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PERSISTENCE AND EXTINCTION FOR A STOCHASTIC
LOGISTIC MODEL WITH INFINITE DELAY

CHUN LU, XIAOHUA DING

ABSTRACT. This article, studies a stochastic logistic model with infinite de-
lay. Using a phase space, we establish sufficient conditions for the extinction,
nonpersistence in the mean, weak persistence, and stochastic permanence. A
threshold between weak persistence and extinction is obtained. Our results
state that different types of environmental noises have different effects on the
persistence and extinction, and that the delay has no impact on the persistence
and extinction for the stochastic model in the autonomous case. Numerical
simulations illustrate the theoretical results.

1. INTRODUCTION

For the previous decades, the logistic equation with delays have received great
attention due to their extensive application as models in a variety of scientific areas,
such as population dynamics, biology and epidemiology. A classical logistic model
with infinite delay can be expressed as follows

0
dz(t)/dt = z(t) |r(t) — a(t)z(t) + b(t)z(t — 7) + c(t)/ x(t+ G)du(e)} dt, (1.1)
— 00
where 7 > 0 represents time delay and u(6) is a probability measure on (—oo, 0].
There is an extensive literature concerned with systems similar to . Regarding
persistence, extinction, global attractivity and other dynamics, mention among
others: Golpalsamy [1l 2], Kuang and Smith [3], Freedman and wu [4], Kuang [5]
and Lisena [6]. Particularly, the book by Gopalsamy [2] is a good reference in this
area.

However, population models are always affected by environmental noises. There-
fore stochastic population models have been recently investigated by many authors
(see e.g.,[7]-[15]). In particular, May [10] has revealed that due to environmental
noises, the growth rate, interaction coefficient and so on should be stochastic. Sup-
pose that the growth rate r(¢) and the competition coeflicient a(t) are affected by
environmental noises, with

r(t) — r(t) + o1 (t)wi(t), —a(t) — —a(t) + o2(t)wa(t),
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where o;(t) are continuous positive bounded function on R, and o?(t) represents
the intensity of the white noise at time ¢; w;(t) are the white noise, namely w;(t)
is a Brownian motion defined on a complete probability space (Q,F,P) with a
filtration {F¢}, 7, satisfying the usual conditions (i.e., it is right continuous and

increasing while Fy contains all P-null sets), where Ry = [0,+00), i = 1,2. Then
the corresponding stochastic system takes the form
0

dz(t)/dt = z(t) [r(t) —a(t)x(t) + b(t)x(t — 7) + c(t) [ x(t+ 0)du(0)|dt (1.2)

+ o1 () (t)dw: (t) + oo (t)x? (t)dws (t).

Here, we let the initial data & be positive and belong to the phase space Cy (see
[8, 16, 7)) which is defined as
Cy ={p € C((—00, 0L R) : [lollc, = sgp<oe”|ga(s)| < +oo},

rs

where g(s) = e~
[3L I7]).

Model describes population dynamics; so it is very important to investigate
the survival of the logistic population which involve extinction, nonpersistence in
the mean, weak persistence, stochastic permanence and threshold between nonper-
sistence in the mean and weak persistence. Liu and Wang [I8] also pointed out
that it is a interesting problem to consider the persistence and extinction of logistic
model with infinite delay. As far as we know, there are few results of this aspect
for model . The aims of this paper are to investigate the problems above. In
addition, we investigate them at the phase space C,, which is one of the most impor-
tant phase space in discussing functional differential equations with infinite delay
and can avoid the usual well-posedness questions related to functional equations of
unbounded delay (see e.g.,[3] 16} [19]).

To study model we assume the following;:

(A1) the functions r(t), a(t), b(t) and c(t) are bounded and continuous on R,

and inf, g a(t) > 0.

(A2) p satisfies

, 7 > 0. Furthermore, C, is an admissible Banach space (see

0
Hyr = / e~ 2"du(h) < +o0.

— o0
Assumption A2 is satisfied when () = ¥ (k > 2) for # < 0, so there exists a
large number of these probability measures.
For simplicity, we define the following symbols:
t

. 1
ft= sup f(t)a fl = inf f(t)v <x(t)> = n x(s)dsa
tER+ t€R+ 0
2, =liminf x(t), z* =limsupxz(t), R4 = (0,+00),
t—+o0 t——+o00
¢ 2
d = limsup ¢~ LOAN
maupt™ [ (o) - )

The following definitions are commonly used and we list them here.
(1) The population z(t) is said to have extinction if lim;—, 4 x(t) = 0.
(2) The population z(t) is said to have nonpersistence in the mean [20] if
limsup,_, .. (z(t)) = 0.
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(3) The population x(t) is said to have weak persistence if limsup,_, , ., z(t) >
0, see [21}, 22].

(4) Population z(t) is said to have stochastic permanence [23] if for arbitrary
€ > 0, there are constants 3 > 0, M > 0 such that

ltimJian{m(t) >p}>1—¢ and ltierian{x(t) <M}>1-e.

From the above definitions it follows that: stochastic permanence implies stochastic
weak persistence, extinction implies stochastic non-persistence in the mean. But
generally, their reverses are not true.

The rest of this article is arranged as follows. In Section 2, we show that model
has a unique positive global solution. Afterward, sufficient criteria for ex-
tinction, nonpersistence in the mean, weak persistence and stochastic permanence
are established in Section 3. Section 4 presents some figures to illustrate the main
results. We close this article with some conclusions and remarks.

2. POSITIVE AND GLOBAL SOLUTIONS

As the state x(t) of model is the size of the population in the system, it
should be nonnegative. In this section we shall show that the solution of model
has a unique global positive solution.

Wei [24] 25] 26] and Xu [27, 28] proved that, in order for a stochastic functional
differential equations with infinite delay to have a unique global solution for any
given initial data & € Cy, the coefficients of the equation are generally required
to satisfy the linear growth condition and the local Lipschitz condition. The local
Lipschitz condition guarantees that the unique solution exists in (—oo, 7.), where
T is the explosion time (see [I1]). Clearly, the coefficients of satisfy the local
Lipschitz condition, but do not satisfy the linear growth condition.

Theorem 2.1. Let (Al) and (A2) hold. Then, for any given positive initial value
¢ € Cy, there is a unique global solution x(t) to model for t € R and the
solution will remain in Ry with probability 1, namely x(t) € Ry for all t € R
almost surely.

Proof. Since the coefficients of the equation are locally Lipschitz continuous, for
any given positive initial value £ € Cj, there is a unique local solution x(t) on
t € (—00,Te), where 7. is the explosion time. To show this solution is global, we
need to show that 7. = +oo a.s. Let kg > 0 be sufficiently large such that

1
— i < .
B < e S0 = R, 0 < ho

For each integer k > kg, define the stopping time

7 = inf {t € (—o0, ) : x(t) < % or z(t) > k}.
Clearly, 7 is increasing as k — 400. Set Ty = limg_, 400 Tk, Whence 7o < 7o
a.s. for all t > 0. If we can show that 7, = +o0o a.s., then 7. = 400 a.s. and
z(t) € Ry a.s. In other words, to complete the proof all we need to show is that
Tioo = +00 a.s. To show this statement, let us define a C?-function V : Ry — R,
by V(z) =z—1—05Inz. Let k > kg and T > 0 be arbitrary. For 0 <t < 7, AT,
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we can apply the Ito’s formula to ftt,T 2?(s)ds + V(z(t)) to obtain

A [ s+ V)]
= [2%(t) — 2®(t — 7)]dt + 0.5[2"(t) —
x| (1) = aa(t) + bE)(t = 7) + (! / .
(t)x(t) 5

a = (t)]2(t)

0

) | al

t(t dwg(t)] +0.5] — 0.2527 2(t) + 0.502(t)] o2 (£)22 (t)dt
)z

a(t+ 6)d,u(9)>dt
+01(t)dw1(t)+02 )
+0.5[ — 0.252715(¢) + 0.527 ()| o3 (¢)z* (t)dt
= [6?(t) — 2®(t — 7))dt + 0.5r0(t)[z%(t) — 1]dt — 0.5a(t)[z"5(t) — 1)a(t)dt
+ 0.50(t)x(t — 7)[x%5(t) — 1]dt + 0.5¢(t) /0 t+0)du(0
+0.5[ — 0.25271%(t) + 0.5z 2(t) o7 (t)2? (t)dt + 0.5 — 0.25z~ 15 ()
+0.5272(t)] o3 (t)x* (¢)dt + 0.5[2"5 (t) — 1](71( )dwy (t) + 0.5[z"°(t)
— z(t)] oo (t)dwa (t)
= [2%(t) — 2*(t — 7)]dt + 0.5r(t)[2°°(t) — 1]dt — 0.5a(t)[z"°(t) — 1]z (t)dt
+0.062506% () [2%5 (t) — 1]2dt + 0.0625¢% (t) [z () — 1)2dt

+ /0 2(t+ 0)du(0)dt + 22 (t — 7)dt

+0.5[ — 0.25271%(t) + 0.5z ()] o7 (t) x> (t)dt

+0.5[ — 0.252715(¢) + 0.52 ()] o3 (t)z* (t)dt

4+ 0.5[z%(t) — 1oy (t)dw: (t) + 0.5[a:1'5(t) — z(t)] o2 (t)dwa(t)
[ (t) 4+ 0.2507 () + 0.2505 (t)*(t) + 0.5r(t) (z*°(t) — 1)

— 0.5a(t) (2°5(t)dt — 1)2(t) + 0.0625b%(£) (z°5(t) — 1)* — 0.12502 (£)2>5(¢)
+0.0625¢2(t) (25 () — 1)7 + /O 22(t + 0)dp(6) — 0.1250%(1&)951‘5(1&)} dt
+0.5[2%(t) — 1oy (t)dw: (t) + B.O;[:c”(t) — 2(t)] oo (t)dws (1),

= F(z)dt + /0 22 (t + 0)du(0)dt — 2*(t)dt + 0.5[2%5(¢) — o1 (t)z(t)dw: (t)

oo (t)z?(t)dws(t)

I 8

+0.5[x"%(t)
where

F(x) = 0.2507(t) + 0.2503 (t)x2(t) + 0.5r(t)[2°°(t) — 1] — 0.5a(t) [z (t) — 1]z (t)
+0.06256%(¢)[2°°(t) — 1]* + 0.0625¢ ()[z"°(t) — 1]
+222(t) — 0.12507 (t)x*>(t) — 0.12503 (t)2>5(t).
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Under assumptions (A1)—(A2), it is easy to see that F'(x) is bounded, say by K, in
R, . We therefore obtain that

d[/;ﬁ(s)ds + V(x(t))]

< Kdt + /0 2% (t + 0)du(0)dt — x*(t)dt + 0.5[z%5(t) — 1oy (t)dws (t)

4+ 0.5z (t) — x(t)]oa (t) dwo(t).
Integrating both sides from 0 to ¢, and then taking expectations, yields

B /tiTx2(s)ds+V(a:(t))}
g/o 2(s)ds + V(o —I—Kt—l—E// s—i—@du(ﬁds—E/ ds.

-7

Moreover, we obtain that

/ / 2(s+ 0)du(0)ds

:/0 [/_OO (3+6)du(9)ds+/o x2(5+9)dp(9)]ds

—s
t

t —s5 0
= / ds[/ 2N 12 (5 4 0)e 2+ qy(6) +/ du(ﬂ)/ z2(s + 0)ds
0 —00 —t

—6

t 0 0 t
< Iz, / e~ ds / e~ du(6) + / au(0) / 2 (s)ds
0 —00 —00 0

t
< €2, et + / 22(s)ds.
0

Consequently,
0

E[/ti 22(s)ds + V (a(1))] g/ 22 (s)ds + V (2(0)) + Kt + |¢]|% .

—T
Letting t = 7 AT, we obtain

E{/TTMT x2(s)ds + V(x(mp A T))}

wNT—T1
0
S/1f@®+WMW+KMmAﬂ+M&mmAﬂ-
Therefore,

0
EV(2(rs AT)) g/ 22 (s)ds + V((0)) + KT + €2, mT.  (21)

-7

Note that for every w € {rx < T}, z(m,w) equals either k or %, and hence
V(z(7g,w)) is no less than either

Vk —1—-0.5log(k)
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1 1 1
\/;— 1- O.5log(%) = \/;— 1+ 0.51og(k).

V(z(rh,w)) > [VE —1—0.5log(k)] A [\/g — 1+ 0.51log(k)].
From it follows that

or

Consequently,

0
| 6)ds + Vi) + KT+ €l T

—T

> E[l{‘rkST} (uJ)V(x(Tkv w))]

1
> P{m, < T}[Vk -1 —0.51log(k)] A [\/; — 14 0.5log(k)]),
where 1¢;, <7y is the indicator function of {7, < T'}. Letting k — oo gives
1' P < T =
k—l»I-ir-loo {Tk - } 0

and hence P{7;o < T} = 0. Since T > 0 is arbitrary, we must have
P{T4oo < +o0} =0,
80 P{T1 = +00} =1 as required. O

3. PERSISTENCE AND EXTINCTION FOR MODEL (|1.2)

From Theorem we know that solutions of will remain in the positive
cone Ry. This nice property provides us with a great opportunity to construct
different types of Lyapunov functions to discuss how the solutions vary in R in
more details. In this section, we shall study the persistence and extinction of model

2.

Theorem 3.1. Let assumption (A1) and (A2) hold. If d < 0 and inf, 7, {a(t) -

b(t+71)—c"} > 0, then the population x(t) modeled by (1.2)) approaches extinction
a.s.

Proof. Applying It6’s formula to (|1.2) leads to

d/t b(s+ 7)x(s)ds + dlnz(t)

= (bt +1)x(t) — b(t)x(t — 7))dt + [T(t) - —a(t)xz(t) + b(t)x(t — 7)

0 0.2 CE2
+e(t) / w(t + 0)du(0) — M} dt + o1 () dwy (t) + oo (£)x(t) dua (1),

— 00

Then we have

¢ 0
/t_ b(s + 7)x(s)ds — / b(s + 7)x(s)ds + Inz(t) — Inz(0)

—T

0

- / [r(s)_(’l;t) — (a(s) — b(s + 7))(s) + c(s) / (s +0)du()  (3.1)
0

o3 (t)z*(s)

_ f}ds + /Ot o1(s)dwi(s) + /Ot o2(s)z(s)dws(s).




EJDE-2013/262 PERSISTENCE AND EXTINCTION 7

By hypothesis (A3), we obtain
t 0
/ c(s)/ x(s + 0)du(6)ds
0

— 00

_ / "e(s) [ / OO (s + 0)du(0)ds + [ O v(s+ 0)dp(0)] ds

t

/ s)ds / "D (s + 0)e "D du(9) + [ i du(0) / Gc(s)x(eré))ds

0 0 t
< el / s [ etauo v [ auo) [ alsas
t 0 0 t
<elel, [ eras [ e tauo e [ o) [ ot

1, ., w [
< —ctlélle,pr(l —e )+ /:v(S)dS-
0

Consequently,

¢ 0
/t_ b(s+ 71)x(s)ds — /_ b(s + 7)x(s)ds + Inz(t) — Inz(0)

2

< /Ot [7(s) - 0%2(s> — (a(s) = bs+7) = ¢*)a(s) - %ﬂs)} b (32

2 ellcy (1 - ) + My(0) + Mae),
where , ,
My (t) = /0 o1 (8)dwr(s),  Ma(t) = /O 3 (5)2(5)dws (5).
The quadratic variation of M (t) is
a0, 30)) = [ ot Os < o1

Using the strong law of large numbers for martingales (see e.g. [29, page 16]) leads
to

My(t
M) =0, as. (3.3)
t—+oo ¢
The quadratic variation of Ms(t) is (Ms(t), = fo 03(s)z%(s)ds. By the
exponential martingale inequality, for any posmve constants To, « and 0B, we have
P{ sup [Ma(t) - S(Ma(0), Ma(1))] > B} < e (3.4)

0<t<To
Choose Ty = k, a =1, § = 21Ink. Then it follows that
1
P{ sup [Mg(t) - §<M2(t),M2(t)>] > 21nk} <=
0<t<k

Using Borel-Cantelli’s lemma yields that for almost all w € €2, there is a random
integer kg = ko(w) such that for k > ko,

sup [Mg(t) - %(Mg(t),Mg(t»} <2Ink.
0<t<k
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This is to say
1 Lty
Ms(t) <2lnk + §(M2(t), Ms(t)) =2Ink + 3 o5(s)x*(s)ds
0
for all 0 <t < k,k > kg a.s. Substituting this inequality into (3.1]), we obtain

Inz(t) — Inz(0) < /0

¢ o?(s
3 b(s)x(s)ds +/0 [7’(5) - % — (a(s) = b(s) — c*)x(s)|ds

1
+ 2k + —ctligllo, (1= e77) + Ma(?)

(3.5)
forall 0 <t <k, k> kg a.s. In other words, we have shown that for 0 < k — 1 <
t <k, k= ko,

t~HInz(t) — Inz(0)}

0 t 2(
<t ! b(s)x(s)ds + t_l/o |:’I“ - 01?() — ((a(s) = b(s) — c“)x(s)} ds

-7

1
+2(k—-1)"'Ink + t*l;c“\\§||cgur(1 —e ") + My(t)/t.

Taking the limit superior on both sides and using (3.3) yields limsup,_, | . h””t(t)

<
d. That is to say, if d < 0, one sees that lim; . - #(t) = 0 a.s. 0

Theorem 3.2. Let (A1) and (A2) hold, ifd = 0 and inf, .z, {a(t)=b(t+7)—c"} =
0, then the population x(t) represented by (1.2) is nonpersistent in the mean a.s.

Proof. From d = 0 and (3.3)), then for all € > 0, there exists T, such that

t s 0
fl/O (r(s)fng())dert*l/ b(s)z(s)ds

—T

1 2Ink  M;y(t
+ til;c“HfH(;gur(l —e ) + Tn + ;( ) <e Vt>T.
In view of , we have
Inz(t) — In2(0)
0 ¢ 2
< b(s)x(s)ds —|—/ [r(s) - 012(S> —(a(s) = b(s+T1) — c“)x(s)} ds
—T 0

1
+ til;c“||§||cgpr(l —e ™)+ 2Ink + My (t)

¢
<et— / (a(s) —b(s+ 1) — c*)x(s)ds
0
forall T < k—1 <t <k, k > ko a.s. Define h(t) = [ #(s)ds and N = inf,cg[a(s) —
b(s + 7) — ¢“], then we have
In(dh/dt) < et — Nh(t) + Inz(0), t>T.
The rest of proof is similar to [I4, Theorem 3] and is hence omitted. O

Theorem 3.3. Let (A1) and (A2) hold. If d > 0, then the population x(t) modeled
by (1.2) is weakly persistent a.s.
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Proof. Now suppose that d > 0, we will prove limsup,_, too () > 0 a.s. If this
assertion is not true, let F' = {limsup,_ . x(t) = 0} and suppose P(F) > 0. In

view of (3.1)),

t 0
t! / ba(s)ds —t* ba(s)ds +t~  Inx(t)
t—T —T

=t"1Inz(0) + t_l/o [r(s) - 012(8) — (a(s) = b(s))x(s) (3.6)

0
+ ¢(s) / z(s + 0)du(9) — w} ds + M (t)/t + Ma(t)/t.

On the other hand, for all w € F', we have lim;_, o, (¢, w) = 0, then the law of large
numbers for local martingales indicates that lim; 4o, M2(t)/t = 0. Substituting
this equality and (3.3)) into (3.6) results in the contradiction
0 > limsup[t ' Inx(t, w)] =d > 0.
t—+o00

O

It is well known that in the study of population system, stochastic permanence,
which means that the population will survive forever, is one of the most important
and interesting topics due to its theoretical and practical significance. So we show
that z(t) modeled by is stochastic permanent in some cases.

Theorem 3.4. Let (A1) and (A2) hold. If (r(t) — 22) > 0, b(t) > 0, and
c(t) > 0, then the population x(t) modeled by (1.2) will be stochastic permanent.
Proof. First, we prove that for arbitrary € > 0, there are constants M > 0 such

that liminf, .4 P{z(t) < M} >1—ce¢.
Let 0 < p < 1ande; €(0,2r), we compute

dzP(t)

= pa ™ ()dx(t) + 5plp — 1)a?2(0)(da(r))
0

= paP (1) [(:r,(t) (r(t) — a(t)z(t) + b(t)z(t — 7) + c(t) / a(t+ 9)d/¢(9)>)dt

— 00

+ o1 (H)z(t)dw: (t) + o2(t) 2 dws (t)} + %p(p — D)o ()P (t)dt

+ %p(p — a3 (t)a" " (t)dt
< |r(®)pz”(t) + Zw +2%(t—7) + Iw

0
+ / (R e)du(e)} dt + po1 () 2P (t)dw (t) + poa(t)xP T (t)dwa (t)

— 5P = PO (Wt — Sp(1 — Pl (E)? (1)
0
— F(z)dt — [mp(t) +eSTa2(t) — 22t — 1) — [ 22(t + 0)du(6) + M#(t)} dt

+ poy (£)xP (t)dwy (t) + poa(t)zP T (t)dws (1)
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where
202 ($)2:2P
F(!L‘) — 17 2(t) + prx ( ) + (81 =+ T(t)p)mp(t) + W
$2
+ # %p(l —P)U%(t)(t)xl’( ) — %p(l —plo (t) 2+p(t)

From (A1)—(A2) and 0 < p < 1, we have that F'(z) is bounded in Ry, namely

sup F(x) = M3 < 4o0.
TER L

Therefore,

daP(t) = [Mz — e12P(t) — e* T2 (t) + 22(t — 7)]dt

0
+ / 22(t 4 0)du(0)dt — p,a*(t)dt

— 00

+ poy (8)xP (t)dwy (t) + poa (t) 2P T () dws (t).
Once again by Ito’s formula we have

d[ef'aP (t)] = e [e1 2P (t)dt + daP (t)]

0
< eftt |:M3 — eElT:EQ(t) + a:2(t —-7)+ /

— 00

22 (t 4 0)du(9) — p,a? (t)] dt
+ et (p01 ()2 (t)dw: (t) + poa(t)z? T (t)dw, (t)) :

Hence, we have

e Bl (t)

Elt
<o)+ S0 -

———E/ fisterT p2(s )d8+E/ f1502(s — 7)ds

+E/ / s+9du(9ds—E/ et 2 (s)ds

e€1t M. M t—7
< g:ﬂ( ) 3 73 —E/ ei1sterr 2( )ds+E 6518+51T{E2(s)d8

—I—E/ / 2(s 4 0)du(0) ds—E/ preS* 2% (s)ds

etM; M. 0
<§p( ) 3 M3 +/ 6618+€1T$2(S)d8

T

t
+ E/ / (s + 0)du(0)ds — Eur/ e 5% (s)ds
0

From (A2), we have

/ / (s+ 0)du(9)ds
:/0 esls[/_oo 2(s 4 0)du(0) +/O x2(5+9)du(9)]ds

—S8

s 0 t
:/ eslsds/ eQr(s+0)x2(S+9)€72r(s+0)d’u(0)+/ d,u(ﬁ)/ 651(5)
0 —o0
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t —s 0 460

:/ eslsds/ ezr(SJ“G):EQ(s+9)672T(8+9)du(9)+/ d,u(@)/ et =2 (5)ds
0 —o0 —t 0

t 0 0 t
<lell, [ s [ e tauo [ e tano) [ ea s

t
< |I€lIE, mrt + ur/o =151 (s)ds.

This implies
M.
limsup E[zP(t)] < =3,
t——+o0 €1

Now, for any € > 0 and M = (%)1/;)/51/177 by Chebyshev’s inequality,
P{x(t) > M} = P{aP(t) > MP} < E[zP(t)]/MP.

Hence
limsup P{x(t) > M} < e.

t—+o0
This implies
liminf P{x(t) < M} >1—e.

t——+4o0
Next, we claim that for arbitrary € > 0, there is a constant S > 0 such that
liminf, 4o P{z(t) > B} > 1 —e. Define Vi(z) = 1/22 for x € R,. Applying It&’s
formula to(1.2)) we obtain
dVi(z(t)) = =22 3dx + 3z~ *(dx)?
= 2Vi(2)[1.502(t)x? + a(t)z — r(t) + 1.502(t) — b(t)z(t — 7)

0
—c(t) / x(t + 0)du(0)]dt — 201 (t)x ™ 2dw; (t) — 209 (t)x ™ dwa ().

—00

2
Since (r(t) — 012(”)* > 0, we can choose a sufficient small constant 0 < k < 1 such

that (r(t) — 90) — k(o1)? > 0.
Define Va(x) = (1 + Vi(x))*. Using It6’s formula again leads to
dVa = k(14 Vi(z(t)))"dVi + 0.5k(k — 1) (1 + Va(2(t)))"*(dV4)?
)

= r(1+ Vi(2)"2{(1 + Vi(x))2Vi(2)[1.505(t)x? + a(t)x — r(t) + 1.505(t)
0

—b(t)x(t—7) —c(t) / x(t + 0)du(0)] + 207 (t)(k — 1)VE(2)

+202(t)(k — 1)Vi(z)}dt — 2r(1 + Vi (2)* Lz ™20 (t)dw: (t)
—26(1 + Vi (2)* 2 oo (t)dws(t)
< KL+ Vi(2) 2 {(=2r(t) + 301 (t) + 207 (1) (5 — 1))V () + 2a(t)V; " (2)
+ [30%(t) — 2r(t) + (26 + )3 ()] Vi (2) + 2a(t)VY5(x) + 303 (t) }dt
—2k(1+Vi(z ))”71 201 (t)dw: (t) — 26(1 + Vi(2))" Lz oo (t)dws (1)
= R(1+ Vi(2))" {(=2r(t) + of (1) + 2k07 (1)) V{ (2) + 2a() Vi (2) + [307 (1)
—2r 4 (26 + 1) o3 (O] Vi(z) + 2a() VL5 () + 303 (t) }dt
—2k(1 + Vi (2))* L2201 (t)dw: (t) — 26(1 + Vi(2))" o oo (t)dws (1)
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03

w1+ i@y { —2((r0) - Z) — k(o12) V() + 20
+ [3(01)2 = 20+ (26 + 1)) Va (2) + 20"V (2) + 3(05)? bt
—2k(1 + Vi (2))* 2201 (t)dw (t) — 26(1 + Vi (2))" Lo oo (t)dw (1)
for sufficiently large t > T'. Now, let 7 > 0 be sufficiently small satisfying

0< % < (r(t) — %(t))* — k(o™

Define V3(z) = e"Va(x). By Itd’s formula
dVs(z(t))
= ne"Vy(x) + e dVa(x)

< R (14 VA ()) =m0+ Vi @)/ - 2(0r(0) — ), o)) V()
+2a "V (2) + (3(0¥)? = 2r, 4+ (26 + 1)(e¥)*) Vi (2) + 20V () + 3(0%)2}dt

— 2ke™ (1 + Vi(2))0 120y (t)dw (t ) - 2/@6’”(1 + Vi(@)* tae Loy (t)dws(t)
< we (14 Vi)~ 2((r(0) ) ~K(01)? = LY VR (@) + 20"V (a)

+[3(01)? — 2 + (26 + 1)(03)% + 277/41/1( )+ 20"V (@) + 3(0)? + /e fdt
—20e™ (1 + Vy(2)"ta 20y (t)dw: (t) — 2ke™ (1 4 Vi(2))" Lo og(t)dws ()
= e" H(z)dt — 2re™ (1 + Vi(x))" 2720 (t)dw ()

—2ke™ (14 Vi(2))" Lo Loy (t)dws (1)

for t > T'. Note that H(z) is bounded from above in Ry, namely sup,cp, H(z) =
H < +00. Consequently,

dVz(z(t)) = He"dt — 2ke™ (1 + Vi (2(t))* Lo 2 (t)o1 (t)dw: (t)
— 2k (1 + Vi(2)) Lo og(t)dwa(t)

for sufficiently large t. Integrating both sides of the above inequality and then
taking expectations gives

EIVa(o(t)] = BLe™ (14 Va(e(e)") < (L4 Vi(a(T)" + 1 (e = e7T).

That is to say

H
lim sup E[V*(x(¢))] < limsup E[(1 + Vi(z(¢)))"] < —.
t—+o0 t——+o0 n
In other words, we have shown that

< =M,

. H
timsup B 2oy = 5 =

So for any € > 0, set § = 61/2"”"/M1/2'€

that

by Chebyshev’s inequality, one can derive

El—=tm
Pla(t) < 5} :P{ﬁ%@ > i} < M

ﬁQﬁ =
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This is to say
limsup P{z(t) < B} < B** My = ¢.

t——+o0
Consequently
ltimJian{x(t) >0} >1—e
This completes the whole proof. (I

Remark 3.5. Theorems |3.1 have an obvious and interesting biological inter-
pretation. Under assumption (A1) and (A2), if d > 0, the population z(t) will be
weakly persistent. Under assumption (A1) and (A2), if d < 0 and inf, .7, {a(t) -
b(t+7)—c"} > 0, the population z(¢) will go extinct. That is to say, if assumption
(A1) and (A2) hold and inf, .7 {a(t) —b(t +7) — ¢} > 0, then d is the threshold
between weak persistence and extinction for the population x(t).

Remark 3.6. With d = limsup,_, ¢ ~* fg (r(s)—@)ds in Theorem we
note that the stochastic noise on r(t) is detrimental to the survival of the population
but the stochastic noise on a(t) has little effect on the persistence or extinction of
the population. Thus, in true ecological modeling, the stochastic noise on r(t)
should be considered, but the stochastic noise on a(t) could be overlooked in some
cases.

Remark 3.7. From Theorem we found that the delay has no effect on the
persistence and extinction of the stochastic model in autonomous case.

Remark 3.8. If b(¢) < 0 and ¢(t) < 0 hold, then the condition inf, 7, {a(t) —b(t+
7) —c*} > 0 in Theorem [3.1 can be omitted.

Remark 3.9. Liu and Wang [I4] studied the persistence and extinction of two
stochastic logistic model. Our work extends their results to stochastic population
with infinite delay.

4. EXAMPLES AND NUMERICAL SIMULATIONS

In this section, we explore the behavior of the model (|1.2)) using numerical solu-
tions . For convenience, we let the probability measure u(6) be ¢’ on (—o00,0]. So
the model (1.2 will be written as

0
dz(t) = z(t) {r(t) —a(t)z(t) + b(t)x(t —7) + c(t)e™" / e*€(s)ds
. B (4.1)
+e(t)e™ / esm(s)ds} dt + o1 (t)z(t)dw: (t) 4 oo (t)2? (t)dws (t).
0

By employing the Euler scheme to discretize this equation, where the integral term
is approximated by using the composite ¢ -rule as a quadrature [30] and taking
the initial values as £(s) = 795 7 = 0.8. We obtain the discrete approximate
solution

0
Tht1 = T + Tk [r(kAt) — a(kAt)zy, + b(kAt) ) _g00 + c(kAL)e A / 9504

— 00

k
+c(kAt)e FA Y wy“)ej%j} At + 2 (ABy )i + 23 (ABy),
j=0
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where (AB;)r = Bi((k + 1)At) — B;(kAt), k = 0,1,2,..., i = 1,2. The general
composite J# -rule has weights

{w(()k)awgk)a-.-’wl(ck)}:{‘%/71’"'71_’%/}7 %6[0’1]

and Y w™ =k, k> 0.

Here, we choose r(t) = 0.2 4+ 0.02sint, a(t) = 0.09, b(t) = 0.01, ¢(¢t) = 0.005,
o9(t) = 0.08, & = 0 and step size At = 0.001. The only difference between
conditions of Figure .1(a), Figure [[[b), Figure [[{c) and Figure [[{d) is that the
representations of oy (t) are different. In Figure [I{a), we choose o?(t) = 0.5, then
d = —0.05. In view of Theorem population z(t) will go to extinction. In
Figure b), we consider o%(t) = 0.4 + 0.01sin¢, then d = 0. By Theorem
population z(t) will be nonpersistent in the mean. In Figure[I|c), we choose o7 (t) =
0.38, then d = 0.01 > 0. From Theorem [3.3] the population z(t) will be weakly
persistent. In Figure (d)7 we consider o7 (t) = 0.32, then (r(t) — @)* =0.02 > 0.
Using Theorem the population z(t) will be stochastic permanence. By using
numerical simulations, we find that the stochastic noise on r(t) can change the
properties of the population models significantly.

N
N

(v

B
o
=
o

Population sizes
N
Population sizes
N

05

o
3

Population sizes
N

Population sizes
N

FIGURE 1. The horizontal axis is time and the vertical axis is the
population size x(t) (step size At = 0.001)

Conclusions and future directions. In the real world, the natural growth of
population is inevitably affected by stochastic disturbances. In this paper, a sto-
chastic logistic model with infinite delay is proposed and analyzed. With space C,
as phase space, sufficient conditions for extinction are established and nonpersistent
in the mean, weak persistence and stochastic permanence. Furthermore, we obtain
the threshold between weak persistence and extinction.

Some interesting topics merit further consideration. It is interesting to study
what happens if ¢(t) is stochastic. Another significant problem is devoted to mul-
tidimensional stochastic model with infinite delay, and these investigations are in
progress.
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