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GLOBAL SOLVABILITY FOR INVOLUTIVE SYSTEMS
ON THE TORUS

CLEBER DE MEDEIRA

ABSTRACT. In this article, we consider a class of involutive systems of n
smooth vector fields on the torus of dimension n 4+ 1. We prove that the
global solvability of this class is related to an algebraic condition involving
Liouville forms and the connectedness of all sublevel and superlevel sets of the
primitive of a certain 1-form associated with the system.

1. INTRODUCTION

In this article we study the global solvability of a system of vector fields on
T+ ~ (R/27Z)" ! given by

Lj=£j+(aj+ibj)(t)86x, 7=1,...,n, (1.1)
where (t1,...,t,,2) = (t,x) denotes the coordinates on T" ", a;,b; € C>(T";R)
and for each j we consider a; or b; identically zero.

We assume that the system is involutive (see [Il 12]) or equivalently that
the 1-form c(t) = 377, (a; +ib;)(t)dt; € A'C>(T}) is closed.

When the 1-form ¢(t) is exact the problem was treated by Cardoso and Hounie
in [9]. Here, we will consider that only the imaginary part of ¢(¢) is exact, that is,
the real 1-form b(t) = =7, b;(t)dt; is exact.

The system gives rise to a complex of differential operators I which at the
first level acts in the following way

Lu = diu+c(t) A %u, u€ C®(T" ) or D/(T"M)), (1.2)

where d; denotes the exterior differential on the torus T}. Our aim is to carry out
a study of the global solvability at the first level of this complex. In other words
we study the global solvability of the equation Lu = f where u € D'(T"*!) and
f € C(T? x TL; ALO).

Note that if the equation Lu = f has a solution w then f must be of the form

F=Y"fitz)dt;.
j=1
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The local solvability of this complex of operators was studied by Treves in his
seminal work [IT].

When each function b; = 0, the global solvability was treated by Bergamasco
and Petronilho in [§]. In this case the system is globally solvable if and only if the
real 1-form a(t) = Z?Zl a;(t)dt; is either non-Liouville or rational (see definition
in [2]).

When ¢(t) is exact the problem was solved by Cardoso and Hounie in [9]. In this
case the 1-form ¢(t) has a global primitive C' defined on T™ and global solvability is
equivalent to the connectedness of all sublevels and superlevels of the real function
Im(C).

We are interested in global solvability when at least one of the functions b; # 0
and c(t) is not exact. Moreover, we suppose that Im(c) is exact and for each j,
aj=0orb; =0.

We prove that system is globally solvable if and only if the real 1-form
a(t) is either non-Liouville or rational and any primitive of the 1-form b(¢) has only
connected sublevels and superlevels on T" (see Theorem [2.2)).

The articles [3], 4, B} @] [7, 0] deal with similar questions.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT

There are natural compatibility conditions on the 1-form f for the existence of
a solution u to the equation Lu = f. We now move on to describing them.
If f e C(T? x T}; AM) we consider the z-Fourier series

f(t,.’L‘) = Zf(t7€)ei£x7

135/

where f(t,£) = 2?21 fj(t,f)dt]— and fj (t,£) denotes the Fourier transform with
respect to x.

Since b is exact there exists a function B € C*°(T};R) such that d;B = b.
Moreover, we may write a = ag + dy A where A € C°(T?%;R) and ag € A'R™ ~ R™.
Thus, we may write ¢(t) = ag + d:C where C(t) = A(t) +iB(t).

We will identify the 1-form ag € A'R™ with the vector ag := (ajg, .. ., ano) in R
consisting of the periods of the 1-form a given by

1 2m
ajoz%/o CLj(O,...,Tj,...,O)de.

Thus, if f € C°(T? x TL; AL?) and if there exists u € D'(T"H!) such that Lu = f
then, since IL defines a differential complex, L f = 0 or equivalently L;fr = Ly f;,
j,k=1,...,n; also

F(t, €)@ t+C®) ig exact when Eag € Z. (2.1)
We define now the set
E = {f€C®(T} x Th;A"); Lf =0 and (2.I) holds}.

Definition 2.1. The operator L is said to be globally solvable on T"*! if for each
f € E there exists u € D'(T"*!) satisfying Lu = f.
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Given a ¢ Q™ we say that « is Liouville when there exists a constant C' > 0
such that for each N € N the inequality

“max
j=1,....n

q
has infinitely many solutions (p1,...,pn,q) € Z™ x N.
Let us consider the following two sets
J={je{l,...,n}; b; =0}, K={ke{l,...,n}; ap =0};

and we will write J = {j1,...,Jm} and K = {k1,...,k,}. Under the above nota-
tion, the main result of this work is the following theorem.

@y

Theorem 2.2. Let B be a global primitive of the I-form b. If JUK ={1,...,n}
then the operator L given in s globally solvable if and only if one of the
following two conditions holds:
(I) J #0 and (aj,o0,-..,a;,0) ¢ Q™ is non-Liowville.
(IT) The sublevels Qs = {t € T", B(t) < s} and superlevels Q° = {t €
T", B(t) > s} are connected for every s € R and (a0, ..,a;,0) € Q™ if
J #0.

Note that if J = @) then K = {1,...,n} (since JUK = {1,...,n} by hypothesis).
In this case each ax = 0 and Theorem says that LL is globally solvable if and only
if all the sublevels and superlevels of B are connected in T", which is according to
[9].
When J = {1,...,n} we have that b = 0, hence any primitive of b has only
connected subleves and superlevels on T™. In this case Theorem [2.2] says that L is
globally solvable if and only if either ag ¢ Q™ is non-Liouville or ay € Q™, which
was proved in [§]. Thus, in order to prove Theorem it suffices to consider the
following situation () # J # {1,...,n}.

Remark 2.3. As in [§], the differential operator L is globally solvable if and only
if the differential operator

di + (ag +b(t)) A % (2.2)

is globally solvable.

Indeed, consider the automorphism
S - Dl(Tn—i-l) _ Dl(Tn-l-l)
Z fL(t, E)eigm — Z ﬁ(t, g)ezfA(t)eiﬁa:,
§EL £€Z

where A is the previous smooth real valued function satisfying d;A = a(t) — ao.
Observe that following relation holds:

SLS™! = d; + (ag + ib(t)) A a%,

which ensures the above statement.
Therefore, it is sufficient to prove Theorem for the operator (2.2)). For the
rest of this article, we will denote by L the operator (2.2); that is,
0

L = d; + (a0 + ib(t)) A - (2.3)
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and by E the corresponding space of compatibility conditions. The new operator
L is associated with the vector fields

0 . g .
Lj—aitj—l—(ajo—f—lbj(t))%, j=1...,n. (2.4)

3. SUFFICIENCY PART OF THEOREM
First assume that (aj,0,...,a;,.0) ¢ Q™ is non-Liouville where

J:{jl,,jm} = {j S {1,...,71}, bj EO}
Then, there exist a constant C' > 0 and an integer N > 1 such that

mg_p V(k,€) € Z™ x N. (3.1)

max [§ajo — ;| =
Consider the set I where TUJ = {1,...,n} and I N J = (. Remember that
0#£J#{1,...,n} then I #Q and b, Z0if £ € I.
We denote by t; the variables ¢;,,...,t;, and by t; the other variables on T}.
Let f(t,z) = Z?Zl fi(t,z)dt; € E. Consider the (t;,z)-Fourier series as follows

u(t,z) = Z a(ty, K, &)el s o) (3.2)
(K,&)EZL™ XZ
and for each j =1,...,n,
Htba)y=" > filtr, ke, (33)
(K,&)EZL™ XZ
where kK = (kj,,...,Kj, ) € Z™ and 4(t;,k,€) and fj(tf,m,g) denote the Fourier
transform with respect to variables (¢;,,...,t;,. ,2).

Substituting the formal series (3.2)) and (3.3) in the equations Lju = f;, j € J,
we have for each (k, &) # (0,0)
i(kj + Eajo)ults, K, &) = fi(tr,K,€), j€J

Also, from the compatibility conditions L;f, = L, f;, for all j,¢ € J, we obtain
the equations

(kj + &ajo) fe(tr, 5, &) = (ke + Eano) f(tr, 5, €), 4,0 € J.
By the preceding equations we have
1
i(knm + Eano)

where M € J, M = M (£) is such that

’[L(t[, Ii,f) = fM(tbK:vg% (va) # (070)7 (34)

ks + Eano] = I}lg}dﬁj + &ajo| # 0.

If (k,€) = (0,0), since f(t7,0,0) is exact, there exists v € C>° (T} ™) such that

dv = f(-,0,0). Thus, we choose i(t;,0,0) = v(ts).
Given o € Z}™™ we obtain from (3.1)) and (3.4) the inequality

0 (e, m, &) < 1610 Fa (e, )L
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Since each f; is a smooth function we conclude that
u(t,z) = Z a(tl,mg)ei(“'“*f””) c C>(T™ ).
(k,§)EZ™ XZ
By construction w is a solution of
Liu=f;, jeJ
Now, we will prove that u is also a solution to the equations
Lou=fy, fel.

Let ¢ € I. Given (k,&) # (0,0) by the compatibility condition Lysfe = Lefr we
have

Z.(K/M + faMO)ff(tI» R, f) = %fM(tlv R, f) - gb@(t)fM(tb K, 5) (35)
Therefore, and imply

a%a(t,, ki, €) — Ebg(t)alts, 5, )

1 0 R

= m% M(tb/f,f)*gbﬁ(t)mﬁw(tb’iag)
1 0 - .

= m(% M(tI7K/7£) —§bz(t)fM(t1,/£,§))

= ff(th"{/?g)'

If (1,€) = (0,0) then z0-i(t7,0,0) = fy(ts,0,0).

We have thus proved that condition (I) implies global solvability.

Suppose now that the condition (IT) holds. Let ¢; be the smallest positive integer
such that ¢s(ajo0,...,a;,0) € Z™.

We denote by A := ¢;Z and B := Z\ A and define

DT = {u e D(T): ult,a) = Y alt )’}
£eA

Let L4 be the operator L acting on D/, (T"!). Similarly, we define Djg(T"*!) and
Lg.

Then L is globally solvable if and only if L4 and Lg are globally solvable (see
31)-

Lemma 3.1. The operator L 4 is globally solvable.

Proof. Since qyag € Z", we define
T: D%(Tn"'l) SN D_IA(TTH_l)
AL s 3 i e e
gea feA

Note that 7" is an automorphism of D/, (T"*1) (and of C¥(T"!)). Furthermore
the following relation holds:
T MLAT = Lo 4, (3.6)
where Lo := d; + ib(t) A a%'
Let B be a global primitive of b on T". Since all the sublevels and superlevels
of B are connected in T™, by work [§] we have LLy globally solvable, hence Lg, 4 is
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globally solvable. Since T is an automorphism, from equality (3.6) we obtain that
L 4 is globally solvable. ([

If g; = 1 then A = Z and the proof is complete. Otherwise we have:
Lemma 3.2. The operator Lg is globally solvable.

Proof. Let (k,&) € Z™ x B. Since ¢y is defined as the smallest natural such that
gs(aj 0. .,a5,0) € Z™, there exists £ € J such that

<
€’

Ke

3

laco — —| >
where C' = 1/q;. Therefore

j C
max |ajo — %| > Jag — %| > (WOET"XB.

J€T
Note that if the denominators £ € B then (aj,0,. .., a;,,0) behaves as non-Liouville.
Thus, the rest of the proof is analogous to the case where (aj,0,...,a;,0) is non-
Liouville. 0

4. NECESSITY PART OF THEOREM

Assume first that (a0, .., aj,,0) € Q™ and the global primitive B : T" — R of
b has a disconnected sublevel or superlevel on T".

By Lemma we have that IL 4 is globally solvable if and only if Lo, _4 is globally
solvable, where A = ¢;Z and Lo = d; + ib(t) A a%' Since B has a disconnected
sublevel or superlevel, we have Ly _4 not globally solvable by [9]. Therefore L is not
globally solvable.

Suppose now that (aj,o0,...,aj,,0) ¢ Q™ is Liouville. Therefore, by work [§] the
involutive system IL; generated by the vector fields

Lj:aatj+a’j0§z7 je‘]:{j17~--ajm}7 (41)
is not globally solvable on T™+!,

As in the sufficiency part, we will consider the set I such that JUT = {1,...,n}
and JN T =0.

Consider the space of compatibility conditions E; associated to L ;. Since (4.1])
is not globally solvable on T™*! there exists g(t;,x) = > jes9i(ts,x)dt; € E; such
that

Ljv=g
has no solution v € D'(T™*+1).

Now, we define smooth functions fi, ..., f, on T"*! such that f = Y7, f;dt; €
E and Lu = f has no solution u € D’(T"*1).

Let B be a primitive of the 1-form b. Thus, we have %B = b;. Since for
each j € J the function b; = 0 then B depends only on the variables ¢;; that is,
B = B(tj).

For ¢ € I we choose f; =0 and for j € J we define

fj(tvx) = ij(tvg)eigwa

13/
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where
Fi(t6) = 9y, &)eSBUN=M)if £ > 0
NSRS gj(tJ7§)e£(B(tz)fu) if € <0,
where M and p are, respectively, the maximum and minimum of B over T™.
Given o € Z}, for each j € J we obtain

0% fi(t,€) = [0 g (£, )1 [0% B(t)]es P70, g >0,
and

0% fi(8,€) = [0 g (5, )1 [0 B(t)]es P~ ¢ <0,
where |az| := )., a;. Since the derivatives of B are bounded on T" then, there
exists a constant C,, > 0 such that [0% B(tr)| < C, for all t; € Ty ~™. Therefore,

0°£;(,€)] < Calel 07 g;(t5.€)], € €Z.

Since g; are smooth functions it is possible to conclude by the above inequality
that f;, j € J, are smooth functions. Moreover, it is easy to check that f =
Z?zl fidt; € E.

Suppose that there exists u € D'(T"*!) such that Lu = f. Then, if u(t,z) =
> ez a(t, €)e’®, for each & € Z we have

0 . ) . 5 )
gu(t,g) =+ Zgajou(ta 5) = fj (tv 5)7 JE J (42)
J
and 5
@ﬂ(tf) —&be(t)a(t,§) =0, el (4.3)
Thus, for each ¢ € I we may write (4.3) as follows
0
— (4 —&(B(tr)—M)\ _ ife>
o, (Ut e ) =0, if&>0,
0
Iy —&(B(tr)—m)\ — ;
82?@( (t,&e ) =0, if¢<o.
Therefore,

ﬂ(t7§)e_5(3(t1)_M) = @g(tl% £>0,
a(t,&)e S PU=I = o (t)), £<0.

Let ¢/ and t7, such that B(t/*) = M and B(tr,) = p. Thus, ¢e(t;) =
Wty tr*, &) if € > 0and @e(ty) = alty, tr,,£) if € <0 forall ;. Since u € D'(T™H)
we have

(4.4)

v(ty,x) = Z @e(ty)e™™ € D'(T™ ). (4.5)
£€Z
On the other hand, by (4.2) and (4.4) we have for each j € J

0 _ , _ ;
ﬁ(@f (tJ)eg(B(tI) M)) + ’Lga’jo(@f (tJ)eg(B(tI) M)) = fj (ta g)v 5 > 07
J

0 _ . _ ;

ﬁ(ws(w)eg(m“) MY +ilajo(pe(ts)etPUNM) = fi(t.€), €<0,
J

thus

0 . . .
%905(711) +iajope(ts) = 9;(ts, &), £€Z,je
J
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We conclude that the v given by (4.5]) is a solution of L jv = ¢, which is a contra-
diction.
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