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PERIODIC SOLUTIONS FOR FOURTH-ORDER p-LAPLACIAN
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH
SIGN-VARIABLE COEFFICIENT

JIAYING LIU, WENBIN LIU, BINGZHUO LIU

ABSTRACT. Using the theory of coincidence degree, we show the existence
of periodic solutions to the fourth-order p-Laplacian differential equations of
Liénard-type

op(2")" + f(2(t)z' (t) + a(t)g1 (z(t — m1(t,2(1))))

+ B(®)g2(z(t — 11 (¢, 2(1)))) = p(t).
The rate of growth of gi(u) with respect to the variable u is allowed to be
greater than p — 1, and the coefficient 3(t) is allowed to change sign.

1. INTRODUCTION

The study of the fourth-order differential equations is of great practical signif-
icance, whose classical application is to describe the equilibrium of elastic beams.
The study on periodic oscillations of the fourth-order differential equations has
gained more and more attention by many researchers, and some profound results
have been obtained (see [3] [7, [8, [10]). However, the results of periodic solutions to
a fourth order p-Laplacian delay differential equation are relatively rare.

In this article, we consider the existence of periodic solutions to the fourth-order
p-Laplacian differential equations with multiple deviating arguments:

¢p(@"))" + f(2(®))'(t) + alt)gr (x(t — 71 (¢, 2(2))))
+ B(t)gz (x(t — m2(t, 2(1)))) = p(t)

where p > 1, ¢p( ) = [s[P72s (s # 0), ¢p(0) = 0, a(t), ﬁ(t),p() € C(R,R),
[ pydt = 0, [T B(t)dt # 0, a(t) > 0 (< 0) for t € R, [; a(t)dt > 0 (< 0),
(t+T) = a(t), B(t+T) = B(t), p(t+T) = p(t) 7; € C(R% R), 7;(t+T,x) = 7:(t, v),
9 € C(R,R),i=1,2, T > 0.
In recent years, there have been a number of results on the existence of periodic
solutions of the second order p-Laplacian differential equations; see [T} 2} 5] [6] O] [1T]
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and the references therein. Cheung and Ren [J] studied the existence of periodic
solutions for the p-Laplacian delay equation

Gp(a)" + f(2' (1) + Bg(a(t — (1)) = e(t)

where 3 > 0 is a constant. Gao and Lu [2] studied the periodic solutions for the
p-Laplacian Rayleigh differential equation with a delay,

Gp(a)" + f(2' (1) + B(t)g(x(t — 7(8)) = e(t).

In 2007, Cheung and Ren [I] discussed the solvability of periodic problems for the
Lienard-type p-Laplacian delay differential equation

Gp(a)) + f(a(t)a'(t) + g(t, 2(t — 7(1))) = e(t),
under the assumption

@l

|z —oo [[P~1 -

Motivated by the above works, we will present the existence of periodic solutions for
by using Mawhin’s continuation theorem. Our main results are different from
those results in the literature. For instance, in our study we allow the growth rate
of g1(u), with respect to u, to be greater than p — 1. Also we allow the coefficient
B(t) to change sign R.

2. PRELIMINARIES
For simplicity, we use the following symbols in this article
Cr={ze CR,R):z(t+T) =z}, |T|lw= Ir[lénqg] |z(t)],
telo,

Cr={z e C'RR) :a(t+T) =z(t)}, |zl =max{|z|x, |2’}

r 1/p 1 0<p<1
ol = ([ topar)” py=q DEPER
0 =1 p>1.

To state our main results, we introduce several technical lemmas.

Lemma 2.1 ([6]). Assume that Q is an open bounded set in Ck such that the
following three conditions hold:

(1) For each X € (0, 1), the equation

(6p(x"))" = Af(t, 2(t), x(t — pu(t)), 2'(1)), (2.1)

has no T-periodic solution on 0S), where f(t,x,y,z) € C(R*R) and f(t +
T, )) = f(t7 KR ))
(2) The equation

T
Fla) = %/0 F(ta,a,0)dt = 0,

has no solution on 0 NR.
(3) The Brouwer degree satisfies degg(F,QNR,0) # 0.

Then 1)) has a T-periodic solution in Q when X\ = 1.
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Lemma 2.2 ([T1]). If w(t) € ¢}(R,R) and w(0) = w(T) = 0, then there holds

T T p T / p
/0 wt)Pde < (1) / W' ()Pt

Tp

where

/(p—l)/p ds om(p — 1)1/P
T, = = .
P o (1—(p—1)"1tsp)l/p psin(7/p)

Lemma 2.3 ([]). Let a,b,p > 0, then there holds
(a+b)P < D,(a? + 7).

For the sake of convenience, we list the following assumptions which will be used
frequently in Section 3.

(H1) For ¢ = 1,2, there are positive constants r;, 7, m; with my < p — 1 and

my > p — 1 such that for |u| > 1 there hold

(1) raful™ < lgi(w)] < roful™ and riful™ <{ga(u)| < r3ful™>.

(ii) ugi(u) > 0.
(H2) A= Dm%(%)l/ml <1.
(H3) There are constants v,73 > 0 and kg € Z such that m; =r3+p—1 and

q

0 S Tl(t,x(t)) — kOT S max{ﬁ,

T}, Vte[0,T], z(t) € C[0,T].

where g >1: >4+ =2 =1

141
P q

3. MAIN RESULTS

Theorem 3.1. Suppose that (H1)—(H3). Then (1.1) has at least one T-periodic
solution if one of the following two conditions holds

(1) mo =p— 1, A1+A2 < 1,

(2) ma <p_1; Al < 1;

where
p—1 — mo+1
A, = DP—16T2TT'Y(£>P Ay — r;ﬁsz-i-lT ? (z)mg-f—l
Pt — At g,/ 0 TR T gmatI (1 — A)ymetl '

Proof. Without loss of generality, we assume a(t) > 0, t € R, fOT a(t)dt > 0, and
fOT B(t)dt > 0. Consider the homotopy equation

Gp(2"))” + M (@(t)2'(t) + Aa(t)gr (@ (t — 71 (t, 2(1))))
+ AB()g2(z(t — ma(t, x(1)))) = Ap(t).

Suppose that z(t) is an arbitrary T-periodic solution of (3.1)). Integrating both
sides of equation (3.1)) on [0, T] we obtain

/0 a(t)gs (2t — (1, 2(8))))dt = — / B(t)ga(x(t — malt, 2(2)))) .

Applying the mean value theorem, then there exists a constant £ € [0, 7] such that

(3.1)

g1(x(& —T1(§,$(§))))/0 a(t)dt = —/O B(t)ga(x(t — mo(t, 2(t))))dt.  (3.2)
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Now, we claim that the inequality

[2(§ = 71(&,2(8)))| < Alz|os + B (3.3)
holds, where
A=p, (Bym p_p, (MeBym
mL o QAry mi o QAry
T
d:/ a(t)ydt, B= / (t)|dt, Mgy, = max |ga(u)l|.
0 lu|<1

In fact, if |z(§ =71 (€, 2(€)))| < 1, then inequality holds. If |z (£ —m1 (€, x(£)))] >
1, we define

E1 = {t S [O,T]
By={te[0,T]:

(t =7 (t, ()] <1},

&
j(t — (8 x())] > 1}

It follows from (H1)(i) that
T
ara(€ — m (£, 2(€)™ < / B(t)ga(t — m(t, 2(t))) )t
- / + [ B@)ga(a(t — mo(t,x(t))))dt
Eq Es

<7r3Blz|5 + Mng'

This implies that

(€ — (€, 2(6)))] < [&%w;‘mx\;@? M, By

T ﬂ m 7712 ﬂ m
<D+ [(;ﬁ)” Holset + (= ar, )t

(7’2/8)1/m1| ‘ +Dm ( 925)1/m1'

m1 QT 1 Qry

<D

Thus, it can be easily seen that . holds. Let
€ —1i(&2(8) = kT +¢, (3-4)
where k is an integer and £ € [0, T, thus we have
2(§ —7i(8,2(€))) = (T + &) = ().
Noting that

T
0] < 2@ +3 [ ()l

we have

1 T
oo = s 0] < Aleloc + B+ 5 [ /)l

which yields

fo |2’ (s)|ds B
21-A) T-A

(3.5)

|2]00 <
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On the other hand, multiplying both sides of (3.1) by z(t), and integrating on
[0,T], we obtain

T
/ & (8) Pt = —)\/ f@ Bt — A / (Vg (2t — 71 (b 2(1))(t)dt
° T
7)\/0 B(t)gg(a:(tfTg(t,x(t))))x(t)dt+)\/0 p(t)z(t)dt
T
< /\/0 a(t)|gr(z(t — mu(t, ()] |=(t) — x(t — 71 (t, 2(t)))|dt
T
f)\/o a(t)gr(z(t — 71 (t, z(t))x(t — 7 (¢, z(t)))dt
T
+ [ 1B0(att = ot ))at0)t + i

(3.6)
where p = fo Ip(t)|dt.
By the condition (H1)(ii), we have
- A/ a(t)gr(x(t — 7 (t,x(t)))z(t — (2, x(t)))dt
0
= —/\/E1 —)\/E2 a(t)gr(z(t — 11 (¢, z(t))))z(t — 71 (¢, z(t)))dt (3.7)
< / a(t)|gr (x(t — 7t x(t))))z(t — 7o(t, 2(2)))|dt
E;
< OéM.‘hv
where M, = max|, <1 |g1(u)|. Using the condition (H1) again, we obtain
T
/O a(t)|gr(z(t — m(t, x(1))))lx(t) — x(t —7(t, (1)) dt
— [+ aWlaet - na@))lin) - ot - n(ta)ld
B JE,
< aMsh + a]\4’91 ‘$|oo +ar; tgg% |5L‘(t) - :L‘(t —-N (t> l‘(t)))| |x|m17
and
T
/O 1B(8)1g2(2(t — 2 (t, (1)) x(t)|dt < Bri|a|ie™ + BMg, ||,
where My, = max <1 |g2(u)| and 8 = fOT |B(t)|dt. So yields
T
/ 2" (t)[Pdt < @ry max |z(t) — @(t — 71 (t,2(8)))] x 2% + Brifalie
0 t€[0,T]
+ (@My, + BMy, + P)|x|0 + 2aM,, (3.8)

= ary max [(t) —a(t — i (t,2(1)))] x 2|5 + Brafe|iet
t€(0,T]
+0]z] + K,
where 0 = aM,, + BM,, +p and K = 2aM,,
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Since x(0) = x(T), there exists a constant ¢ € [0,7] such that 2'({) = 0. Let
w(t) = 2'(t + (), then w(0) = w(T) = 0. By Lemma[2.2] we have

o Tt (T
[ wopa< ([ uora).

P
From (H3) and Hoélder’s inequality, we have

tg&}q(“] |z (t) — a(t — 1o (t, z(1)))]

— trel%&}%] |z(t) — x(t — 7 (¢, z(t)) + koT)|

¢
= max |/ 2’ (s)ds]|
t

te[0 T Ji—ry (t,2(t)+koT (3.9)

t 1/p
< max |7y (t,z(t)) — k0T|1/q(/ |37/(5)|pd5)
te[0,T] t—71(t,z(t))+koT

T 1/p

< max |ﬁ(t,x(t))—kOT|},g<1(/ o/ (s)lPds) "
te(0,T] 0

Moreover, from (3.5) and by Holder’s inequality, we have

|2’(s)lds B
(i-4) 1-4

T;Bsz"rl (/T |-'17/(S)‘ds) ma+1 T;BDm2+1Bm2+l
2m2+1(1 _ A)m2+1 0 (1 _ A)m2+1

]m2+1

T
r3Blolztt < B

mo+1 mo+1

T;Bsz-‘rlT ‘ T \ma+t1 r 1" p P
< 2m2+1(1_A)m2+1 (7.[.71)) ( 0 ‘x (S)| dS)

138Dy, 11 B2
(1— Aymztl
(3.10)
and T,
0| ge[foz(f_(sil')ds 113,4]
(3.11)

oT/e T T wa\YP 6B
<2(1—A)(7rp)</0 @ (S)|d8> Tioa

By of my; = r3+p—1 and the condition (H3), and combining (3.9)-(3.11]), we have
T
[ e
0

< arz max lo(t) = a(t = mu(t o)) llalBlals " + Frilalz ! + Ozl + K
telo,

"la'(s)lds B

T
gam(/o Ix’(s)l”ds)l/”[f°2(1_A) Tl

Dy (J7 e )las)”
2p-1(1— A1

T 1/p pr-1
+5T27Dp—1</0 \$I(5)|pd3) 1= Ap—1

Py Bry |22t 4 Oz o + K

IN

T
- / 12/ (s) [Pds) /7
0
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+ m(i)(/j |x”(s)|Pds)1/p

x 73 mo+1
r5BDuy T 5 T

T
mo+1 17 mo+1
* omatl(1 — A)ma+l (;p) (/0 |27 (s)[Pds)

r3BDm, 1 B™F Bo
K
(1_A)m2+1 +1_A+

D,_iar,T 7 ~ /T D,_\Grs By /T 1/p

< Ppaargd 0y /()P Dparb™ 7y 1\ [P

< g ([, W erds) + SRS (1) ds)
mo+1

50D, 1 T 1 T \mot1, [T I mat1
+ 2m2+1(1_A)m2+1 (Fp) ( 0 |IL‘ (S)|pd8) P

oT'/e T T e\ P
+2(1_A)(7Tp)(/0 12" (s)| ds) e
DpflaT2T%'Y T\p r "

< W(Wj) (/0 |z (S)IPdS)
Dp,larng_17 T T ” » 1/p
+(1A)p1(7rp)(/o 2" ()] dS)

T*BD TL‘H T T mo+1
2 mao+1 a L yma+l " D P
+ 9mat1(] — A)matl (ﬂ'p) (/0 |z (s)| ds>

ort/e T T e\ P
ma+l

= Al(/OT |;L‘”(s)|pds) + Ag(/OT |33”(3)|Pds) !
+ D’}Tf”jfﬁf’y (] Ceopas)

1/q T p
+2{01T—A)(7Z;)</0 |:C”(s)|pds)1/ +c, (3.12)

where

r3BDp, 1 B4 BO
G-aymri  T1-a

If mg =p—1and Ay + Az < 1, then from (3.12) it follows that fOT |z” (t)Pdt is
bounded. If mo < p — 1 and A; < 1, then from szH < 1 and (3.12) we see that

fOT | (¢)[Pdt is also bounded. Thus, there exists a constant M > 0 such that

T 1/
([ wora)” <
0

which shows that there exist positive numbers My and M; such that

C:

2o < Mo, |2|oc < M.

Let
Q= {x(t) € Cr : ||zl < p},
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where p > max{1, My, M1}. Then the homotopy equation (3.1)) has no T-periodic
solution on 0f). In addition,

Fio) = =3[ om(at+ [ s0ma = [ s

T T
7o) [ ot~ zoa(o) [ Bt

It means that the second condition of Lemma is satisfied, and F(p)F(—p) < 0
from (H1)(ii). Consequently, from Lemma the equation (|1.1) has at least one
T-periodic solution in O . O

Remark 3.2. If we replace the conditions «(t) > 0, fOT B(t)dt > 0 with «a(t) < 0,

S B(t)dt <0 or a(t) <0, [ Bt)dt >0 or a(t) >0, [ B(t)dt <0, we can obtain
the same conclusion as Theorem [B3.1]

Remark 3.3. Condition (H1) can be replaced by

H1’) For ¢ = 1,2, there are positive constants r;,r}, m;,d with ms < p —1 and
K3
mq > p — 1 such that
(1) rafu™ < gr(w)] < roful™ and rilul™ < [g2(u)] < r3lul™ for all
lu| > d>1,
(ii) gi(w)(sgnw) > 0 for all |u|] > d > 1;

while the conclusion of Theorem [B.1]is still true.
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