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GROUND STATE SOLUTIONS FOR SEMILINEAR PROBLEMS
WITH A SOBOLEV-HARDY TERM

XIAOLI CHEN, WEIYANG CHEN

ABSTRACT. In this article, we study the existence of solutions to the problem
|u‘2;‘ —2,

lyl*
u=0, x€oaQ,

—Au = A u+ , x €Q,

where  is a smooth bounded domain in RY (N > 3). We show that there
is a ground state solution provided that N =4 and Ay, < A < Ap41, or that
N > 5 and A\ < A < A1, where Ay, is the m’th eigenvalue of —A with
Dirichlet boundary conditions.

1. INTRODUCTION

Let © be a smooth bounded domain of RY = R¥ x RN=% where 2 < k < N,
N > 3. Suppose that a point (0, 29) € R¥ x RN=% and (0, z9) € Q. Without loss
of generality we assume that 0 € . In this article, we consider the existence of
solutions of the problem

U
Ay — Lt HR

u=Au+ (1.1)
u=0, x€9N,

where Q is a smooth bounded domain in RV, and = = (y,2) € Q, 0 < s < 2, and

2% = % is the critical exponent related to the Hardy-Sobolev inequality
|u % 2/ 2 1,2 N
S(/ dydz) S/ |[Vuldydz, Yue D>=(RY), (1.2)
Ry (Yl RN

where S = S(N, k,t) is the best constant, see [3]. More general Hardy-Sobolev
inequalities are dealt in [4] and [5]. The minimizers of problem (1.2]) are solutions
of the problem

_ ‘u|2:72u

7AU7W’ u>0 inRY, ueD"RY) (1.3)
Yy
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up to a constant. If s = 0, Equation becomes the Sobolev inequality, for which
best constant was computed, and proved existence of minimizers in [2] and [16]. In
the case s = 2, still holds true, it is an extension of the Hardy inequality. In
the more general case 0 < s < 2 with k = N, the best constant was obtained in [g],
and minimizers were found in [10], which are radially symmetric. Therefore, it can
be shown by using ODEs, see [I0], that up to dilations and translations, minimizers
take the form )
(1+ |zf2=s) 5=

It is noted that equation is invariant with respect to the scalings and z-
translations; that is, u is a solution of if only if uq(z) = a N =2/ 2u(ay, a(z —
20)), a > 0, satisfies the equation. Hence, problem has lack of the compact-
ness. In the case 0 < s < 2,2 < k < N, it was proved in [3] that the best constant
S > 0, and S is achieved by the concentration-compactness principle. So problem
has a positive solution in DV2(RY). Since the minimizer of problem
can not be radially symmetric, they cannot be found among solutions of ODEs,
but of PDEs. This brings difficulties to find exact forms of the minimizer. In the
particular case s = 1, problem becomes

N
uN-2

lyl

By the moving plane method, it was proved in [7] that all solutions of (L.4)) are

cylindrically symmetric. Thus, problem (1.4]) can be reduced to an elliptic equation

in the positive cone in R?, and it was shown in [7] that u is a solution of (T.4]) if
and only if

— Au =

u>0 inRY, uec DVERY). (1.4)

uly, 2) = A2V (g, Az + 20)) (1.5)
for some A\ > 0 and zg € RN~* where
N —2)(k —1))N=2/2
Viz)=V(y,2) = Ok - U J(k — 1)) (1.6)

(L [y)? + 227272 (14 Jy)2 + 22722
This result allows one to obtain existence results for problem in the case s = 1.
Denote by 0 < A1,..., A, ... the eigenvalues of —A with zero Dirichlet boundary
condition. When 0 < A < A\; and s = 1, it was proved in [I] and [6] that there exists
a solution of problem by the mountain pass lemma and constrained variation
respectively.

In this article, we consider the existence of solutions to problem for general
case 0 < s < 2 and A in between A, and A,,;1 for some m € N. As far as we know,
the exact form of the minimizer of is known, see Mancini and Sandeep [I1].
However, even without knowing it, to control (P.S),. sequences so that it may avoid
the energy levels where the compactness does not hold, we can always use the [6,
Lemma 3.4.2], if u is the solution of , then there exist Cy > C7 > 0 such that

Ch Co

T e =0 = T (1)

This estimate suffices to serve our purpose. Using the Nehari manifold method
introduced in [I2], and developed in [I4], we show the following result.

Theorem 1.1. Let N =4 and A\, < A < Appa1 or N > 5 and Ay, < A < Ay for
some m € N, then there exists a ground state solution of problem (|1.1)).
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In section 2, we describe a variational framework to study the ground state
solution of problem (1.1). We prove Theorem in section 3.

2. PRELIMINARIES

Denote by E = HE () the Hilbert space with the scalar product
(u,v) = / VuVudx
Q

and the induced norm || - ||. Let (¢}, A;) be the eigenfunctions and eigenvalues of
—A in Q with zero Dirichlet boundary condition. Suppose that m is a fixed positive
integer and A\, < A < Ap,41, we define the subspaces E~ = span{eps,..., @, } and
E* = span{y;,j > m} of E, then E = E* @ E~. The functional associated to
problem is defined by

1 2 A 2
—2/Q|Vu|dx 2/Q|u|d

for u € H(Q2), which is C! and critical points of J are solutlons of problem (1.1]).
To find ground state solutions of (1.1f), we introduce as [12] a submanifold of E.
Define

N ={ueE\{0}:(VJ(u),u)=0,VJ(u) € E*}. (2.1)
The set A is the intersection of the standard Nehari manifold {u € E \ {0} :
(VJ(u),u) = 0} with the pre-image (VJ)~1(E™T).

Proposition 2.1. The set N is a C' submanifold of E with codimension m + 1.
Moreover, every critical point of the restriction J|x is a nontrivial critical point of
the functional J.

Proof. The result can be proved as [15], see also [13]. We sketch the proof here for
reader’s convenience. Let F': E\ {0} — R x E~ be a map defined by

Fu) = (VJ(u),u), QV (),

where @ is the orthogonal projection of E onto E~, then A" = F~1(0). Consider
the inner product

(t1, 21) . (tQ,ZQ) =ttty + <Zl,22> for ti,to ER, 21,20 € E™.
We claim that for every (¢,z) € R x E~, (t,2) # (0,0), the inequality
(DF(u)(tu+2)) - (t,2) <0 (2.2)

holds. This implies the first part of the proposition. Now, we prove the claim.
Indeed, for (t,z) # (0,0), since

(VJ(u),u) = (VJ(u),z) =0,

we deduce that
(DF(u)(tu+ 2)) - (

/|v,z|2d:c /Iz\2dw (2.3)

Jul* 2

—/ ((2: — 2)2Ju)? + 2(2F — 2tau + (2 — 1)|z|2) “‘ | dz.
Q Yy
For A\, < A < A1, it is readily verified that (2.2) holds.
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Next, we verify as in [I5] that w € E is a critical point of J if and only if u € A
and DJ(u)|r, & = 0. The proof is complete. O

We recall that a ground state solution u to (1.1)) is any element of A/ such that
DJ(u) vanishes on T, N and J(u) = ¢, where

¢ =inf J. (2.4)
N
By the argument in [14], for every v € E™ \ {0}, there is a unique continuous map
pair (f(v),g(v)) € (0,00) X E~ such that F(f(v)v+ g(v)) =0 and
J(fww+gv)) = max J(tv+ 2).

t>0,ze E—
Hence,
=infJ = inf = inf t . 2.
cTW J O e+ T +9(v)) {v;aol,%em} {t>gr,1za6XE*} Jltv+2). (25)

3. EXISTENCE RESULTS

In this section, we show that problem ([2.4) is achieved. The minimizer of problem
(2.4) is actually a ground state solution of (1.1]). Let

B fQ |Vu|? dx }

. { urdr (3.1)
u€E,u#0 (fQ fy|b d$)2/25

We know from [3] that S can be achieved, which is independent of © and depends
only by N, k,s, moreover the infimum S is never achieved when €2 is a bounded
domain, we denote the minimizer by U(z) > 0. By (1.7),

Cl CY2
— < U < ————
T+ V@ s =

The following elementary lemma is readily verified.

Lemma 3.1. Suppose A >0, B> 0. Then

2 12 2—s A \3=
) = A )
max(A5 = B350 = sv =y (o
Lemma 3.2. Suppose that
2 — —s
c< 5 g5 (3.2)

2(N —s)
then there exists v € ET \ {0} such that
max_ J(tv +w) = J(f(v)v+g(v)) =c.

t>0,weE~
Proof. Take any sequence {v, } in ET \ {0} such that ||v,| =1 and
max J(tv, +w) — ¢ (3.3)
t>0,wekE~

Without loss of generality, we can assume that
v, = v in BT,
vy — v in L3(Q),

v, — v a.e. (.
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Suppose

A= lim |V( —v)[?dz, B= lim / [on = v |s
Y

n—oo n—oo

Using the Brezis-Lieb’s Lemma, from (3.3|) we obtain

1 1o
J(tv +w) + iAtQ — 271%25 <e, Vt>0,VweE™. (3.4)

S

If v = 0 and B = 0, from the assumption ||v,|| = 1, we deduce that A = 1.
Hence t? < 2¢ — 2J(w) for every t > 0 and every w € E~, a contradiction.
Assume now B # 0. From Lemma we obtain that

2—s N—s 25 A N Y= 1 1 )
N0 Sow—g\pgym) = SAE — B, .
If v = 0, we obtain from (3.2), (3.4) and (3.5) that
2—s N=s 2—s N—s
——_° S <e< —— 8§75
Q(N—s) =¢ Q(N—S) ,

a contradiction. Thus v # 0.
Denote h = g(v)/f(v). It follows from the definition of ¢ that

c< J(f(w)(v+h)) = r{l;;gcJ(t(v—i—h))

2 {fQV(v+h)|2dx—/\fQ |v+h|2dac}12v—_: (3.6)
2(N —s) (fa |v+hl2 )2/2:
By and Lemma
¢ > max (J(t(v +h)+ 1At2 - iBtQ::)
t>0 2 2%
2 {A+fQ|Vv+h)|2da:)\fQ|v+h|2dx}12V: (3.7)
2(N - s) (B + fQ Lot h®2 )2/ '

Putting together (3.2)), (3.5, (3.6) and , we obtain
— ° 2% 2/2}
(Q(N s) ) = (B n dx)
2—s o |yl

€ (AN (o ([ 1R )

<A+/ |V(v+ h) de—x/ lv + h|2dz
Q

(3.8)

2(N —s) )12v ( lv + h|% 2/2;
< — B —0d
<(S5= e L o)
a contradiction. Therefore, B = 0 and ({3.4) yield
c < J(f(v)v+g(v)) <e

The assertion follows. O
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From Lemma we know that there exists a minimizer of problem pro-
vided that (3.2]) holds. By Proposition such a minimizer is actually a solution
of problem . Therefore, to prove Theorem it is sufficient to verify condition
(3:2). Choosing B,(0,z) C © C Bg(0,2). Let ¢ € C§°(2) be a cut-off function

satisfying
1, € Be(0,2
olo) = s 020
0, z¢ B,(0,z).

2—N

For € > 0, we define U (x) = ¢ 2 U(%O’ZO)), ue = @(x)U(x), Then u. € E for
€ > 0 small. We have following estimates for wu..

Lemma 3.3. Suppose N > 3, we have

luc|® = U|* + O 72) + O 72), (3.9)
27 Ul2:
[ue - dm:/ | —dz + O(eN7?), (3.10)
o |yl ry yl
Ce2 +0(N"2), N >5,
/ lu(2)?dz > { C<?|Ine| + O(e?), N =4, (3.11)
¢ Ce + O(£?), N =3,
/ ue(z)dr < CeN=2/2, (3.12)
Q
271
el ™= 4 < cev-2r2 (3.13)
o |yl
Proof. First, we estimate (3.10)). There holds
2% 2* 2% LU
‘UE, dr = |<'0U€v dz:/UEvdxf/(lfgoQS)Us‘dx
o [yl o |yl a |yl o lyl®

o*

27 27
Uz Uz « Ug*®
:/ —Esda:—/ —Esdx—/(l—QOQS) Esdaj
BN Yl RN\Q |y Q |y

U U L U2
= Jo o Lo i SRR
RN Y RN\Q Y \Bg (0,20) Y

Since
o

2% 2%
U:* Us* Us*

/ %dw S/ %dx S/ Esdx,
RN\BRr(0,z0) Yl RN\Q Yl RN\B,(0,20) Yl

2% z—(0,20) \2*
U N U
/ %dw = / 55_N¥dx
RN\Bg(0,z0) ] RN\BRr(0,z0) Yl

U(z)2
:/ g5 N (E) dz
RN\Bg(0) lyl*

1 2; 1
S CES_N/ (7x N72) ﬁdiﬂ
RM\Bgr(0) M1+ [£] |y

while
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1 2; 1
ey A (e N
RN\Br(0) N2+ [2[N2) yl

= O(€N75)7

o

U s

/ isdx = 0N 7).
RN\B,(0,20) |Vl

27 U2
/ |u€s dx:/ —gdm—i—O(gN_s).
a vl Ry |yl
That is, (3.10]) holds.

Next, we estimate (3.11]). In fact,

/|u5|2d:c:/302|U5|2dw§/ \U.)? da:
Q Q B,(0,z0)
2
:s%N/ UL) da
B,(0) €
Esz/ %dz
B,(0) (1+[£N-2)

:sN*2/ ¢ sdz

B,(0) (N2 + |2V —2)

C

C

N-2 N-2

g 76[.% + € / 7([.%
/BE(O) g2(N-2) B,(0)\B:(0) |$|2(N 2)

Ce?2 4+ 0(eN72), N > 5,
= Ce%|lne| + O(e?), N =4,
Ce + O(£?), N =3.

Now, we estimate (3.9). Observe that

/|Vu€\2da::/Ug\V<p|2dx+/VUEV(<p2UE)dx
Q Q Q

and —AU, = U2*~1/|y|*, we find

and similarly,

Thus, we obtain

IN

IN

2%

/VUEV(gDQUE)dJ::/goQUE dx
Q o ly°

U2*
/|Vu5|2dx=/ \v¢|2U3dx+/¢2 £,
Q Q o  |yl°
Since Vo =0 in B,(0, z0), we have

and

Vel do = V202 da
[9) Q\Bp(o,zo)

<

/ Vo202 da
Br(0,20)\B,(0,20)

<C U?dx
BRr(0,20)\B,(0,20)
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<C EZiN; dr = O(eN72).
= JBRr(0)\B,(0) (1+[ZV=2)2
On the other hand, we can show that
U.|% U2
/so2| = =/ —da+ O(eN™*) :/ IVU|* dz + O(eN 7).
Q lyl® ry Yl RN

Therefore,

/ \Vue|? doe = [|[VU||? + O(eN72) + O(eV ).
Q

Now, we estimate (3.12)).

- — (0
/uadx:/ 522NU(M)
Q B,(0,20) €
<C/ ! ———dxr
o TTE
1
:5 dx

B,(0) eN=2  [g[N-2

N—2
S C’gT/
B.(0) €

N-2
< Ce >
Finally, there holds

N—-2

dr + O™ /
B,(0)

1

\B.(0) ||V =2

U 27 -1
/ , d:rg/ %dz
o |y B,(0,20) Yl
< N+2—2s/ ( 1 )2:*1 d.l‘
<e e N N T
B,(0) eV T2 A+ [N 2 lyl®
N+2—25/ 1 2:71 dl‘
=& ( - N72) Tuls
B.(0) \eN T2+ [z |y
I N+2—25/ ( 1 )2:_1 dx
g 2 —_— —
B, (0\B.(0) \EN T2+ [z|N 2 lyl*
< C€(N_2)/2 +5N+22_25/ ! Nt2-2 di
B, (0\B-0) (Jy* +[22) = [yI°
and
N+22—25/ 1 dl‘
€ Nt2-2s | |s
B \B.(0) ([y[2 +]2[2) 5 [yl
N+42 29/ 1 dl’
=€ Nt2-2s |, |s
(B (O\B-(0)n{a=(y,2)lyl> 121} ([y[2 +]2]2) 7 [yl
i N+2 25/ 1 dl’
£ N+2—2s [ |s
(Bo(0\B-(0)n{e=(,2):lyl<I=} (Jy[2 + |212) 5 1yl
N42-2s 1 dz
soe™F | ERE
{a=(y,2): 55 <Iul.|2|<p} Y
N+2—2s 1 d.’E
s | o
{a=(.2): 5 <lyl.lzl<p} YN T272 [y]°
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< CeN-2)/2,
which implies (3.13]). |

Proposition 3.4. There holds

Proof. We will check that

2—s N—s
—— 572, 14
t>£r,1vaEXE— J(tue +v) < 3N —3) S (3.14)

Let w = Q \ suppy. By [15, Lemma 3.3}, v — [[v[|;2z,, defines a norm on E~.

Since dim E~ = m < 400, all the norms are equivalent on E~. For every t > 0
and every v € E~, by convexity we deduce

2
[l ot
Q |yl

o )Jf’ oo [ M
> 1% / |u€ ~dz + 25t 1/9'“5(

It follows that

dz (3.15)

o)l ) g + 20y ol?

1
J(tue +v) < J(tue) th/ Vu:Vv + 5/ |Vo|? da
Q Q

_,\t/ﬂug(x)v(x)dx—%/Q\v(x)ﬁdm (3.16)

271
_tQ:*l/ |u5(x)| U(x)dx—c1||v
Q ly|®

By the assumption A\, < A < Appt1,

27

/ﬂwﬁdxf&/w@dengfAmﬂ2gu (3.17)
Q Q

In particular, we can write

27 )

for suitable constants A > 0 and B > 0. Hence there exists R > 0 such that, for

small, ¢ > R and v € E~ there holds J(tu. +v) < 0. On the other hand, whenever
t <R,

J(tue + ) < A + t|v|| + % |v||) — B(t*

J(tue+v) < J(tue)+O(eND/2) o] ~Cy o] < J(tue) +0 (= 7). (3.18)
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Indeed, integrating by parts and using the definition of E~, we obtain
/ VuVvdr — /\/ ue(x)v(x) de
Q Q
/( Av)u. dx — )\/ ue(x)v(x) d
(3.19)
< |Am —)\|/|u8 x)| dx < A — Al|lv () ||Loo/|U5 )| dx

< ClAm — Ao / e (2)] da

27—-1 27 -1
o o

By (3.12)) and (3.13]) , we get
/ luc(z)| do < CeW=2/ / Jue(@)7 dz < CeWN=2/2,
Q |Z/|s
By the Young inequality,
O( (N-2) /Q)H’UH < 0(5%3%) e

Therefore, together with (3.17)), we see that (3.18)) holds.
Since N > 5 implies (NN_?Q# > 2. By Lemma for € > 0 small enough,

and

max  J(tus + )
t>0,veE—

(N-2)(N—s)
< max,](tua) +O<5 Nt2-2s )

N—s
_ 2—3 <||u€||2| ()\|)|u€ )||%2 Q)>2“ —’—O({-:(Nf\?i)Z(iVZ:S))
Ue (T ®
Jo g )2
N—s
= (N=2)(N=s)
< s (S CXe? + O(eN )) —I—O(a Ve )
< 2_8 Sg:
2N —s)

Assume now that N = 4. From and (| - , we obtain
*_1

/ lue(z)| dz < Ce, / Mdm < Ce.
Q o lyP°

By the assumption A\, < A < Appy1,

/ IVol? dz — )\/ @) dz < o — M[VI2 = —Callul2. (3.20)
Q Q
Inequality (3.16), (3.19) and (3.20]) imply that, for t < R,

J(tue 4+ v) < J(tue) + O(e)||v]| — Ca||v||* < J(tue) + O(£?).

From Lemma 3.2} for € > 0 small enough, we obtain

max  J(tue + v)
t>0,veE—
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4—s

2—s (Ua||2 - )‘”UEH%Z(Q)) 2=

=93 e .
2(4—-s) oy I‘y}s dx)?/2:

25 (U||2 + 0 (%) = A (Ce? [Ine| + O(£?))

+0(e%)

)32 +0(e?)

=9u= U o2/
2(4—s) (S I‘y\‘s dz + O (£4))
2—s 2 2\) =5 2
< — — s
< 5U=s) (S = CXe?|Ing| + O (¢2)) > + O(e?)
o 278 e
2(4—s)

O

Proof of Theorem[1.1]. By Lemmal[3.I]and Proposition there exists u € N such
that J(u) = ¢ and DJ(u)|p,n = 0. It follows from Proposition [2.1] that D.J(u) =0
on X. (]
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