Electronic Journal of Differential Equations, Vol. 2013 (2013), No. 225, pp. 1-9.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

WEAK HETEROCLINIC SOLUTIONS OF ANISOTROPIC
DIFFERENCE EQUATIONS WITH VARIABLE EXPONENT

ABOUDRAMANE GUIRO, BLAISE KONE, STANISLAS OUARO

ABSTRACT. In this article, we prove the existence of heteroclinic solutions for
a family of anisotropic difference equations. The proof of the main result is
based on a minimization method, a change of variables and a discrete Holder
type inequality.

1. INTRODUCTION

In this article we study the existence of heteroclinic solutions for the nonlinear
discrete anisotropic problem

~Ala(k — 1, Au(k — 1)) + g(k, u(k)) = f(k), ke Z*

= i - _ ; _ (1.1)
u(0) =0, kgrzloou(k) 1, kgriloou(k) 1,

where Au(k) = u(k + 1) — u(k) is the forward difference operator.

The study of heteroclinic connections for boundary value problems had a certain
impulse in recent years, motivated by applications in various biological, physical
and chemical models, such has phase-transition, physical processes in which the
variable transits from an unstable equilibrium to a stable one, or front-propagation
in reaction-diffusion equations. Indeed, heteroclinic solutions are often called tran-
sitional solutions (see [2] [6] and the references therein).

In this article, we show that the solvability of is connected to the behavior of
g(k,s) as k € ZT and as k € Z~. Problem involves variable exponents due to
their use in image restoration (see [3]), in electrorheological and thermorheological
fluids dynamic (see [4 [7, 8]). The paper is organized as follows: In section 2,
we introduce hypotheses on f, g and a, we define the functional spaces and some
of their useful properties and in section 3, we prove the existence of heteroclinic

solutions of (1.1)).
2. AUXILIARY RESULTS
For the rest of this article, we will use the notation:

+ = k ~ — inf p(k).
p itérzw( ), P ]gelzp()
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We assume that

p(.):Z— (1,400) and 1<p <p(.)<p" < +cc. (2.1)
We introduce the spaces:

'={u:Z—R,[ulp = |uk)| < oo},

keZ
lé:{u:ZHR;u( ) =0 and ||qul :7Z\u )| < oo},
kEZ
lg(‘) = {u 7 — R; u(O) =0 and Pp() Z |u ‘p(k) < OO}
keZ
lg,(%) ={u:Z%* - R;u(0) =0 and p,, ()(u Z lu(k)[P®) < ool
kezZt
lé’f‘_) ={u:Z" — R;u(0) =0 and p,_( Z lu(k)P® < oo},
keZ—
Wéﬁ(-) ={u:Z* - R;u(0) =0 and p;, . Z lu(k)[P®
kezt
+ Z |Au(k)|P®) < oo}
keZ+t
Wl’{(-) — {’LL /A= R7u( ) =0 and P1p. Z |’LL |p(k)
kezZ—

+ ) JAu(k)P®) < oo}

keZ—
={u:Z" - Ryue lzi('), Au(k) € ll:(') and u(0) = 0}.

On lgf_ﬁ we introduce the Luxemburg norm

lullp, ) ==mf{A>0: Y |2 | |p<k) <1}
kez+
and we deduce that
A
lullip, () :=inf {A>0; Z | |p T Z | u( )|p(k) <1}
keZ+t kez+

= HUIlp+<- +1Aullp, 0

is a norm on the space Wo 1. We replace ZT by Z~ to get the norms on lp( ) and

Wé’f() denoted respectively || - ||,_ ) and || - [[1,p_()-
For the data f, g and a, we assume the following:

a(k,.): R — R for all kK € Z and there exists a mapping A:Z xR — R

0 (2.2)
€ A(k,€) for all k € Z and A(k,0) =0 for all k € Z.

lelP® < a(k, )€ < p(k)A(k,€) Yk €Zand € € R. (2.3)

such that a(k, &) =
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There exists a positive constant C; such that
la(k, &) < C1(j(k) + [€[PP), (2.4)

0
for all k € Z and ¢ € R where j € IP'0) with 1 + St = 1.

fel (2.5)
gk, t) = |t = 1P = Dxge (k) + [t + PP 2+ Dxg- (k). (2.6)
where xa(k) =1if k€ Aand xya(k) =0if k ¢ A.

Remark 2.1. Note that lgf;r) - lg('), lgf;) C lg('), Wéﬁ(') - W&’p(') and Wé”f(') -
W&m(').

Ifue lg’(;r) (oru e lgf') oru € lp(')) then limy_, 4 oo u(k) = 0 (or limy—, oo u(k) =0
or lim|— 400 u(k) = 0). Indeed, for instance, if u € lp() then Zkew lu(k)[P*F) <

oo. Let
> lu@) PR =" JuE) PP + > Juk

kezt keSt k€S>
where S1 = {k € Z%;|u(k)| < 1} and Sy = {k € ZT;|u(k)| > 1}. The set Sy is
necessarily finite, and |u(k)| < oo for any k € S5 since u € lg,(_ﬁ. We also have that

S bl < 3 ful o,

keSy kez+
then ), cq, lu(k)|P" < co. As Sy is a finite set then > kes, lu(k)[P" < oo, which
implies that
S uk)PT < oo
keZ+

Thus, limyg_, 400 u(k) = 0.

We now give useful properties of the spaces defined above which are similar to
those in [5].

Proposition 2.2. Assume that (2.1)) is fulfilled. Then I} C lg(‘).
Proposition 2.3. Under conditions (2.1), p,, () satisfies
(a) pp y(u+v) < 2p+(pp+( y () + pp ) (v)), for all u,v € pr;r).
(b) Forwue lg’(ﬁ, if A > 1 we have

- +
Pps () (W) S App () (W) S A pp () (1) < ppy ) (Au) SN pp () ()
and if 0 < XA < 1, we have

+ —_
Ao (W) < pp () (Au) Ay (1) < Aoy, ()(1) < pp, () (W)

(¢) For every fixed u € lgf ) \ {0}, pp()(Au) is a continuous conver even func-
tion in A and it increases strictly when A €0, 00).

Proposition 2.4. Letu € lp( )\{O}, then |Jull,, () = a if and only if p, (%) =1.
Proposition 2.5. Ifu € lg,-'s— and pT < +oo, then the following properties hold:
(1) flullp, )y <1 (=1; > 1) if and only if pp, ()(u) <1 (=1;>1);
(@) Nully, ) > 1 implies [ull? ) < pp, () () < JullZF;
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. . +
(3) lullp ) < 1 implies [l < gy (o () < Il
(4) l|unllp, ) — 0 if and only if pp, ()(un) — 0 as n — +oo.

Proposition 2.6. Let u € Wo’p( \ {0}. Then ||lullip,.) = a if and only if
P1py () (u/a) =1.
Proposition 2.7. Ifu € Wé,’f_(') and p* < 400, then the following properties hold:
(1) [y < 1 (=1 > 1) i and only if (1) < 1 (= 15> 1)
) Vo) > 1 implics [l ) < o) < 0l
(3) Nl gy < 1 implics [ull?,_ ) < prp. ) (1) < ||u||1,p+(_),
(4) lunll1,py ) — 0 if and only if p1p, ()(un) — 0 as n — +oo.
Theorem 2.8 (Discrete Holder type inequality). Let u € li(') and v € li(') be such
that ﬁk) + ﬁ =1 for all k € Z+, then

+oo

> fuvl < ( }T + *)HUHH( [vllg, -

k=0

Remark 2.9. All the properties above hold for the spaces 1P(-), 1" and Wéﬁ(')

3. EXISTENCE OF WEAK HETEROCLINIC SOLUTIONS

In this section, we study the existence of weak heteroclinic solutions of problem
[TD).

Definition 3.1. A weak heteroclinic solution of ([L.1]) is a function u : Z — R such
that

S alk - 1, Aulk — 1)Av(k = 1)+ S gl uk)o(k) = 3 F(R)o(k),  (3.1)
k€EZ kEZ kEZ
for any v : Z — R, with u(0) = 0, limg_. 400 u(k) = 1 and limy_ o u(k) = —1.
Theorem 3.2. Assume that (2.1)—(2.6) hold. Then, there exists at least one weak
heteroclinic solution of (1.1)).

To prove Theorem [3.2] we first prove that the problem
~Ala(k = 1, Au(k = 1)) + [u(k)["™?u(k) = f(k), ke Zf

u(0) =0, kEToo u(k) =0,

(3.2)

admits a weak solution in the following sense.

Definition 3.3. A weak solution of is a function u € W&’i(') such that

+oo

+00
> alk—1, Au(k —1))Av(k 1) +Zlu PP 2u(k)o(k) =Y f(k)o(k), (3.3)
k=1 k=1

k=1

for any v € Wlp().
We have the following result.

Theorem 3.4. Assume that (2.1)—(2.5) hold. Then, there exists at least one weak
solution of problem (3.2)).
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The energy functional corresponding to problem (3.2 is J : WO L) R defined
by

ZA —1,Au(k Z (k)P — Zf . (34)

We first present some basic properties of J.

1,p(.)

Proposition 3.5. The functional J is well-defined on the space Wy’ and is of
class Cl(WO,’f_( ),R), with the derivative given by
+o0o
(J'(w),v) = a(k —1, Au(k — 1)) Av(k — 1)
k=1
oo oo (3.5)
+ 3 k) PO 2u(k)o(k) =Y f(k)o(k)
k=1 k=1
for all u,v € Wo’p( }
Proof. We denote
400 +o0 1 +00
= Alk=1Au(k—1)), L) =) —=u®)"™, Aw) =) f(k)u(k)
k=1 k=1 p(k) k=1

Using Young inequality, from assumptions (2.2]) and (2.4)) it follows that

“+o00
w) =Y A(k— 1, Au(k — 1))
k=1

+oo

<3 JA(k — 1, Au(k - 1))

k=1

<+fc ('(k—1)+1|A (k_1)P<k1>1)|A (k—1)|
r=taN plk—1) " '

“+oo

+oo
. & _
< _ _ _ p(k—1)
kg 1C’1](k D|Au(k —1)] + E Y |Au(k —1)] < 00,

k=1

|<—ZW|M<M

+oo

u)| = |Zf(k)u(k)| < D1 ®)fu(k)] < oo
k=1

k=1
Therefore, J is well-defined.
Clearly I, L and A are in C’l(l/\/0 2 () ,R). Let us now choose u,v € Wl 20 We
have
. T(u+6v) — I(u)
/ —
('), v) = g, § ’ 50+ § ’

(N (u),v) = lim 5
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A(k—1,Au(k—1)+5Av(k—1))— A(k—1,Au(k—1))
5

Let us denote g5 = . Using Young inequal-

ity,
+0o0 1 400 1 400
< =
2_: l9s] < 5 2_: Ak =1, Au(k—1)+3A0(k=1))|+ kzl |A(k—1, Au(k—1))| < +oo.
Thus,
lim I(u+ év) — I(u)
§—0t 1)
. XAk —1,Au(k — 1) + §Av(k — 1)) — A(k — 1, Au(k — 1))
o §—0+ el (5

XAk =1, Au(k— 1)+ 6Av(k — 1)) — A(k — 1, Au(k — 1))
§~>O+ J

= Z — 1, Au(k — 1)) Av(k — 1).

By the same method, we deduce that

. L(u+dv)— )+ dv(k — |u(k)[P®
513& 5 5H0+Z (k)(S
R N 17 R 0 [ o
1 §—0t p(k)5
= Zm RIPO 2 u(k)u(k)
and
Autdo) = Aw) X F(R)(u(k) +0v(k) — f(k)u(k)
8, 5 = ; 5
N FR)u(k) + 0(k) — f(Ryuk)
p §—0t )
“+o0
= > Sk)uk)
k=1

Lemma 3.6. The functional I is weakly lower semi-continuous.

Proof. From (2.2)), I is convex with respect to the second variable. Thus, by [I

corollary IIL.8], it is sufficient to show that I is lower semi-continuous. For this, we

fixu e W, ’p( ) and € > 0. Since I is convex, we deduce that for any v € W, ’p( )

I(U) > I(u) + <I'(u) v —u)

+Z k=1, Au(k — 1)(Av(k — 1) - Au(k — 1))
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> 1) = Oz + =gl )[40 = D).
with g(k) = ji(k) + |Au(k)[P#) !

> I(u) — K(Hu = Vlp, () + A~ ”)||p+(~))

> I(u) = Kflu—vll1p,0)

> I(u) — ¢,

for all v € Wéﬁ(') with [[u — v[]1,, () < § = ¢/K. Hence, we conclude that I is
weakly lower semi-continuous. O

Proposition 3.7. The functional J is bounded from below, coercive and weakly
lower semi-continuous.

Proof. By Lemma [3.6] J is weakly lower semi-continuous. We shall only prove the
coerciveness of the energy functional J and its boundedness from below.

ZA —1, Au(k Z (k)P — Zf

+oo
fZ IAEDIEDY 1) (BP0 — Z|f
ijmu |p<s>+2|u )P Zlf ) |u(k

1
=z 5P = ol flly olledly o

1
> pjpl,m(.)(u) - K|lu

Lp+ ()
To prove the coerciveness of J, we may assume that [ul|; ,, () > 1 and we get from
the above inequality that
1
J(u) = pjﬂulllp+ = Kllull1p, (-
Thus,
J(u) — 400 as ||lulyp, () — +o0.

As J(u) — 400 when |lul|; ., () — 400, then for |lu|l; ,, ) > 1, there exists c € R
such that J(u) > c. For [[uly ,, () <1, we have

1
J(u) = ;Pl,pu.)(u) = Klullip, ) 2 =Kllullip, ) 2 —K > —oc.

Thus J is bounded below. O

We can now give the proof of the main result.

Proof of Theorem[3 By Proposition [3.7] J has a minimizer which is a weak so-

lution of ((3.2) O
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Now, we consider the problem

—Ala(k =1, Au(k — 1)) + [u(k)|PP2u(k) = f(k), keZ~
0.

u(0) = 0, klim u(k) = (3.6)
A weak solution of problem (3.6) is defined as follows.
Definition 3.8. A weak solution of (3.6) is a function u € Wé”f(') such that
0 0 0
> alk—1,Au(k—1))Av(k—1)+ > |ulk)PP2ulk)uk) = Y fk)v(k),
k=—o0 k=—o00 k=—o00
(3.7)

for any v € Wéﬁ(').

By mimicking the proof of Theorem [3.4] we prove the following result.

Theorem 3.9. Assume that (2.1)—(2.5) hold. Then, there exists at least one weak
solution of problem (3.6)).

Let us now show the existence of weak heteroclinic solutions of problem (1.1).

Proof of Theorem[3.4 We define v; = u1+1, where u; is a weak solution of problem
(3.2) and vo = us — 1, where uy is a weak solution of problem (3.6)). Therefore, we
deduce that

U = v1Xz+ + V2Xz-
is an heteroclinic solution of problem (1.1). O
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