, with discontinuities
of the first kind only at t =t, k=1,2,....
Then

) < mf(ty) H dy, exp(/ ds H dy, exp(/ p(r )dr)q(s)ds

to<tp<t to s<tp<t

+ > I 4 eXp(/ (S)d8>€k-

to<tp<ttp<t;<t

Lemma 2.3 ([I1]). Let w(t) be an eventually positive (negative) solution of the
differential inequality (2.1] . . Assume that there exists T > to such that w(t) >
0 (w(t) <O0) fort>T. If
¢
b
lim H £ ds = 400 (2.6)
t——+4o0 to to<tn<s Qar

hold, then w'(t) > 0 (w'(t) < 0) fort € [T, ;]U (UL (ty, trs1]), where | = min{k :
tp > T}.

The following theorem is the first main result of this article.

Theorem 2.4. If condition (2.6 and the following condition holds,
t
lim H %F(s)ds = +o00, (2.7)

t—-4o0
to to<tp<s K

where

Then each solution of (1.1))—(1.3]), (L.4) oscillates in G.

Proof. Let u(t,x) be a non-oscillatory solution of , . Without loss of
generality, we can assume that there exists T > 0, to > T, such that u(¢,z) > 0,
wlt —7,2) >0,1=1,2,....m, u(t —opz) >0, r=12,...,0, ult — pj,x) > 0,
j=1,2,...,n for any (t,z) € [to,00) x €. From Lemma [2.1] we know that w(t) is

a solution of (2.1)—(2.3).

For t > tg, t #£tx, k=1,2,..., define

2(t) =

w(t
From Lemma we have z(t) > 0, t > tg,w'(t) — z(t)w(t) = 0. We may assume
that w(ty) =1, thus in view of . . we have that for t > g,

( / ) (2.9)

= C(l - igi)q(s) + i C; (1 - i ) s)exp(—dz(to)).

w'(

t)
)’
to,

> to. (2.8)
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w'(t) = 2(t) exp (/ttz(s)ds>7 (2.10)

w” (t) = 22(t) exp (/t z(s)ds) + 2'(t) exp (/ z(s)ds) (2.11)

to to

We substitute 1' into and obtain
t t
22(t) exp (/ z(s)ds) + 2/(t) exp (/ z(s)ds)
t to

0

+ C’(l - igi)q(t) exp (/tt z(s)ds)
+ j Cj (1 - i_n:gi)(h’(t) exp (/tt_pj z(s)ds) <0.

Hence we have

2(t) + 2'(t) + 0(1 - igi)q(t)

+ zn:Cj (1 - igz)(lj(t) exp ( - /t z(s)ds) <0, t#tg,
j i=1 t—pj

Jj=1

then we have

m

() +0(1-Yg:)att)

i=1
+ icj(l - igi)%(t) exp ( - /t z(s)ds) <0, t#t
j=1 i=1 t=p;

From above inequality and condition by < a,, we know that z(¢) is non-increasing,
then z(t) < z(tg), for t > tp, we obtain

SO +C0(1=Y0:)a®+ D (1= 00)ai () exp(=02(t0)) <0, # .
i=1 j=1 i=1
From , and , we obtain

/(4++ 7 / 7
Z(tZ)Z w(tk) < brw (tk) . b

w(ty) ~ apw(ty)
so we can easily obtain

n

20 < -C(1- Y 0)at) - Y0, (1- Yo )asBespl-az(ta) ¢t

j=1 i=
b
2(tF) < Lz (ty).
423
Let

P =01 Y00 - 305 (13 01) s (1) exp(-d )
1=1 i=1

Jj=1
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Then according to Lemma [2.2] we have

2(t) < z(to) [] b’“+/ 11 b—k(—F(s))ds

a
to<tp<t Q to st <t =K

b t
= H - [z(to) / %F(s)ds} <0
to<tp<t a to to<tr<s 7K
Since z(t) > 0, this is a contradiction. The proof is complete. (I

3. OSCILLATION PROPERTIES OF THE PROBLEM (|L.1)), (|1.5])
For the second main theorem, we need following lemma.

Lemma 3.1. Let u € C*(T') N CY(T) be a positive solution of (1.1), (L.5) in G,
then function w(t) satisfies the impulsive differential inequality

"(t) + C(l - ZgZ)q(t)w(t) e (1 - Zgi>qj(t)w(t —pj) <0, t#t,
i=1 j=1 i=1

(3.1)
w(ty) _
< <ar, k=12,..., 3.2
=) (3:2)
W) -
b, < k2 <bn, k=1,2,... .
Yk = ’U)/(tk) > Uk, ) 4y ) (33)

where w(t) = v(t) + > i, giv(t — 7).

Proof. Let u(t,x) be a positive solution of the problem , in G. Without
loss of generality, we may assume that there exists a 7" > 0, tg > T such that
u(t,z) > 0, uw(t — 7,2) > 0,4 =1,2,...,m, w(t —op,z) > 0, r = 1,2,...,1,
u(t — pj,z) >0, j =1,2,...n, for any (t,z) € [to,00) X Q. For t > to, t # ty,
k=1,2,..., integrating with respect to x over ) yields

:22[/ tzdx+Zgz/ Ti,z)dx}
t)/gh(u)Audx—/Qq(t,x)f(u(t,x))dx

l
+) an() /Q he(u(t — o, ) Au(t — o, ) da

- JE::I /Q q;(t, x) f(u(t — pj, x)) de.

By Green’s formula and the boundary condition, we have
hu)Audx = h(u )—ds - / ' (u)|gradu|? dz
Q aQ

=— h(u)o(t, z)uds —/ R’ (u)|gradul? dz
o9 Q

< f/ R (u)|gradu|? dz < 0,
Q
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/ he(u(t — o, x))Au(t — o, ) dz < 0.
Q
The rest of the proof is similar to the one in Lemma [2.1] We omit it. O

The following theorem is the second main result of this article.

Theorem 3.2. If conditions (2.6) and (2.7) hold, then each solution of (1.1))—(L.3)),
(1.5) oscillates in G.

The proof of the above theorem is similar to that of Theorem We omit it.

4. EXAMPLES

Example 4.1. Consider the equation

2

0 1 ™ oy Wt T T
@[u(t,x)—i—?ﬁ(t— 5,:1:)} =u’Au —ue® +e'u’(t— §,m)Au(t— —,x)

[\

3w

— (2% + Vetu(t — 3?ﬂ-,:r:)euz(t_T’x),
t>1, t#28 (t,z)e Rt xQ =G,

uw((2M)F, x) = (4 +sin 28 cosz)u(2¥,2), k=1,2,...,

u (29, ) = (24 sin 28 cos 2)uy (28, 2), k=1,2,...,
with the boundary condition

u=0, (t,z)cRT x990,

where a(t) = 1, a1(t) = €', 71 = %, 01 = Z, p1 = 3T, h(u) = v?, h(u) = u?
flu) = ue“z, filu) = ue“z, qit,z) =1, 1(t,x) = (22 + 1)et, g1 = %, t, = 2% Tt is
easy to verify that the condition (H1)—(H4) and the conditions of Theorem [2.4] are
satisfied. Hence the all solutions of above problem oscillate.

Example 4.2. Consider the equation
2

1 m
18 + 3u(t = 5.9)]
2 3 2 x
= u?Au —ue" +efu?(t — g,x)Au(t - g,:ﬁ) — (2® + Detu(t — g,x)e“ (=55 2)

t>1, t#3k, (t,x)eRT xQ=aG,
u((3k)",z) = (4 +sin3kcosz)u(3k,z), k=1,2,...,
u((3k)T,x) = (2 + sin 3k cos z)uy (3k,z), k=1,2,...,
with the boundary condition
Ou +t22%u =0, (t,z) € R" x99,
on
where a(t) = 1, a1(t) = €', 71 = 5, 01 = 5, p1 = 3%, h(u) = u?, h(u) = u?
2 2
f(u) = ue" ) fl(u) = ue" ) Q(tvx) = ]-7 (11(15755) = (.’E2 + 1)etv g1 = %7 ty = 3k7
o(t,x) = t222%. Tt is easy to verify that the condition H) and condition of Theorem
[3:2 are satisfied. Hence the all solutions of the above problem oscillate.
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