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WELL-POSEDNESS OF DISCONTINUOUS BOUNDARY-VALUE
PROBLEMS FOR NONLINEAR ELLIPTIC COMPLEX
EQUATIONS IN MULTIPLY CONNECTED DOMAINS

GUO-CHUN WEN

ABSTRACT. In the first part of this article, we study a discontinuous Riemann-
Hilbert problem for nonlinear uniformly elliptic complex equations of first order
in multiply connected domains. First we show its well-posedness. Then we
give the representation of solutions for a modified Riemann-Hilbert problem
for the complex equations. Then we obtain a priori estimates of the solutions
and verify the solvability of the modified problem by using the Leray-Schauder
theorem. Then the solvability of the original discontinuous Riemann-Hilbert
boundary-value problem is obtained. In the second part, we study a discontinu-
ous Poincaré boundary-value problem for nonlinear elliptic equations of second
order in multiply connected domains. First we formulate the boundary-value
problem and show its new well-posedness. Next we obtain the representation of
solutions and obtain a priori estimates for the solutions of a modified Poincaré
problem. Then with estimates and the method of parameter extension, we
obtain the solvability of the discontinuous Poincaré problem.

1. FORMULATION OF DISCONTINUOUS RIEMANN-HILBERT PROBLEM

Lavrent’ev and Shabat [2] introduced the Keldych-Sedov formula for analytic
functions in the upper half-plane, namely the representation of solutions of the
mixed boundary-value problem for analytic functions, which is a special case of
discontinuous boundary value problems with the integer index. The authors also
pointed out that this formula has very important applications. However, for many
problems in mechanics and physics, for instance some free boundary problems and
the Tricomi problem for some mixed equations [T}, [5 [6l [7], [8] [1T], 12} [13], [14], one needs
to apply more general discontinuous boundary-value problems of analytic functions
and some elliptic equations in the simply and multiply connected domains. In [5]
the author solved the general discontinuous Riemann-Hilbert problems for analytic
functions in simply connected domains, but the general discontinuous boundary-
value problems for elliptic equations in multiply connected domains have not been
solved completely. In this article, we study the general discontinuous Riemann-
Hilbert problem and discontinuous Poincaré problem and their new well-posedness
for nonlinear elliptic equations in multiply connected domains.
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We study the nonlinear elliptic equations of first order
ws; = F(z,w,w,), F=Qw,+ Qw5+ Ajw+ Asw+ A3, z€ D, (1.1)

where z = x + iy, wz = [w, +iw,]/2, Q; = Q;(z,w,w,), j = 1,2, A; = A;(z,w),
j =1,2,3 and assume that equation (1.1 satisfy the following conditions:
(C1) Qj(2z,w,U), Aj(z,w) (j =1,2,3) are measurable in z € D for all continuous
functions w(z) in D* = D\ Z and all measurable functions U(z) € L,,(D*),
and satisfy

L,[A;,D] <ko, j=1,2, L,[A3,D] < ky, (1.2)
where Z = {t1,...,tm}, t1,...,tm are different points on the boundary
0D = T arranged according to the positive direction successively, and
P, Po, ko, k1 are non-negative constants, 2 < py < p.

(C2) The above functions are continuous in w € C for almost every point z €
D,UeC.and Q; =0(j=1,2),A;=0(j=1,2,3) for z € C\D.
(C3) The complex equation satisfies the uniform ellipticity condition

\F(z,w,Ul)—F(z,w,Ugﬂ SQQ|U1 —Uv2|7 (13)

for almost every point z € D, in which w,U;,U; € C and ¢y is a non-
negative constant, qo < 1.

Let N > 1 and let D be an N + 1-connected bounded domain in C with the
boundary 0D =T = U;V:OFj € C}L (0 < pu < 1). Without loss of generality, we
assume that D is a circular domain in |z| < 1, bounded by the (N + 1)-circles
I'j:ilz—z|=r;,j=01,...,Nand I'o =41 : 2| =1, 2 = 0 € D. In this
article, we use the same notation as in references [I}, 4, 5] 6}, [7} [8, (9} [0}, 1T, T2}, 13}, [14].
Now we formulate the general discontinuous Riemann-Hilbert problem for equation
(1.1) as follows.

Problem A. The general discontinuous Riemann-Hilbert problem for (1.1)) is to
find a continuous solution w(z) in D* satisfying the boundary condition:

Re[A(z)w(z)] = c(z), z€ ' =T'\Z, (1.4)
where A(z), ¢(z) satisfy the conditions
C’a[/\(z),ﬁj] < ko, O(XHZ—tj_1|ﬁj_1|2—tj|ﬁjc(z),ﬁj] Skﬁz, j: 1,...,’/77,, (15)

in which A(2) = a(2)+ib(2), |A(z)| = 1on T, and Z = {¢t1,...,t,, } are the first kind
of discontinuous points of A(z) on T, fj is an arc from the point ¢;_; to ¢t; on I, and
does not include the end point ¢; (j = 1,2,...,m), we can assume that t; € I'g (j =
1,...,mg), t; €Ty (J=mo+1,...,m1),...,t; €ETn (j=mny_1+1...,m) areall
discontinuous points of A\(z) on T'; If A(z) on I'; (0 < [ < N) has no discontinuous
point, then we can choose a point t; € I'; (0 <1 < N) as a discontinuous point
of A(z) on I'; (0 <1 < N), in this case t; = tj41; o(1/2 < a < 1), ko, ko,
B;(0 < B; < 1) are positive constants and satisfy the conditions

ﬁj+|7j|<17 j:]-v"'vma
where v; (j =1,...,m) are as stated in (1.6) below.
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Denote by A(t; — 0) and A(t; + 0) the left limit and right limit of A(¢) as t — ¢,
(j=1,2,...,m) on T, and
gits = Mt = 0) yj:i_ln)‘(tj_o):ﬁ—f(j,
A(t; +0) T At;+0) 0w (1.6)
Kj:[%]+Jj, Ji=0orl, j=1,...,m,

in which 0 < v; <1 when J; =0, and -1 <7; <Owhen J; =1,7=1,...,m.
The index K of Problem A is defined as

_1 NG
K= 2(K1+ +Km)—jz::1[2ﬂ_ 2]‘

If A(t) on T is continuous, then K = Ararg A(t)/27 is a unique integer. Now the
function A(t) on I' is not continuous, we can choose J; = 0 or 1(j = 1,...,m),
hence the index K is not unique. Later on there is no harm in assuming that
the partial indexes K; of A(z) on T'; (I =1,..., Ny < N) are not integers, and the
partial indexes K; of A(z) on T (j =0, Ng+1,..., N) are integers; (if Ko of A(z) on
[y is not integer, then we can similarly discuss). We can require that the solution
w(z) possesses the property

R(z)w(z) € C5(D), R(z) =[] lz—t,/"/7",
=t (1.7)
Tl iy <0, 85 < Pl
in which v, (j = 1,...,m) are real constants as stated in (1.6]), 7 < min(a, 1—2/py)
and § < min(8y, ..., Bm, 7) are small positive constants.
When the index K < 0, Problem A may not be solvable, when K > 0, the solu-

tion of Problem A is not necessarily unique. Hence we put forward a new concept
of well-posedness of Problem A with modified boundary conditions as follows.

Problem B. Find a continuous solution w(z) of the complex equation (1.1]) in D*
satisfying the boundary condition

Re[A(z)w(z)] = r(z) + h(2)A(2)X (), =ze€T7, (1.8)
where X (2) is as stated in below, and
0, z€ly, K>0
hj, zely, j=1,...,N, K>0
h(z) = { hj, zely,j=1,...,N, K <0
1+ (— 1)K ],
+Re UKLV (ot 4 ip—yam 2 €Ty, K <0
in which h; (j =[1—(=1)*%1/2,....N), b\, h,,, (m=1,... [|[K| +1/2] — 1) are

unknown real constants to be determined appropriately, and hni1(= hg) = 0, if
2| K] is an odd integer; and

mo N ma

v(z) =[G -t [z — 20 ] (j:ii)v(j:ii)

=1 =1 j=mo+1
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MNg MNG+1

) !/ .
< 11 (Z—tj)%(—tzvo) I (Z—tj,)”’...
Z — ZNy Z — ZNp Z — ZNp+1

Jj=mny-1+1 Jj=mn,+1
- z—1;\
% H (z — zj\;) ’
j=mN_1+1
where K; = >y 41 K denote the partial index on Iy (I = 1,...,N), t] (€
Ty, 1 =,...,Ny) are fixed points, which are not the discontinuous points at Z; we

must give the attention that the boundary circles T'; (j = 0,1,..., N) of the domain
D are moved round the positive direct. Similarly to [5l, (1.7)—(1.12) Chapter V], we
see that

Mt — O)W _A(t;—0)

= e =41, j=1,...,m
At +0) LY (t;+0)) — A(t; +0) J

)

it only needs to charge the symbol on some arcs on T', then A(2)Y(2)/|Y(2)| on T
is continuous. In this case, its index

5= o AV = K - 0

is an integer; and
(] 15’ z)Y( ) z ey,
X(Z) = 29, S(z) -
1efie Y(2), z€T,j=1,...,N,
Im[A(2)X(2)] =0, zeTl,
Re S(z) = Si1(z) — 6(¢),

Si(2) = arg \(z) — [s]argz —argY (z), z €Ty, (1.9)
ne arg A\(z) — arg Y (2), zely, 7=1,...,N,
r
0(z) = 0, zely, '
Hj, ZEFj, j=1,...,N,
Im[S(1)] = 0,

in which S(z) is a solution of the modified Dirichlet problem with the above bound-
ary condition for analytic functions, 6; (j = 1,...,N) are real constants, and
k=K — N0/2

In addition, we may assume that the solution w(z) satisfies the following point
conditions

Im[A(aj)w(a;)] =bj, jeJ={1,....,2K+1}, if K >0, (1.10)

where a; € T'o(j € J) are distinct points; and b;(j € J) are all real constants
satisfying the conditions
|b]| < ks, jed

with the positive constant ks. Problem B with As(z,w) =0in D, ¢(z) =0 on I’
and b; =0 (j € J) is called Problem Bj.

We mention that the undetermined real constants h;, hi5, in are for ensuring
the existence of continuous solutions, and the point conditions in are for
ensuring the uniqueness of continuous solutions in D. The condition 0 < K < N
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is called the singular case, which only occurs in the case of multiply connected
domains, and is not easy handled.

Now we introduce the previous well-posedness of the discontinuous Riemann-
Hilbert problem of elliptic complex equations, which are we always use here.

Problem C. Find a continuous solution w(z) in D of (1.1) with the modified
boundary condition (1.8]), where

0, 2eTl, K>N—1,

h;, el j=1,... N—-K , 0<K<N-1

0, zel, j=N-K'+1,..., N-K' +[K|+1,

0<K<N-1,

h(z) = .

hj, zely,j=1,...,N, K <0,

[1+ (=1)*"]ho

K|+1/2]—1
+Re 32,5
+ih,,)z™, zely, K <O0.
(1.11)

in which K’ = [K + 1/2], [K] denotes the integer part of K, ho,ht, h, (m =
1,...,[[K|+1/2] — 1) are unknown real constants to be determined appropriately,

and hnt1(= ho) =0, if 2|K| is an odd integer; and the solution w(z) satisfies the
point conditions

1,...2K—-N+1, f K>N-1
Im[\(a; N=0b;, jeJ=<""7 ’ ' 1.12
m[ (a])w(a‘])} J J {17...7[K}+1, ifOSKSN—l, ( )
in which a; € Fj+N0 (] = ].,...,.N'—.]\/v())7 a; € T (j =N-No+1,...,2K—-N+1,
if K > N) are distinct points; and when [K] 41 < N — Ny, a; (€ T'j i n_(x)-1,

Jj=1,...,[K] +1), otherwise a; (€ T'j4n-n,, J =1,...,No), and a; (€ Ty, j =
No+1,...,[K]+1) are distinct points, and

with a non-negative constant ks.
We can prove the equivalence of Problem B and Problem C for for equation (1.1).
From this, we see that the advantages of the new well-posedness are as follows:

(1) The statement of the new well-posedness is simpler than others (see [Bl [6]
13]).

(2) The point conditions in 'y = {|z| = 1} are similar to those for the simple
connected domain D = {|z] < 1}.

(3) The new well-posedness statement does not distinguished the singular case
0 < K < N and non-singular case K > N.

We mention the equivalence of these well-posedness statements; i.e. if there exists
the unique solvability under one well-posedness statement, then we can derive the
unique solvability under under the other well-posedness. Hence it is best to choose
the simplest well-posedness statement.

To prove the solvability of Problem B for the complex equation , we need
to give a representation theorem.

Theorem 1.1. Suppose that the complex equation (1.1)) satisfies conditions (C1)—
(C3), and w(z) is a solution of Problem B for (1.1). Then w(z) is representable
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as

w(z) = [B(¢(2)) + 1 (2)]e”?, (1.13)
where ((2) is a homeomorphism in D, which maps quasi-conformally D onto the
N +1-connected circular domain G with boundary L = (T') in {|¢| < 1}, such that:
three points on T are mapped into three points on L respectively; ®(C) is an analytic
function in G; (z), $(2),((2) and its inverse function z(C) satisfy the estimates

Ly, [[vz| + 12|, D] < ka, Ly, [|¢z] + |¢2], D] < ka, (1.15)
Cﬁ[Z(C),é] S k47 LPO[|X5| + |le7ﬁ] S k53 (116)

in which x(z) is as stated in (1.20) below, f = min(o,1 — 2/pg), po (2 < po < p),
k; = kj(qo,p0,0, ko, k1,D) (j = 4,5) are non-negative constants depending on

qo, po, B, ko, k1, D. Moreover, the function ®[((2)] satisfies the estimate

Cg[R(Z)‘I)[C(Z)] E] < M1 = Ml(qO,po,ﬁ, k7D> < 00, (117)
in which R(z), v; (j =1,...,m) are as stated in (1.7) and 7 < min(e,1 — 2/py),

d < min(fy, .. ﬁm,T) are small positive constants, k = k(ko, k1, k2, k3), and M
s a non-negatz've constant dependent on qo,po, 3, k, D.

Proof. We substitute the solution w(z) of Problem B into the coefficients of equation
(1.1) and consider the system

¢: = Qp. + A A:{A1+A2w/w for w(z) # 0,

0 for w(z) =0or 2 ¢ D,
- Q1+ Qowz/w, for w, # 0, (1.18)
z = .+ A ¢(z), =
Yz = QY 3€ Q 0 forw,=0or z ¢ D,

W:=QW,, Wi(z)=>®[{(z)] in D.

By using the continuity method and the principle of contracting mapping, we can

find the solution
v() = Tof———// I 4o o

#(2) = Tog, ((2) = ¥[x( x(z) = z 4+ Toh

of (L.18), in which f(2),g(z), h(z ) e LpD (D)7 2 < po < p, x(2) is a homeomorphic
solution of the third equation in , ¥(x) is a univalent analytic function, which
conformally maps E = x(D) onto the domain G (see [3,16]), and ®(() is an analytic
function in G. We can verify that ¢(z), #(z),((z) satisfy the estimates and
. It remains to prove that z = z({) satisfies the estimate in ([1.16]). In fact,
we can find a homeomorphic solution of the last equation in the form
x(2) = z + Toh such that [x(2)]:, [x(2)]z € Lp,(D) (see [3]). Next, we find a
univalent analytic function ¢ = (), which maps x(D) onto G, hence ¢ = ((z) =
U[x(2)]. By the result on conformal mappings, applying the method of [6, Theorem
1.1,Chapter III] or [13, Theorem 1.1.1, Chapter I], we can prove that is true.
It is easy to see that the function ®[((z)] satisfies the boundary conditions

Re[A(2)e” @ D(((2))] = (= )+h( JA(z)X (2) — Re[A(2)e?@y(2)], 2 €T (1.20)

On the basis of the estimates 4)) and -, and use the methods of [13 Theorem
1.1.1, Chapter I], we can prove that ®[((z)] satisfies the estimate O
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2. ESTIMATES FOR DISCONTINUOUS RIEMANN-HILBERT PROBLEMS

Now, we derive a priori estimates of solutions for Problem B for the complex
equation (1.1f).

Theorem 2.1. Under the same conditions as in Theorem any solution w(z)
of Problem B for (L.1)) satisfies the estimates

Cs[w(z), D] = C5[R(2)w(z), D] < My = M (qo, po, 9, k, D), (2.1)
LY [w(z), D] = Ly, [|[RSws| + |RSw.|, D] < Mz = Ms(go, po, 8, k, D), (2.2)

where S(Z) = H;n:1 ‘Z — tjll/T B k= k(k07 klak27k3); 0 < min(ﬁla v 7ﬂm77—)7 Do, P,
(2 <po <p), M; (j =1,2) are positive constant only depending on qo, po, 6, k, D.

Proof. On the basis of Theorem the solution w(z) of Problem B can be ex-
pressed the formula as in ([1.13]), hence the boundary value problem B can be
transformed into the boundary value problem (Problem B) for analytic functions

Re[A(Q)®(¢)] = #(¢) + H(OA2()X[2(¢)], ¢€L*=¢(), (2.3)

0, ¢ely, K>0,

h;, (eLj,j=1,...,N, K >0,
H(¢) = 4 hy, CelLjj=1,...,N, K <0, (2.4)

[1+ (=1)*XTho

+Re LUV (BE ik )™, C € Lo, K <0,

JjEeJ, (2.5)

where
A(Q) = AL(Qe”F QL #(Q) = r[2(Q)] = Re{AL(OIL ()]},
af =((az), by =b; —Im[X(a;)e?“i(a;)], je T
By and 7, it can be seen that A((), #(¢), V' ; (j € J) satisty the

conditions
CaplR[2(OIA(C), L] < Mz,  CaglR[2(Q)IF(C), L] < M5, [b}] < M3, j € J, (2.6)
where Mz = M3(qo, po, B, k, D). If we can prove that the solution ®(¢) of Problem
B satisfies the estimates
Cop[R(2(0))2(0), G < My, C[R(2(C))S(2()®'(C), G < M5, (2.7)

where (3 is the constant as defined in (1.14), G = ((E), M; = M;(qo, po, 9, k, D),
j = 4,5, then from the representation ([1.13]) of the solution w(z) and the estimates

(1.14)-(1.16) and (2.7)), the estimates (2.1)) and (2.2)) can be derived.

It remains to prove that (2.7) holds. For this, we first verify the boundedness of
B(); i,

C[R(Z(C))‘I’(C%G] < Mg = Ms(qo, po, 3, k, D). (2.8)
Suppose that ( is not true. Then there exist sequences of functions {A,,(¢)},
{7 (O}, {0, } satlsfymg the same conditions as A((), 7(¢), b}, which converge
uniformly to Ag(C), 70(¢), b0 (j € J) on L respectively. For the solution @,,(¢)
of the boundary value problem (Problem B,) corresponding to A,(¢), 7n(C), b%,
(j € J), we have I,, = C[R(2({))®,(¢),G] — oo as n — oo. There is no harm
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in assuming that I, > 1, n = 1,2,.... Obviously ®,(¢) = ®,(¢)/I, satisfies the
boundary conditions

Re[An ()0 (Q)] = [7a(¢) + HOAEO)X [N/ Ins ¢ €L, (2.9)

Im[A, (a},)®n(al,)] = V), /In, j € J. (2.10)

n

Applying the Schwarz formula, the Cauchy formula and the method of symmetric
extension (see [0, Theorem 4.3, Chapter IV]), the estimates

Csp[R(2(¢)®n(¢), Gl < M7, CIR(2(Q))S(2(0))®/,(¢), G] < Ms, (2.11)

can be obtained, where G = ¢(D), and M; = M;(qo,po,d,k, D), 5 = 7,8. Thus
we can se~lect a subsequenge of {®,(¢)}, which converge uniformly to an analytic
function ®¢(¢) in G, and Py(¢) satisfies the homogeneous boundary conditions
Re[Ao(Q)®0(Q)] = H(OA(O)X[(Q)], ¢ €L, (212)
Im[Ao(a;)ff)O(a;)] =0, jel (2.13)
On the basis of the uniqueness theorem (see [5, Theorems 3.2-3.4, Chapter IV]),
we conclude that ®¢(¢{) = 0, ¢ € G. However, from C’[R(z(())q)n((),é’] =1, it
follows that there exists a point (, € G, such that |R(2((.))®o(¢x)| = 1. This
contradiction proves that (2.8) holds. Afterwards using the method which leads

from (2.8) to (2.11]), the estimate (2.7)) can be derived. O

Theorem 2.2. Under the same conditions as in Theorem any solution w(z)
of Problem B for satisfies
é&[w(z)aﬁ] = C(;[R(Z)ZU(Z),E] < MQk*a
L} [w,D] = Ly [|[RSwsz| + |RSw.|, D] < Miok,
where , pg are as stated in Theorem k. = ki+ko+ks, M; = M;(qo,po,9, ko, D)
( =9,10).

Proof. If k, = 0, i.e. ky = ky = ks = 0, from Theorem below, it follows that
w(z) =0, z € D. If k, > 0, it is easy to see that W(z) = w(z)/k. satisfies the
complex equation and boundary conditions

(2.14)

Wg—Qﬂ/Vz—QQWZ—A1W—A2W:A3/l@*, ZGD7 (215)
Re(\W (2)] = [r(2) + h(AEX () ey 2 €T, (2.16)
ImA(ay)W (ay)] = bj/ke, G € J, (2.17)

Noting that L,[As/k«, D] < 1, Co[R(2)r(2)/k«,T] < 1, |bj/ks] < 1, j € J and
according to the proof of Theorem we have

Cs5W(2),D] < Mg, L} [W(2),D] < M. (2.18)
From the above estimates, it follows that (2.14)) holds. O

Next, we prove the uniqueness of solutions of Problem B for the complex equation
(1.1). For this, we need to add the following condition: For any continuous functions

wi(2), wa(z) in D* and U(z) (R(2)S(2)U(z) € Ly, (D), there is

F(z,wy,U) — F(z,w2,U) = Q(z, w1, ws, U)U, + A(z, w1, ws, U)(w; —ws), (2.19)
in which |Q(z,w1,ws,U)| < qo(< 1), A(z,w1,w2,U) € Ly, (D). When (L.1) is
linear, (2.19) obviously holds.
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Theorem 2.3. If Condition C1-C3 and (2.19)) hold, then the solution of Problem
B for (L.1) is unique.
Proof. Let wq(2),ws(z) be two solutions of Problem B for (1.1). By Condition

(C1)—(C3) and ([2.19)), we see that w(z) = w1 (z) —w2(2) is a solution of the boundary
value problem

—Qu, = Aw, zeD, (2.20)
R[() (2)] = h()() (2), zel”, (2.21)
Im[A(aj)w(a;)] =0, jeJ, (2.22)
where
0= {[F(z7w1,wlz) — F(z,wi,ws;)]/ (w1 —ws), for wi, # wa,,
0 for wi, = wa,, z € D,

Q- [F(z,w1,ws,) — F(z,ws, ws,)]/(w1 —ws) for wy(z) # wa(z),
0 for wy(z) = wa(z), z € D,

and |Q| < qo < 1, z € D, Ly, (A, D) < oo. According to the representation (1.13)),
we have
w(z) = @[¢(2)]e?, (2.23)

where ¢(2),((z), ®(¢) are as stated in Theorem[2.1] It can be seen that the analytic
function ®(z) satisfies the boundary conditions of Problem By:

Re[A(Q)®(¢)] = H(OA=(Q)]X[2(¢)], ¢ € L™ =¢(I™), (2.24)
Im[A(a}))®(a})] =0, j€J, (2.25)

J J
where A(C), H(C) (¢ € L), a} (j € J) are as stated in (2.3)—(2.5). According
to the method in the proof of [I3] Theorem 1.2.4], we can derive that ®(¢) = 0,
¢ € G =((D). Hence, w(z) = ®[¢(2)]e?® = 0; i.e., wy(2) = wa(2), z € D. O

3. SOLVABILITY OF DISCONTINUOUS RIEMANN-HILBERT PROBLEMS

Now we prove the existence of solutions of Problem B for equation (1.1)) by the
Leray-Schauder theorem.

Theorem 3.1. Suppose that (1.1)) satisfies Conditions (C1)—(C3) and (2.19). Then
the discontinuous boundary value problem, Problem B, for (1.1) has a solution.

Proof. We discuss the complex equation (1.1)); i.e.,
wr = F(z,w,w,), F(z,w,w,) = Qiw, + Q2w: + Ayw + Aysw + A3 in D. (3.1)

To find a solution w(z) of Problem B for equation (3.1) by the Leray-Schauder
theorem, we consider the equation (3.1) with the parameter ¢ € [0, 1]

wr =tF(z,w,w,), F(z,w,w,) = Qw, + Q2w: + Ajw + Asw+ A3 in D, (3.2)

and introduce a bounded open set By of the Banach space B = C(D) N [A/},O (D),
whose elements are functions w(z) satisfying the condition

w(z) € C’(ﬁ) N f);o(ﬁ) : C’[w,ﬁ} + I:Il)o [w, D]

_ _ (3.3)
= C[R(z)w(z), D] + Ly, [|[RSwz| + |[RSw,|, D] < Mi1,
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where My, = 1+ Mj + Ms, My, M,,§ are constants as stated in and (2.2).
We choose an arbitrary function W(z) € By and substitute it in the position of
w in F(z,w,w,). By using the method in the proof of [5 Theorem 6.6, Chapter
V] and [13, Theorem 1.2.5], a solution w(z) = &(z) + ¥(z) = W(z) + To(tF') of
Problem B for the complex equation

wy =tF (2, W, W) (3.4)

can be found. Noting that tR(2)S(z)F[z, W (z),W,] € Lo (D), the above solution
of Problem B for is unique. Denote by w(z) = T[W,#](0 < ¢t < 1) the
mapping from W (z) to w(z). From Theorem 2.2] we know that if w(z) is a solution
of Problem B for the equation

wz = tF(z,w,w,) in D, (3.5)
then the function w(z) satisfies the estimate
Clw,D)] < My;. (3.6)

Set By = Bjs % [0,1]. Now we verify the three conditions of the Leray-Schauder
theorem:

(1) For every t € [0,1], T[W, t] continuously maps the Banach space B into itself,
and is completely continuous in Bj. In fact, we arbitrarily select a sequence W, (z)
in Bys, n=0,1,2,..., such that C[W,, — Wy, D] — 0 as n — oo. By Condition C,
we see that Lo, [RS(F(z, Wy, W) —F(2, Wy, Wo.)), D] — 0 as n — oo. Moreover,
from w, = T[Wy,,t], wg = T[Wy,t], it is easy to see that w, — wy is a solution of
Problem B for the following complex equation

(wn, —wo)z = t[F (2, Wy, Wy) — F(2, Wy, Wp.)] in D, (3.7)

and then we can obtain the estimate

Clwn — wm, D)] < 2koC[Wy(2) — Wo(2), D). (3.8)
Hence é[wn — wp, D] — 0 as n — oo. In addition for W,,(2) € By, n = 1,2,...,
we have w,, = T[Why, t], Wy = T[Wp, t], wn, wn € By, and then

(Wn, — Wiy )z = t[F (2, Wy, Wy2) — F(2, Wy, Wyn)] in D, (3.9)

where Loo[RS(F (2, Wy, Wh.) — F(2, Wi, Win2)), D] < 2koM;. Hence similarly to
the proof of Theorem [2.2] we can obtain the estimate

C’[wn - wm7ﬁ] S 2Mg/€0M11. (310)

Thus there exists a function wgy(z) € By, from {w,(z)} we can choose a sub-
sequence {wy, (2)} such that Clw,, — we, D] — 0 as k — oo. This shows that
w = T[W,t] is completely continuous in Bj;. Similarly we can prove that for
W (z) € By, T[W,t) is uniformly continuous with respect to ¢ € [0, 1].

(2) For t =0, it is evident that w = T[W,0] = &(z) € Byy.

(3) From the estimate (2.14), we see that w = T[W,t] (0 < ¢ < 1) does not have
a solution w(z) on the boundary 0By = B\ Bay.

Hence by the Leray-Schauder theorem, we know that there exists a function
w(z) € By, such that w(z) = T[w(z),], and the function w(z) € C5(D) is just a
solution of Problem B for the complex equation (1.1). O

Moreover, we can derive the solvability result of Problem A for ([L.1)) as follows.
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Theorem 3.2. Under the same conditions as in Theorem[3.1], the following state-
ments hold.

(1) If the index K > N, then Problem A for is solvable, if N solvabil-
ity conditions hold, under these conditions, its general solution includes 2K + 1
arbitrary real constants.

(2) If K < 0, then Problem A for 18 solvable under —2K — 1 solvability

conditions.

Proof. Let the solution w(z) of Problem B for ([1.1]) be substituted into the boundary
condition (|1.8)). If the function h(z) =0, z € I'; i.e.,
hj=0, j=1,...,N, if K>0,

hj=0, j=[1-(-1)2¥]/2,,...,N, if K <0,

ht =0, m=1,...,[|[K|+1/2] -1, if K <0,
then the function w(z) is just a solution of Problem A for (1.1)). Hence the total
number of above equalities is just the number of solvability conditions as stated in
this theorem. Also note that the real constants b;(j € J) in (1.10) are arbitrarily

chosen. This shows that the general solution of Problem A for (1.1 includes the
number of arbitrary real constants as stated in the theorem. [

The above theorem shows that the general solution of Problem A for in-
cludes the number of arbitrary real constants as stated in the above theorem. In
fact, for the linear case of the complex equation satisfying Conditions (C1)—
(C3), namely

wz = Q1(2)w, + Q2(2)ws + A1(2)w + As(z)w + As(z) in D, (3.11)
the general solution of Problem A with the index K > 0 can be written as
2K +1

w(z) =wo(2) + Y dnwn(2), (3.12)

where wg(z) is a solution of nonhomogeneous boundary value problem (Problem
A), and d,, (n = 1,...,2K + 1) are the arbitrary real constants, w,(z) (n =
1,...,2K + 1) are linearly independent solutions of homogeneous boundary value
problem (Problem Ag), which can be satisfied the point conditions

Im[A(aj)wn(a;)] =05n, jn=1,...,2K+1, K >0,
where §;, =1,if j=n=1,...,2K+1and §;, =0,if j #n,1 <jn<2K +1.

4. FORMULATION OF THE GENERAL DISCONTINUOUS POINCARE PROBLEM

Now we discuss the general discontinuous Poincaré problem for some nonlinear
elliptic equations of second order in multiply connected domains and its new well-
posedness.

Let D be a bounded (N + 1)-connected domain point with the boundary I' =
U;V:OP]- in C as stated in Section 1. We consider the nonlinear elliptic equation of
second order in the complex form

Uzz = F(Z, u, um“zz)a F= Re[Quzz + Aluz] + Asu + A37
Q:Q(Z,U,Uz,uzz), Aj :Aj(Z,'LL,UZ), j:1,2737

satisfying the following conditions.

(4.1)
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(C4) Qz,u,w,U),Aj(z,u,w) (j = 1,2,3) are continuous in u € R, w € C for
almost every point z € D, U € C,and Q@ =0, A; =0 (j = 1,2,3) for
z € C\D.

(C5) The above functions are measurable in z € D for all continuous functions
u(2),w(z) in D, and satisfy

Lp[Al(Zvua Q,U),ﬁ] S kOv Lp[Al(Z7u7w)aE] S €k07 Lp[A3(Z,U,U}),E] S k17

(4.2)

in which p, po, ko, k1 are non-negative constants with 2 < pg < p, € is a
sufficiently small positive constant.

(C6) Equation satisfies the uniform ellipticity condition, namely for any
number v € R and w, Uy, Us € C, the inequality

|F(Z,u,w,U1)—F(z,u,w, U2)| §q0|U1 _U2|7 (43)
holds for almost every point z € D holds, where ¢y < 1 is a non-negative
constant.

Now, we formulate the general discontinuous boundary value problem as follows.
Problem P. Find a solution u(z) of (4.1)), which is continuously differentiable in
D* = D\Z, and satisfies the boundary condition

1% +e1(2)u = ca(2), ie. ReA(2)uz] + c1(2)u = ca(z), z€l*=T\Z, (4.4)

in which A(z) = a(z) +ib(2), |[A(z)| =1 on T, and Z = {t1,ta,...,tn} are the first
kind of discontinuous points of A\(z) on I', and A(z), ¢(z) satisfies the conditions
CalM2),Tj] S ko, Callz = tj-1 71 |2 = 1% e1(2), 1] < ek,

| i (4.5)
Ca[|z — tj,1|5371|2 — tj|5362(2),].—‘j} < kg, j = ]., coe,m,

in which f‘j is an arc from the point ¢;_1 to t; on I, f‘j, (j=1,2,...,m) does not
include the end points, and «a, ¢, 5; are positive constants with 1/2 < o < 1 and
B; <1,j=1,...,m. Denote by /\(t —0) and A(t; + 0) the left limit and right

limit of A(z) as z — t; (j = 1,2,...,m) on T, and
) P 1 - .
ez¢j:M’ Vj:fln[u]:ﬁ—f(j,
Alt; +0) o Nt +0) 7w (46)
K; = [¢J]-|—J], Jj=0orl, j=1,...,m,

in which 0 < y; <1 when J; =0, and -1 <vy; <Owhen J; =1,j=1,...,m
The number

K
= —Ap arg \(z) = Z ? (4.7)

is called the index of Problem P. Let 8; + |v;| < 1 for j =1,...,m, we require that
the solution u(z) possess the property

R(z)uz S O&(E), R(Z) = H |Z — tj|nj/7'27

’ (4.8)
n; = Bj+7,  forv; >0, 7; <0,8; = |l

’ |’YJ‘+T7 f0r7j<07 ﬂ]<|’7]|7]:177m7
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in the neighborhood (C D) of z;, where 7 < min(a, 1 —2/py), § < min(fi, ..., 08m, T
are two small positive constants.

We mention that the first boundary value problem, second boundary value prob-
lem and third boundary value problem; i.e., regular oblique derivative problem are
the special cases of Problem P, because their boundary conditions are the contin-
uous boundary conditions, and their indexes are equal to K = N — 1. Now 2K
can be equal to any positive or negative integer, hence Problem P is a very gen-
eral boundary value problem. Because Problem P is not certainly solvable, In the
following, we introduce a new well-posedness of discontinuous Poincaré boundary
value problem for the nonlinear elliptic equations of second order, namely

Problem Q. Find a continuous solution [w(z), u(z)] of the complex equation
w; = F(z,u,w,w,), z€D,
F =Re[Qu, + Ajw] + Asu + As,
satisfying the boundary condition
Re[A(2)w(2)] + c1(2)u = e2(2) + h(2)A(2) X (2), =z eT*, (4.10)

and the relation

(4.9)

w(z) = L +Z

where ag = 1, by is a real constant, d; (j = 1, ceey N) are appropriate real constants
such that the function determined by the integral in (4.11)) is single-valued in D,
and the undetermined function h(z) is

dZ ] + bo, (4.11)

0, zeTly, K>0,
hj, zelj,j=1,...,N, K >0,

h(z) = q hy, zeTl, j=1,...,N, K <0, (412)
[1+ (=1)*Khg

+Re UKL= (b o ip)am, 2 €Ty, K <0,

in which h; (j = [1 — (=1)2%]/2,..., N + 1) are unknown real constants to be
determined appropriately, and hy41(= ho) = 0, if 2| K] is an odd integer. And

mo N ma
— ) PN z—ti\%
NS | (S| (RN | e
j=1 1=l j=mo+1
MmN MNg+1 /
—t;i \Vi —t; iz —1
< I1 (=2)" 1T (=2) ' (=22).. aw)
j=mng—1+1 Z 7 ZNo Jj=mngy+1 Z 7 ANotl Z 7 ANotl
" ﬁ (z—tj)%‘(z—tﬁ\,)7
j=ma 141 Z—ZN Z—ZN
where K; = Z;’”ml 1 K are denoted the partial indexes on I'; (I = 1,...,N);
tjel“o(jzl )t eIy (j—m0+1,...7m1), t EFN,(jZmN,1+
1...,m) are all discontinuous points of A(z) on I'. If )\( ) onT; (0<I<N

has no discontinuous point, then we can choose a point ¢t; € I, (0 < I < N) as a
discontinuous point of A(z) on I'; (0 <1 < N), in this case t] =t;41. There is in no
harm assuming that the partial indexes K; of A(z) on I'; (I = 0,1,...,No (< N))
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are integers, and the partial indexes K; of A\(z) on I'; (j = No +1,...,N) are no
integers, and we choose the points t; (€ I';, | = Ny+1, ..., N) are not discontinuous
points on I'; (I = No+1,..., N) respectively. Similarly to —, [B, Chapter
V], we see that

At =0) Yt —0)7 At —0) _irr
[ }_ NOET) M

it only needs to charge the symbol on some arcs on I', then A(2)Y (2)/|Y(2)| on T
is continuous. In this case, the new index

N — Ny
2

5= o= MV = K -

is an integer; and

Z'BWJ‘@Z'S(Z)Y(Z), ZEFJ7 j: 1,...,N,
mREX ()] =0, el

i 21K eiS(2) Yy T
X(2) = {zz e (2), ze€Ty,

(4.14)
arg A\(z) — [k]argz —argY(z), z €Ty,
arg A(z) —argY (z) — 0, zely,j=1,...,N,

Im[S(1)] = 0,

ReS(z) = {

where S(z) is a solution of the modified Dirichlet problem with the above boundary
condition for analytic functions, 6; (j =1,..., N) are real constants.
If K > 0, we require that the solution w(z) = w, satisfy the point conditions

Im[Aaj)w(a;)] =b;, jeJ={1,...,2K+1}, if K >0, (4.15)

in which a; € Ty (j € J) are distinct points; and b; (j € J), by are real constants
satisfying the conditions

bj| < ks, jeJuU{0} (4.16)

with the a positive constant k3. This is the well-posedness of Problem P for equation
@)

Problem Q with the conditions A3(z) = 0 in ([{.1)), c2(2) = 0 in and b; =0
(j € JU{0}) in ([{11), will be called Problem Q.

The undetermined real constants d;,h; (j = [1 — (=1)2%X]/2,...,N), hif (m =
1...,—K—1)in {&11), (&12) are for ensuring the existence of continuous solutions,
and b; (j = 0,1,...,2K + 1) in (4.11), (4.15) are for ensuring the uniqueness of
continuous solutions in D.

Now we introduce the previous well-posedness of the discontinuous Poincaré
problem of elliptic complex equations.
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Problem R. Find a continuous solution w(z) in D of (4.9) with the modified
boundary condition (4.10) and the relation (4.11f), where

0, zel', K>N -1,
0, el j=1,... . [K]+1, 0< K <N -1,
hyj, zely, j=[K]+2,...,[K]+1+ N - K',
0<K<N-1
h(z) = T ’
hj, Zgrj,]:].,...,N,K<0,
[1+ (=1)*%ho
K|+1/2]-1
+Re LA gy
+ih,,)z™, z€Ty, K <0,
(4.17)
in which K’ = [K + 1/2], [K] denotes the integer part of K, hg,hl, h,, (m =
1,...,[|K|4+1/2] — 1) are unknown real constants to be determined appropriately,

and hyy1(= ho) = 0, if 2| K] is an odd integer; and the solution w(z) satisfies the
point conditions

Im[A(a;)w(a;)] = b,

1,...2K-N+1, if K>N—1,
jeJ:{ +ho (4.18)

1,..., [K]+1, fO<KK<N-1,
in which where a; € Fj (] =1,.. .,NQ), a; € Ty (] =No+1,...,2K—N+1,if K >
N) are distinct points; and when [K| +1 > Ng, a; € I'; (j = 1,...,Ng), a; € I'g
(j=No+1,...,[K]+1,if0 < K < N), otherwise a; € T'; (j = 1,...,[K] +
1, if 0 < K < N) are distinct points; and
with a non-negative constant k3.

The equivalence of Problem Q for equation (4.9) and Problem R for (4.9) can be
verified. We can see that the advantages of the new well-posedness. We mention
the equivalence of these well-posedness, i.e. if there exists the unique solvability of

one well-posedness, then we can derive that another well-posedness possesses the
unique solution. Hence it is best to choose the most simple well-posedness.

5. ESTIMATES FOR SOLUTIONS OF DISCONTINUOUS POINCARE PROBLEMS

First of all, we prove the following result.

Theorem 5.1. Suppose that (4.1)) satisfies Conditions (C4)—(C6) and ¢ in (4.2)),
(4.5) is small enough. Then Problem Qq for equation (4.1) in D has only the trivial
solution.

Proof. Let [u(z),w(z)] be any solution of Problem Qg for equation (4.9); i.e.,
[w(z), u(z)] satisfies the complex equation with boundary conditions

ws + Re[Quw, + Ajw] = —Asu in D, (5.1)
Re[A(z)w(2)] + c1(2)u = h(2)A(2) X (), z€T*,

(5.2)
Im[A(a;)w(a;)] =0, je€J, ulag)=0.
and the relation N
u(z) = Re / [w(z)+ Zziljzj dz], (5.3)
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where ag = 1. From the three formulae in (5.3)), we see that
1
w(z)dd, j=1,...,N,

a % T (54)
Cs[R'(z)u(z), D] < M12Cs[R(2)w(z), D],

where ¢ ia a positive constant as stated in (4.8), M2 = Mj2(R, D) is a non-negative
constant. From the conditions (4.2)) and (4.5), we can obtain

Ly [R' Asu, D] < Ly [A2, D) C[R'u, D] < ekoC[R'(2)u(z), D]
< ehoCsl R (2)u(:), D), -
CalR(2)e1(2) R (2)u(2),T] < Ca[R(2)e1(2), T1Cs[R' (2)u(z), D] ’
< ekoCs[R' (2)u(z), D],
where R(z) is as stated in (4.8) and |R(z)] < 1 in D. Thus by using the result
of the Riemann-Hilbert boundary value problem for the complex equation of first

order (see [B, Theorems 3.2-3.4, Chapter V] and [6, Theorem 6.1, Chapter VI]), the
following estimate of the solution w(z) can be obtained, namely

Cs[R(2)w(z), D] < 2ekoM13C5[R' (2)u(z), D], (5.6)

where My = Mi3(qo, po, 9, ko, D) is a non-negative constant. From the estimate
(5.4), it follows the estimate about wu(z):

Cs[R' (2)u(z), D] < 2ekoMy2My3Cs[R'(2)u(z), D). (5.7)
Provided that the positive number € in (4.2)) and (4.5)) is small enough, such that
2ekoMy2 M3 < 1, (5.8)

it can be derived that u(z) = 0 and then w(z) = 0 in D. Hence Problem Q for
equation (5.1) has only the trivial solution. This completes the proof of Theorem
b1 O

Theorem 5.2. Let (4.1)) satisfy Conditions (C4)—(C6) and (4.2), (4.5) with the
sufficiently small positive number €. Then any solution [u(z),w(z)] of Problem Q

for satisfies the estimates
3 [u, D] = C5[R/(2)u, D] + Cs[R(2)w(z), D] < My,

N ~ (5.9)
Ly [w, D] = Ly, [|RSws| + |RSw.|, D] < Mis,
where R(z) and ,S(z) are
m 2 m 2
R(z) =[] lz=t;1""", S =][l--uI"",
=1 =t (5.10)
0 = vl + 7, if v <0, B < |y,
’ Bi+1, ifv; >0, v <0, B > |y,
where v; (j = 1,...,m) are real constants as stated in (4.6), 7 = min(a,1 —

2/po), 6 < min[fy,...,Bm,T] is a small positive constant, k = k(ko, k1, k2, ks3),
M; = M;(qo,p0,9,k,D) (j = 14,15) are non-negative constants only dependent on
quPOaévkav j = 374
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Proof. By using the reduction to absurdity, we shall prove that any solution wu(z)
of Problem Q satisfies the estimate of bounded-ness

C'u, D] = C[R'(2)u(z), D] + C[R(z)w(z), D] < Mg, (5.11)
in which M6 = M16(qo, po, 9, k, D) is a non-negative constant. Suppose that
is not true, then there exist sequences of coefficients {A(m)} (=1,2,3), {Q™)},
IAM ()1, {cgm)} (j = 1,2), b(m) (j € JU{0}), which satisfy Conditions (C4)-
(C6) and ([LF), (EI6), such that {A™} (j = 1,2,3), {QU™}, (XM (2)}, {2 —
tj,l\ﬁf*1|z—tj|5jc§m)} (j=1,2) and {b;m)} (j € JU{0}) in D, I'* converge weakly
or converge uniformly to Ag_o) (G =1,2,3), QO AO(2), |z —t;_q |1z — tj\ﬁjcg-o)
(j =1,2), b§0) (j € JU{0}) respectively, and the corresponding boundary value
problem

ws — Re[Qw, + A™w] — AT u = Ay, (5.12)
and
Re\(z)w(z)] + ™ (2)u =™ () + c()A(Z) X () on T,
m[Aa)w(e;)] = 0™, jeJ, ula

0) =
have the solutions {u("™ (z), w™ (z)}, but C'[u(™(2), D] (m = 1,2,...) are un-
bounded. Thus we can choose a subsequence of {u("™(z),w(™ (z)} denoted by
{u™ (z),w(™(2)} again, such that h,, = C[u(™(z),D] — oo as m — oo, and
assume that H,, > max[ky, ks, ks, 1]. Tt is easy to see that {a(™(2),w(™ (2)} =
{u™(2)/H,p, @™ (2)/Hy} (m = 1,2,...) are solutions of the boundary value
problems

(5.13)
— b(m)

s — Re[Q b, + A™w.) — Al™a =A™ /H,,, (5.14)
ReA2)w(2)] + ™ (2)@ = [y (2) + h(2)A(2) X (2)]/Hy  on T*,
m[X(a;)id(a;)] = 0 /Huy G €, dlag) = b5™ [ Hp.

We can see that the functions in the above equation and the boundary conditions

satisfy the condition (C4)—(C6), (4.5),(#.16) and
‘R/(z)u(m)VHm <1, W[Aém)/Hm,ﬁ] <1,

(5.15)

[R(=)eS™ [H| <1, B H <1, j e JU{0},
hence by using a similar method as in the proof of [6, Theorem 6.1, Chapter IV],
we can obtain the estimates
Csla™(2), D] < M7, L} [@™)(2),D] < Mis, (5.17)
where M; = M;(qo, po, 6, ko, D) (j = 17,18) are non-negative constants. Moreover
from the sequence {a(™)(2), @™ (2)}, we can choose a subsequence denoted by
{a(™) (2), "™ (2)} again, which in D uniformly converge to g(2),o(2) respec-
tively, and R(2)S(z)(w(™)z, R(2)S(z)(w™), in D are weakly convergent. This
shows that [tg(z), W (2)] is a solution of the boundary-value problem
oz — Re[QO by, + AV 9] — AL Gy = 0, (5.18)
Re[M(2)d0(2)] + 26\ (2)iip = h(2)A(2) X (z) on T,
Im[A(G,j>’LT}0(aj)] =0, jeJ, ﬂo(ao) =0.

(5.16)

(5.19)
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We see that is a homogeneous equation, and is a homogeneous bound-
ary condition. On the basis of Theorem the solution wg(z) = 0, we(z) =0
however, from C'[@("™ (z), D] = 1, we can derive that there exists a point z* € D,
such that |R/(2*)ao(2*)| + |R(2*)wg(2*)| # 0. This is impossible. This shows that
the first estimate in are true. Moreover it is not difficult to verify the second

estimate in (5.9)). O

Now we prove the uniqueness of solutions of Problem Q for equation (4.1)) as
follows.

Theorem 5.3. Suppose that (4.1)) satisfies conditions (C4)—(C6) and the follow-
ing condition: for any real functions R'(z)u;(2) € C(D*),R(z)w;(z) € C(D),

R(2)S(2)U(z) € Lp,(D) (j =1,2), the equality
F(z,u1,w1,U) — F(2,u2,w2,U) = Re[QU + Ay (wy — wy)] + Ag(us — ug) (5.20)
holds, where |Q| <0< 1 in D, Ly[A1, D] < Ky, L,[Az, D] < ko and wz'th the
(@1

sufficiently small positive constant €. Then Problem Q for equation (4.1)) has at
most one solution.

Proof. Denote by [u;(z), w;(2)](j = 1,2) two solutions of Problem Q for (4.9), and
substitute them into (4.9)-(4.11) and (4.15), we see that [u(z),w(z)] = [ui(z) —

us(z), w1(z) — wa(z)] is a solution of the homogeneous boundary-value problem

Wz = Re[@wz + /Lw] + Asyu, z€ D,
Re[A\(z)w(2)] + c1(2)u(z) = h(2)A(2) X (2), z€T”,

Im[A(aj)w(a;)] =0, je€.J

the coefficients of which satisfy same conditions of (4.2)),(4.3]),(4.5) and (4.16)), but
ki = ko = k3 = 0. On the basis of Theorem provided that e is sufficiently

small, we can derive that u(z) = w(z) = 0 in D; i.e., u(2) = ua(2), wy(2) = wa(2)
in D. (I
6. SOLVABILITY RESULTS OF DISCONTINUOUS POINCARE PROBLEM

In this section, we shall prove the solvability of general discontinuous Poincaré
boundary value problem by the the method of parameter extension.

Theorem 6.1. Suppose that the nonlinear elliptic equation (4.1) satisfies condition
(C4)—(C6), (5.20)), and e in (4.2)), (4.5) is small enough. Then there exists a solution
[u(2),w(z2)] of Problem Q for ([&9) and [u(z),w(z)] € B = C}D)n I:},o (D), where
B = ég(ﬁ) N [A/;)O(ﬁ) 18 a Banach space; i.e., C’g[u,ﬁ} < 00, [A/;)O [w, D] < oo, and
po (> 2) is stated as in (5.9).

Proof. We introduce the nonlinear elliptic equation with the parameter ¢ € [0, 1],

wz = tF(z,u,w,w,) + A(z), (6.1)

where A(z) is any measurable function in D and R(z)S(z)A(z) € Ly, (D), 2 < pp <
p. Let E be a subset of 0 < ¢ < 1 such that Problem @ is solvable for (6.1) with

any t € E and any R(2)S(z)A(z) € Ly, (D). In accordance with the method in the
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proof of [6, Theorem 6.1, Chapter VI, we can prove that when ¢t = 0, Problem Q
has a unique solution [u(z),w(z)] satisfying the complex equation and boundary
conditions; i.e.,

wz = A(z), z € D, (6.2)
Re[A(2)w(2)] + c1(2)u = ea(2) + h(2)A(2) X (2), zeT*, 63
Im[A(a;)w(a;)] = bj, j € J, '
and the relation
u(z) = / +Z dz + bo. (6.4)

This shows that the point set E is not empty

From Theorem We see that [u(z),w(z)] € B = C}(D )I’WL1 (D). Suppose
that when ¢t = ¢ (0 < ¢y < 1), Problem Q for the complex equation has
a unique solution, we shall prove that there exists a neighborhood of ty: F =
{Jt = to] < 00,0 <t < 1,50 > 0}, so that for every t € E and any function
R(2)S(2)A(z) € Ly, (D), Problem Q for is solvable. In fact, the complex
equation can be written in the form

wz — toF(z,u, w,w,) = (t —to) F(z,u,w,w,) + A(2). (6.5)

We select an arbitrary function [ug(2), wo(2)] € B = Cé( )ﬂL1 (D), in particular
[ug(2),wo(2)] = 0in D. Let [ug(z), wo(z)] be replaced into the position of u(z),w(z)
in the right hand side of (6.5)). By condition (C4)—(C6), it is obvious that

Bo(z) = (t — to) RSF (2, uq, wos, woz») + R(2)S(2)A(z) € Ly, (D).

Noting the (6.5]) has a solution [u;(z), w1 (2)] € B. Applying the successive iteration,
we can find out a sequence of functions: [u,(2),w,(2)] € B, n = 1,2,..., which
satisfy the complex equations

Wn41zz — tOF(Zv Un+1, Wn+1, wn-‘rlz) - (t - to)F(Z, Upy, Wn, wnz) + A(Z)7 (66)

for n =,2,.... The difference of the above equations for n + 1 and n is as follows:
(wn—i-l - wn)zE —to [F(Z, Un41, Wn+1, wn+1z) - F(Zy Unp,, Wn, wnz] (6 7)
= (tfto)[F(Zaunawnawnz) 7F(Zaun—1awn—lawn—lz)]7 n=12.... ’
From conditions (C4)—(C6), it can be seen that
F(Z, Un+1, Wn41, wnJrlz) - F(Z7 Up, Wn, wnz) = F(Z, Un+1, Wn+1, wnJrlz)
_F(Zaun-l-lawn-i-lzwnz) + [F(Zzun—i-l)wn-&-l;wnz) _F(zzunawn;wnz)] ( )
6.8

= Re[@n+1(wn+1 —wy), + Aln—‘,—l(wn—‘rl —wy)] + A2n+1(un+1 — Up),
|Qn1l < a0 <1, Lyy[Ainy1, D) < ko,  Lpy[Azni1, D) < ek,
forn=1,2,..., and
Ly [RS(F (2, tny Wny W) — F(2, Up—1,Wn—1,Wn—12)), D]
< qo Ly, [RS(wn, — wp—1)2, D
< (qo + k0)[C}un — tp_1, D] +

+k005[ (wn = wn 1), D]

]
D] + L}, [wn, — wn—1,D] = (qo + ko) Ln-



20 G.-C. WEN EJDE-2013/247

Moreover, up+1(2) — u,(2) satisfies the homogeneous boundary conditions
Re[AZ) (w1 — wa)] + €1(2)un11(2) — un(2)] = h(=)AEX (), 2 €T,
Im[A(a) (wnt1(a;) = wa(a;)] =0, j€J, wunti(ao) —un(ag) = 0.
On the basis of Theorem [5.2] we have
Lus1 = C3[tni1 — tn, D] + L) [wpi1 — w, D] < Mig|t — to|(qo + ko) Ln, (6.10)

where Myg = (M17+ Mis)k«, Mi7 and Mg are as stated in (5.17). Provided §y > 0
is small enough, so that o = doMi9(qgo + 2ko) < 1, it can be obtained that

Lyy1 < 0Ly, <0"Ly = 0"[Ci(u1, D) + L} (w1, D)] (6.11)
for every t € E. Thus
Cuy — um, D] + IA/II,O [wWy, — Wiy, D)
<Lp+Lpi4 - +Lny1 < (" ' 4+0" 24+ +0™) Ly

(6.9)

:Um(1+0+_..+0_n7m71)L1 (6.12)
_ sn—m N+1

< 0N+11 ? L < g Ly
1—o0 1—o0

for n > m > N, where N is a positive integer. This shows that S(u, — uy,) — 0 as
n,m — oo. Following the completeness of the Banach space B = Cj(D)N L, (D),
there is a function w,(z) € B, such that

Cluyn — s, D] —&-ﬁ;o[wn —w,, D] — 0, asn — o.

By conditions (C4)—(C6), from it follows that u.(z) is a solution of Problem
Q for ; ie., for t € E. It is easy to see that the positive constant §y is
independent of ¢ (0 < tgp < 1). Hence from Problem Q for the complex equation
with ¢t = to = 0 is solvable, we can derive that when ¢t = dg, 20y, . . ., [1/d0]d0, 1,
Problem Q for are solvable, especially Problem Q for with £ = 1 and
A(z) = 0, namely Problem Q for has a unique solution.

From the above theorem, the solvability results of Problem P for equation
can be derived. (]

Theorem 6.2. Under the same conditions as in Theorem[6.1], the following state-
ments hold.

(1) When the index K > 0, Problem P for has 2N solvability conditions,
and the solution of Problem P depends on 2K + 2 arbitrary real constants.

(2) When K < 0, Problem P for 1s solvable under 2N — 2K — 1 conditions,
and the solution of Problem P depends on one arbitrary real constant.

Proof. Let the solution [w(2),u(z)] of Problem Q for (4.9) be substituted into the
boundary condition (4.10), (4.12)) and the relation (4.11)). If the function h(z) = 0,
zel;ie,

hj=0, j=1,....,N, if K >0,
hj=0, j=[1-(-1)2%]/2,...,N, if K <0,
hi =0, m=1,...,[|[K|+1/2] -1, if K <0,

and d; =0, j =1,..., N, then we have w(z) = u, in D and the function w(z) is
just a solution of Problem P for (4.1)). Hence the total number of above equalities is
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just the number of solvability conditions as stated in this theorem. Also note that

the real constants by in (4.11)) and b; (j € J) in (4.15) and (4.16]) are arbitrarily

chosen. This shows that the general solution of Problem P for (4.1]) includes the
number of arbitrary real constants as stated in the theorem. [
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