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GLOBAL SOLUTIONS OF A MODEL OF PHASE TRANSITIONS
FOR DISSIPATIVE THERMOVISCOELASTIC MATERIALS

WELINGTON VIEIRA ASSUNCAO, JOSE LUIZ BOLDRINI

ABSTRACT. We analyze a highly nonlinear system of partial differential equa-
tions that may be seen as a model for solidification or melting of certain vis-
coelastic materials subject to thermal effects; under the assumption that solid
parts of the material may support damped vibrations. Phase change is con-
trolled by a phase field equation with a potential including barriers at the pure
solid and pure liquid states.

The present system is closely related to a model analyzed by Rocca and
Rossi [23]. They proved the existence of local in time solutions (global in the
one dimensional case) assuming values just in the mushy zone, and thus such
local solutions do not allow regions of pure solid or pure liquid states, except
in the special one-dimensional case where pure liquid state is also allowed.

By including a suitable dissipation in the previous model and assuming
constant latent heat, in this work we are able to prove global in time existence
even for solutions that may touch the potential barriers; that is, they allow
regions with pure solid or pure liquid.

1. INTRODUCTION

In this article we consider a class of systems including as a particular case the
following nonlinear system of partial differential equations:

O +lxt —A0=g inQx(0,T), (1.1)
Xt — Ax +W'(x) 2 h(6—6,) + M in Qx (0,7), (1.2)
wy — div ((1 = x)n(w) + xn(u)) + v(=A)u = f in Q x (0,7), (1.3)
subjected to the boundary conditions
u=Au=0 ondQdx(0,T), (1.4)
Onx =0 ondQdx(0,T), (1.5)
On0 =0 on o0 x(0,T), (1.6)
and initial conditions
0(0) =6y in Q, (1.7)
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x(0) =xo inQ, (1.8)
w(0) =wup, u(0)=vy in Q, (1.9)

which is a variant of the system treated in the work by Rocca and Rossi [21]; the
differences are that in ([1.1]) we have the simpler term ly; instead of fx; as in Rocca
and Rossi [21] and in (1.3]) we have the extra term v(—A)%u,.

We remark that the previous system may be taught as a model for phase tran-
sition processes occurring in a viscoelastic material occupying a bounded domain
Q CR" n=1,2,3, subject to thermal effects during a time interval [0,7]. In the
last section, we will consider modeling aspects of the problem and, following the
arguments in [2I] and [13], show how these equations are be obtained.

The state variables are the absolute temperature 6, (6. being a given constant
equilibrium temperature), an order parameter y, which is the phase field that in the
present model stands for the local proportion of the liquid phase in the material,
and wu, which is the vector of the small displacements.

In the previous system, equation is the internal energy balance equation; g
is a known heat source and [ > 0 is the latent heat, which is assumed to be a given
positive constant.

Equation , ruling the evolution of the displacement u, is the balance equation
for macroscopic movements (also known as stress-strain relation). The expression
7(u) denotes the linearized symmetric strain tensor, which in the (spatially) three-
dimensional case is given by n;;(u) = (Uie; + Uje,)/2, i,§ = 1,2,3 (with the
commas we denote space derivatives); the symbol div stands both for the scalar
and for the vectorial divergence operator. Further, the term (—A)? denotes the
biharmonic operator, and f on the right-hand side may be interpreted as an exterior
volume force applied to the body.

Observe that in the pure solid phase, corresponding to x = 0, equations
simplify to a system for elasticity with dissipation; in the pure liquid phase, corre-
sponding to x = 1,equations simplifies to a parabolic system with dissipation
for the velocity uy; in this last case, there is no incompressibility requirement and
thus no pressure term. We remark that we are presently also analyzing models that
require such incompressibility conditions.

Following Frémond’s perspective, see [13], and are coupled with equa-
tion for the microscopic movements for the phase variable x. In (L.2), |n(u)|?
is a short-hand for the colon product n(u) : n(u); h(-) is a given suitable function,
and we assume that the potential W is given by the sum of a smooth nonconvex
function 5 and of a convex function 3, with domain contained in [0,1] and dif-
ferentiable in (0,1). Typical examples of functionals which we can include in our
analysis are the logarithmic potential

W(r) :=rn(r) + (1 —7)In(1 —7) — e17? — cor — 3 Vr € (0,1), (1.10)

where ¢; and co are positive constants, as well as the double obstacle potential,
given by the sum of the indicator function I}y ;; with a nonconvex 7. Note that in
this way the values outside [0,1] (which indeed are not physically meaningful for
the present order parameter x, which is the liquid phase proportion) are excluded.
The real valued function h(-) is a given; in several models h(z) = z.

Before describing our results, let us briefly recall and comment some earlier works
closely related to ours.
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Material models taking into account microscopic movements as proposed by
Frémond have been studied in several articles; for instance, for materials with
viscoelastic properties, but not subject to phase change, we can mention the articles
by Bonetti and Bonfanti [3, 4], which considered a linear viscoelasticity equation
for the displacement u and a internal energy balance equation for the temperature
0. By using similar modeling ideas, the articles [5] 6] [7, [I6] consider models for
damaging phenomena by using a variable similar to as our y and related to local
proportion of damaged material; in Kuttler [16], a evolution model of quasiestatic
reversible damage in visco-plastic materials is considered, while in Bonetti and
Bonfanti [5] and Bonetti and Schimperna [6] [7] irreversible damage process were
considered.

Models including phase change and also following Frémond point of view were
analyzed in an article by Bonfanti el al [§] and in Stefanelli [25] (see also the
references therein). We also mention the article by Rocca-Rossi [22], where they
analyzed the one-dimensional case of a model including the full equation for the
internal energy, that is, 0; +0x; — A0 = |x¢|*+x|n(us)|*+ g, and the other equations
as in the present article, but with the parameter v = 0.

We stress that in the more nonlinear setting of [21], Rocca and Rossi were able
to prove local in time existence of solutions (global in time for dimension one), but
with restrictive conditions on the initial data for the phase parameter. In fact,
the initial value xo of the phase parameter is required to be separated from the
potential barriers, i.e.,

0 < min xo(z) < max xo(z) <1,
z€Q €N
and for the obtained local solutions the same property holds; thus, all the pro-
cess occur in the mushy zone and strict phase transitions do not happen, which
means that hold as an equality. Global results were obtained just in the one
dimensional case.
In this work, we are interested in proving the existence of global in time solutions

for (1.1]) - (1.6) with initial data xo such that

0 < min xo(z) < max xo(z) <1,
e z€eQ
and the same for the obtained solutions, allowing in this way the possibility of
touching the potential barriers and thus pure solid and pure liquid regions.

To prove such result, we will introduce approximate problems corresponding to
regularized versions of the original problem and depending on two strictly positive
parameters; then we will prove the existence of solutions for such approximate
problems by using Leray-Schauder fixed point theorem. After that, by deriving
estimates that are uniform with respect of such parameters and taking the limits
in a suitable order, we will obtain solutions for the original model as limits of the
approximate solutions.

The main difficulty in applying Leray-Schauder fixed point theorem will be the
handling of the term |n(u)|?/2 in and also the nonlinearities related to x and u
in . To overcome these difficulties, the approximate problems are constructed
by using truncation operators

This work is organized as follow. Section 2 is dedicated to introduce some nota-
tion, to rewrite the initial boundary value problem related to equations —
in a suitable formulation and to state the main result of this paper. In Section
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3, we introduce a suitable approximate problem and in Section 4 and 5, we prove
the existence of approximate solutions. In Section 6 we prove our main result. Fi-
nally, in Section 7, where we present some considerations on modeling aspects of
the problem.

2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

In this section, we fix the notation, recall certain facts, and present a suitable

operational formulation of Problem (1.1})-(1.9).

2.1. Notation. We suppose that 2 C R™ is a bounded connected domain, with
C*-boundary 012, and consider the following Sobolev spaces

Hy(Q):={ve H(Q);v=00n 00}, HZQ):={ve H*(Q);v=0on0dN},
H%(Q) := {v e H*(Q);0,v =0 on 00},
endowed with the norms of H*(2) and H?(Q), respectively. Furthermore, we iden-
tify L?(Q) with its dual space L*(Q2)’, so that H*(Q) — L*(Q) — H(Q) with
dense and continuous embeddings.
We will also use the following continuous Sobolev embeddings:

Ho(Q) c WA?(Q) for a — % >3- %, a,BER, p>1; (2.1)

this inclusion is compact when the inequality is strict. In particular,
HY(Q) c H* (), compactly for e > 0 and o € R. (2.2)

The following interpolation result will be important for the derivation of certain
estimates; it can be found for example in Brézis-Mironescu [10] in a more general
formulation:

ol 2y < Cllollba opllollhaibs,  for all a > 1.
(@ iLz(Q) >

We denote by A := —A : D(A) = (H(Q) N H2(Q))™ C (L2(Q)" — (L2(2)"
the Laplacian operator, acting on each coordinate, with homogeneous boundary
conditions.

For a > 0, we consider the following Banach spaces given by the domain of the
fractional powers of A: D(A%/?) endowed with norm

vl o @ny = llull Lz @n) + ||Aa/2u||L2(R")~
It is known that D(A%/?) is closed in H*(2) with the norm of H*(€2), and that
D(A*/?) ¢ H*(Q) with continuous injection.
Further, we introduce the operator Ay : H*(2) — H'(Q)’ realizing the Laplace
operator —A with homogeneous Neumann boundary conditions, defined by
(Anu,v) := (Vu,Vv) Yu,v € H(Q),
We denote by J the duality operator Ay + I : HY(Q) — H'(Q2)' (I being the
identity operator); in the sequel, we will make use of the relations

(uyu) = [ullZiqy Yue H(Q), (T 00) = [o]3uqy Yo H(Q).

We also require the operator A% : H2(Q)) — H?(Q) realizing the biharmonic op-
erator (—A)? with the Navier boundary conditions (i. e. u = Au = 0), defined
by

(A%u,v) := (Au, Av) Yu,v € H*(Q).



EJDE-2013/201 GLOBAL SOLUTIONS 5

2.2. A family of viscoelastic problems, an operational formulation and
an existence result. Exactly as in Rocca and Rossi [21], we will state an oper-
ational formulation associated to a family of viscoelastic problems including as a
particular case problem —. For this, we need to introduce some notation
and properties.

To generalize the elastic part of the problem, let ¢ : @ — [0,1] be a bounded
measurable function and let us consider the following continuous bilinear symmetric

forms ag, by : Hi () x H3(Q) — R defined by

3
agp(u,v) = al/Qquiv(u) div(v) + 2as Z /Q@hj(umj(v) Vu,v € Hy (),

i,j=1

3
by (u,v) = Z /Q¢bij77ij(u)mj(v) Yu,v € Hy(Q).
i,j=1
(2.3)
Here, the positive Lamé constants aq, oo are related to the elastic properties of
the material. Matrix (b;;) is positive definite and called viscosity matrix; it is also
related to the properties of the material being considered, cf. Rocca and Rossi [21].
We remark that for the problem stated in the Introduction, we have a3 =0, ap =1
,b”:].andb”:Oforl#jl,jzl,z,?)
For a bounded ¢, there exists some positive constant K, such that

ap(w,0)] < Kallul iy lloll ey Voo € HY(Q). (2.0
Furthermore, by Korn’s inequality (see e.g. Ciarlet [II, Theorem 6.3-3]), when
infyeq(d(z)) > 0 the forms ay(-,-) and by(-,-) are H}(Q)-elliptic; i.e., there exist
Cy,Cp, > 0 such that for all u € H}(Q) there hold

agfut,u) > inf (6(2)Callulp . (25)
bo(u,u) > inf (6())Colluls ) (2.0
We will also need the following elliptic regularity result (see e.g. Necas [20] p. 260):
there exist constants C.,, Cs > 0 such that
Cylloll (@) < [Idiv(n(w)]lz@) < Csllvllm2@) Yo € HF (). (2.7)
We denote by H(n-) : Hi(Q) — H-1(Q) and K(n-) : H}(Q) — H Q) the
operators associated with a,, and b,,, respectively, namely
(H(nv),w) = ay(v,w), (K(np),w) = by(v,w) Yo,w e Hy().

It can be checked via an approximation argument that the following regularity
result holds:

if n € H*(Q) and v € H3(Q), then H(nv), K(qv) € L*(Q). (2.8)
As for the potential W in (1.2]), we assume that it is given by
W=3+7, (2.9)

where 7 is a regular function:
3 € C*([0,1]), (2.10)

and B satisfies

B :10,1] — [0,400] is proper, l.s.c., convex, (2.11)
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Bl € Croe (0,1). (2.12)

Remark 2.1. As it is well known, condition (2.11]) implies the existence of a
positive constant M < 400 such that —M < B(z) for any x € [0, 1]

We recall that both the logarithmic function B(r) =rln(r)+ (1 —7)In(1 —7r),
for r € (0,1) (cf. (1.10))), and the indicator function 3 = Ijg 1j of the interval [0, 1]
fulfil @11)-2.12).

Hereafter, for the sake of simplicity of notation, we will denote the following

subdifferentials as R
oW =w', 98=0, 7 =,
so that yields W’ = 3+ ~.

By composition, the graph [ induces a maximal monotone operator Pext :
dom(Bext) C L2(2) — L2(), which is defined by the following: for each g €
L3(Q), Bext(g) = {2z € L3*(Q) : 2(x) € B(g()) for a.e. = € Q}, with the do-
main dom(Bexs) = {g € L?(Q) : Bexst(g) # 0}. Analogously, again by composi-
tion, the graph 3 also induces a maximal monotone operator Bext1 : dom(Bext1) C
L%(0,T; L?(Q)) — L2(0,T; L*(f2)), with similar definition and domain.

Consider for example the case of the logarithmic potential W described in ;
then y =0 and W = B; then we have dom(3) = [0, 1] and more explicitly:

1] for r <0,
(—00,0] forr =0,
EI(T) for r € (0,1),
[0,4+00) forr=1,
0 for r > 1.

B(r) = 9B(r) =

This means that the first requirement in order to a function yo € L?(§2) belong
to dom(fBext) is that 0 < xo < 1 a.e. in . If this is the case, by considering the
subsets of {2 defined by Q,,—0}, Qjo<yo<1) and Qy,—1], which are defined up to zero
measure subsets, for o € dom(Bext) we also must require Sext(xo) # 0. But with
the previous notations, we have

Bext(x0) = {2 € L*(Q) : 2 <0 in Qpyp—g), 2 = F'(X0) in Qocrp<s
z>01in Q[onl]}.

Since Qy,—o) and [, =1 have finite measures, and thus we can take constant
values with the proper sign for z in those subsets, the only requirement left for
Bext(g) # 0 is that IQ[0< |3/ (x0)|? < oo, which imposes growth conditions on

Xy < 1]
Xo as we approach the boundary of Qpy«y,<1). In other words, xo € dom(fext) can
assume values 0 and 1 in nontrivial regions, which correspond respectively to pure
solid or pure liquid regions. Analougous considerations can be done for Beyt1.

Important notation. For the rest of this article, as it is standard in the monotone
operators theory, we will suppress the subscripts in the symbols of those induced
operators and write simply (§ instead of Bext Or Bext1; the context will distinguish
their usage.

In addition to the previous hypotheses, we assume that function h satisfies the
following conditions

h € C', h(0) =0 and h'is bounded. (2.13)
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When h(0) = 60, equation (|1.2) is exactly the same as the one considered by Rocca
and Rossi [21].

By using the previous notation, system ([1.1)-(1.3)) can be written in abstract
form as

0, +1x: + AnO = g,

2
xt +Anx +E+v(x) = h(0) + M(%)'

wge + H((1 = x)u) + Kxus) + vA%u; = f,

for some & € 3(x), and in the special case where the Lamé constants are a; = 0,
as = 1 and the elasticity matrix given by b; = 1 and b;; = 0 for ¢ # j and
i,7=1,2,3.

This formulation tell us that system — can be considered as a special case
of a even more general context. In fact, not only the elastic part can be generalized,
by taking different elastic matrix and Lamé constants, but also the operators A and
Ap could be any uniformly elliptic second order linear operators with sufficiently
smooth coefficients independent of time; moreover, in the dissipation term in the
third equation, one could consider other fractional powers of A instead of A2.

However, some of these generalizations will not substantially change the mathe-
matical arguments and, for simplicity of exposition, we will consider only the case
where A has fractional powers in the abstract formulation corresponding to the
problem described in the introduction.

In the sequel, we shall assume the following regularity assumptions on the prob-
lem data:

ge HY0,T;L*(Q)), (2.14)

f e L?0,T; L*(Q)), (2.15)

0y € H%(Q), (2.16)

Xo € HX (), (2.17)

uyg € D(A%), vy € D(A*/?), (2.18)

Differently from Rocca and Rossi [21], we assume that the initial datum yo may
touch the potential barriers; i.e.,

Xo € dOm(ﬁ),

0 < min yo(x) < max () < 1. (2.19)
e ze

In this way, we are interested in solving the following problem:

Problem 2.2. Find functions 6, x,¢ : Q x [0,7] — R and u : Q x [0,7] — R?
satisfying the initial conditions (1.7)-(L.9), x € dom(5), £ € B(x), and the equations

_ |n(w)]®
Xt + Anx +E+v(x) = h(0) + 5 (2.21)
uge + H((1 — x)u) + Kxue) + vA% u, = f. (2.22)

For this problem, we can prove the following theorem, which is our main result.
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Theorem 2.3. Assume (2.14)-(2.19) hold. Then there exist a unique solution
(0, x,&,u) for Problem with the following regularity:

0 € H'(0,T;L*(Q)) N L*(0,T; H'(Q))
x € HY(0,T; L*(Q)) N L*(0,T; H(Q))
£ e LX0,T; L (), &€ Bx),
we WhHe(0,T; L3(Q)) N H(0,T; D(A%/?)).

)
)

where a« > 7/4ifn=3,a>3/2ifn=2,anda>1ifn=1.

3. APPROXIMATE PROBLEMS AND IDEAS FOR THE PROOF THE MAIN THEOREM

In this section we will explain the two approximate problems that will have
to be considered prior to the proof of our main theorem. A first approximate
problem depend on two parameters, while the second one depends just one of these
parameters. We will start by proving the existence of solution for the first problem,
and then, by letting such parameters go to zero in a proper order, we will get the
existence of subsequences of such solutions converging to the solution of the second
and then to a solution of the original problem.

The first approximate problem is obtained as a regularized and truncated version
of equations —7 depending on two parameters. For this, we first define
two truncation operators. Given € > 0, we introduce T} /. defined as

Ty (5) s if s € [-1,1]
e\s) = . .
Y Lsign(s) otherwise.

We will also need the truncation operator

0 ifs<O
T(s) =4qs ifse0,1]
1 ifs>1.

Also, given p > 0, we consider the corresponding Yosida approximation of the
maximal monotone operator 3, which we denote (3,,.

Then, we consider the following regularized and truncated version of Problem
2.2

Problem 3.1. Fix a small ¢ > 0 and consider any p > 0. Find functions 8#, x*, & :
Qx[0,7] - R and u* : Q x [0,T] — R? satisfying
0 +1ixi + An0" =g

" u " w1 [n(ut)]?
Xi AN+ Bu(X) + (") = h(0%) + Ty (5

ugy — H(r (1= x")u) + K(r(x")uy) + vA®uy = f

) (3.1)

subjected to the same boundary and initial conditions as in Problem

For this problem, by using Leray-Schauder fixed point arguments, we will prove
the following result.
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Proposition 3.2. Fiz any small € > 0 and assume the conditions in Theorem [2.3
Then, for each p > 0, there exists (0", x*,ut) solving Pmblem and with the
following regularity:

6" € H*(0,T; H'(Q)') N Wh2(0, T; L*(Q)) N H'(0, T; H' () N L>(0, T3 H3 (),
X" € H2(0,T; HY(Q)) n Wh>(0,T; L*(Q)) N H*(0,T; H*(Q)) N L>=(0,T; Hx (),
u € H2(0,T; L*()) N Wh(0,T; D(A%/?)) n H(0,T; D(A%)).

Next, by using estimates for (04, x*, u*) that are independent of u, we will pass
to the limit as u — 0+, to find functions 6¢, x¢, £ and u¢, depending on €, that
satisfy x¢ € dom(() and £&° € B(x¢). This last fact implies in particular that
0 < x%(z,t) < 1 and thus 7(x¢) = x© and 7(1 — x¢) = 1 — x¢; that is, we can
disregard the truncation operator 7 when working with these limit functions.

By using these results, we will easily prove that 6¢, x¢, £ and u® is in fact a
solution of the following problem, which now has only one truncation operator, that
is, T /e

Problem 3.3. For any small € > 0, find functions 6¢, x¢,£¢: Q x [0,7] — R and
uf: Q x [0,7] — R3 satisfying

07 +Ixi + An0 =y (3.2)
2
Xi+ A+ € +9(c) = h(e) + 7y (1T (33
& € BY)
e~ H(L X ) + KOCu) + vA = f (3.4

subjected to the same boundary and initial conditions as in Problem

As a next step, we will obtain suitable estimates independent of e. With the
help of such estimates, as € — 0+ we will then extract a subsequence 6¢, x¢ and u*
converging to a solution of Problem

4. EXISTENCE OF SOLUTIONS OF PROBLEM [3.1]

We will apply Leray-Schauder’s fixed point theorem (see Ladyzhenskaya [20, p.
293]). For this, we construct an operator Ty, 0 < A < 1, on the Banach space

B:=H'0,T; L*(Q)) x H'(0,T; WH(Q)),
that will be a composition of two others operators, defined as follows.

Construction of the family of operators. Let Ti :B— X,0< A<, be the
operator solution of the problem

T O 1
Xy +ANX +ﬁu(X )"”Y(X )— ( ( )+ 1/6( B )) (4.1)
x"(0) = xo
where
X :=Whe(0,T; L*(Q)) N H (0, T; H'(2)) N L>(0,T; H3(Q)).
We will prove that this operator is well defined. To ease the notation, we define
ot = h(0") + Ty /e(In(@*)[?/2). Note that for every (0", a") € B, we have

@t € HY(0,T; L*(Q)). (4.2)
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In particular, w* € L%(0,T;L?*(R))), and therefore, thanks to Colli and Laurencot
[12, Lemma 3.3], problem (4.1]) has a unique solution

X" € H'(0,T; L*(92)) N C°([0,T); H () N L*(0, T; H (). (4.3)
Further, in view of (2.10]), (4.3)) entails that
(x*) € H'(0,T; L*(92)). (4.4)

By proceeding as in the proof of Rocca and Rossi [21] Lemma 4.2], we test the
equation in (4.1) by (Anxx" + B.(x*)): and integrate in time. We obtain

¢ 1
[ IO+ 3143+ B Oy + [ [ S0P

(4.5)
< Ixoll 20y + 118u(x0) 172 () + o,
where we estimate I as follows
I = / (O = YO (AN X" + Bu(x™))i
< / 108 =/ 6 (A + B
+/ [(A@H () = v(X" () (Anx" () + Bu(x"(t)))]
+ [ 10@4(0) = 1) (Ao + B0 (0
1

< S (Ixollz @) + 18 (x0) 122 ) + IANX"(8) + Bu (X" ()72 ()

+ 2@ + OG0 0.7:22(0))

W

I _
*(/ [ Anx" +5H(XN)H%2(Q) + [ +'V(XM)||%11(O,T;L2(Q)))v

where the last inequality follows from and (4.4). By using the fact that
Bu(xo) € L*°(2) and (LF)-(4.6), we can apply Gronwall’s lemma and easily deduce
that

[ANX" + B (X Lo 0,322 02)) + IXE 220,111 () < C- (4.7)
Next, by using the monotonicity of 3, we infer that

[Anx" +ﬂu(X”)||2Loo(o,T;L2 @) = IANX" ||L°°(0 rir2() + 1B (x )H%oo(o,:r;w(ﬂ))v
(4.8

and therefore, from (4.7) and well-known elliptic regularity results, we have a es-
timate for y* in L°°(0,7T; H%(£2)). Moreover, from ([4.5), we have a bound for

17 1| 20,7217 (92))-
By writing

Xt = = At = Bux") = (") + AR(E") + T/ ),

we can use the above estimates to also get the bound

n(@")[?
2

Iz |2 0,322 () < C.
Therefore, for any A € [0, 1], the operator T} is well defined.
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Remark 4.1. When x* is bounded in H*(0,T; L?(2)) with respect to u, we have
the same for y(x*). Moreover, when 6# is also bounded in H(0,T; L%*(Q)) with
respect to p, using that T3 /. (|n(u*)|?/2) is bounded with respect to , we have the
estimates — independent of . We shall see later that x* and 6* satisfy
these properties.

Next, let 7% : T4 (B) € X — B be the solution operator of the problem
0y +1x; + An0" = Ag
ue + H(T(1 = X*)u) + K(T(x*)uy) + vA w = Af

6*(0) = 6y (4.9)
u*(0) = ug
uy (0) = vo

We also must prove that 7% is well defined. For this, we start consider the first
equation in which does not depend of u*.

Note that we have A\g — Ix}' € L*(0,T;L?(f2)); thus, from the LP-theory of
parabolic equations (see Ladyzhenskaya [I8, P. 180, Remark 6.3]), there exists a
unique solution 6* of the first equation of with the following regularity:

0" € L*(0,T; H*(Q)) N H*(0,T; L*(2)). (4.10)

We now analyze the second equation. The existence and uniqueness for this
equation follow from Galerkin method. In fact, let {w;};>1 be a ”special” base for
(H*(2))"; i.e., eigenfunctions associate to the problem

(A%w;, v) = A (w;,v), Yo, w; € (H¥(Q))",
lw;| =1, AY / 4oo.
Let V™ be the space spanned by wy,...,w,,. For each m > 1, we are interested

in seeking an approximate solution u" of the second equation of (4.9) with your
respective initial condition, in the following sense:

u™(t) =Y gim(t)w;
i=1

satisfies the following equations for all v™ € V'™

(ugy, v"™) + ar@—y) (W™, 0") + br (uf, v™) + (A%, 0™) = (f,0™),  (4.11)

u™(0) = uom, (4.12)

" (0) = vom, (4.13)

where ug,, and vy, are orthogonal projections in (H*(Q2))" of ug and vy respec-
tively, on the space V.

In this way, we obtain a system of linear ordinary differential equations, which

has a unique solution for the well-known theory of ordinary differential equations.
We now must obtain a priori estimates for (4.11) independent of m. We take

ul™ as test function in (4.11)) and integrate in time; after using (2.4)-(2.6) and the
definition of 7, we obtain

1 m ! m
S O @ +C [ 10 oo



12 W. V. ASSUNCAO, J. L. BOLDRINI EJDE-2013/201

1 t " t . t
< gl + [ 1l +Cc [ e +C [ 1

Now, we note that, if H is any Hilbert space, by taken C' = 2T we have the

inequality
t t s
[ 1lds < (= + [ ([ laikdn)ds). @
0 0 0

Thus, by recalling that a > 1 and taking e sufficiently small, and then using
with 2 = ™ and H = H'(Q) and Gronwall’s lemma considering as its variable
the expression [, [|uf™(t1) H%Il(ﬂ)dtl, we obtain a bound for it. With this bound, we
then conclude that

u™ is bounded in L= (0, T; L*(Q)) N L2(0, T; D(A*/?));
therefore, again by (4.14), we obtain
u™ is bounded in W1>°(0,T; L*(Q)) N Hl(O,T;D(AO‘/Q)),

Now, we consider in (4.11)) A%u}™ as test function and integrate in time to obtain

/Ot(ug,Aauln) = ||Aa/2 7Oz — *||A P2 v0m 122 () (4.15)
/t QH(T(I —x)) - A% =11 + I, (4.16)
where
\Il|—’// (1—=x)div(n A%y |
el [ P (117)

t t
<e / 22 + Ce / .
thanks to (2.7)). Also,

|12|—|//le* A

<0 [ Wl @l e (4.19
0

t t
c / 25y + C / .

where we used that x* € X and the continuous embedding (2.1).
Furthermore, by recalling the definition of operator I, we have

/ / K(r ) A%yt = I3 + Iy, (4.19)
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where
|I3] = \/ / Ydiv(n(u™)) - A%
<c / g 22 | A% | 2 e
. y - (4.20)
<0 [ 1A gy 135 o N
t t
<e / e 220+ C / 12 g,
t
I = | / / A% ()Y (7 (00)|
0 Q
t
SC/O ||Aauln||L2(Q)HU?HH?(Q)”XHH?(Q)
. y ) (4.21)
< C [ 1A% s P 15
t t
<e / e} / 112,
and
t
| [ avy / |4 w220 > © / T (4.22)
Finally,

t t t
/0 /Q frAT < / A% 2. + C / 2oy (423)

Thus, we add (4.15))-(4.23)) and apply the Gronwall’ s lemma to conclude that
u™is bounded in W1°(0,T; D(A%2)) N H(0,T; D(A%)). (4.24)

Next, by taking v™ = uf} in (4.11)), we easily obtain [[uf}||z2(q) < || — H(T(1 —
X™M)u™) = K(T(X™)ui") —vA%uf* + A f|| L2 (). Thus, by using our previous estimates
and (12.8)), we obtain

uf? is bounded in L?(0, T; L*(2)). (4.25)

Therefore, by using Simon [24] Theorem 5, Corollary 4], we obtain
u™ —* ut in H2(0,T; L2(Q)) N W12°(0, T; D(A%/?)) N HY(0,T; D(A%)), (4.26)
u™ — ut in CH0,T; HY(Q)) N HY(0,T; H*(Q)). (4.27)

Thus, using (2.1)) and ([4.14), we conclude that u* € H(0,T; W4(Q)).
To prove uniqueness, consider two solutions uf'’,u5 of the second equation of
([4.9) and define u* := u} — ub; we have u* satisfying the equation

uly + H(T(1 — x")ur) + K(r(x")ul') + vA2ul = 0. (4.28)
By testing this equation by w}', integrating and using (2.4)) and (2.6]), we obtain

1 t t t
5”“?@)”%2(9) +C/0 [uf 132 () < 6/0 [ 32 +Ce/0 [ |32y (4:29)
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Next, we choose € > 0 small enough and use (4.14)) and Gronwall’s lemma to get

1 t
§||uf(t)||%z(ﬂ) + C/o [ 320y < 05

ie, uf =0a. e in Qx[0,7] and therefore, by , u? = 0 which allows us to
conclude that the second equation of has unique solution.

We conclude that (0*,u*) € B and, therefore, that the operator Tf is well
defined for all X € [0,1].

Thus, from our previous results, it is well defined the family of operators as
T\: B — B, X €[0,1], as the composition

Ty :=T5 o Ty.

Continuity of the operator with respect to \. In the following, we will prove
that T in A is continuous with respect to A, uniformly in bounded sets of B. To
this end, consider 0 < A, A2 <1, Xz =Ty (5” at), (0),u)) = T3 (x}'), and define
(0F, xH ut) = (0 — 05, XY — xb,ulf — u2) We have the triple (6”‘,)(“ ut) fulfils
a.e. in Q x (0,7)

0 +1Ix{ + An0" = (M1 — A2)g (4.30)
Xt + AN+ Bu (X)) — Bu(x) +7(x7) —7(x5) = (M — A2)w (4.31)
upy +H(T(1 = x7)ur) + H((T(1 — x7) — 7(1 — x5))ub)
+ K(r(xuy’) + K(T(XE) = 7(x4))Opuy) + vA®uy (4.32)
= ()\1 —X)f

By multiplying (4.31)) by x4 and integrating in time, it is not difficult to infer that

[t + I Olm < [ [ et oo [ ] |w|\xt

Now, we test | - by x* and integrate in time to obtain

/Q<x“<t>>2+/0t/9|w2 gc/ot/Qu“)%(AlAz)/ot/Qw%

by using Gronwall’s lemma, we then get

¢
[ [ [ [k < o=l (1.34)

Q 0 Jo

From (4.33) and (4.34)), we conclude that
IX* (120,711 (@) nH (0,7522(2)) < CA1 — Aa. (4.35)

We test now (4.31)) by Axx* and integrate in time; after some computations we

obtain
1 2 K 2
3 VX" (t)]* + | Anx"|
Q 0 Q
t t
<c / / AN+ A — Aol / / @ An"| (4.36)
0 Q 0 Q
t t t
e/ /|ANX“|2+CE/ / \x“|2+06|)\1—)\2|/ /|w|2,
0 Q 0 Q 0 Q
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and by taking e small enough, we obtain
X" [Iz2 (0,712 (02)) < ClA1 — Aal. (4.37)

Next, we test (4.31) by (Anx* + B.(x}) — B(x%)): and integrate in time:
t t
J IV e + [ ] xe@ahont - g.000d)
0 0
1
+ AN () + B (1) = BuOE )220

= /0 /Q[(/\l = X2)w — (YY) = YOENNANX" + Bu (X)) — Bu(XE))e-

Integrating by parts, we have
[ 100 =201 - /0800t =5/ OO NAN + 5u00h) = Bu(ah)
104 = X500 ~ GOE0) ~AOEONI(AxX D) + B0EE) - B0EO)
<=2l [ 1l Awet + 8,06 - B0
+0 [ 1otz lAxx® + 8,00 - B0z

e / I Lz AN + Bu(E) = B () 2o
1O = A)B(E) — () — A E D) By
AN + B D) ~ B (1) e

In view of (4.35) and (4.37)), using that ﬂL is bounded and Gronwall’s lemma, is
not difficult to conclude that

IX* I Lo (0,7 2 () E (0,731 (92)) < ClA1 — Azl (4.38)
Next, we test (4.30) by #* and integrate in time:

Lioer+ [ t [ 1wore < —sel [ t Lo+ t Lo [ t JRCERACED

using Gronwall’s lemma and (4.38)), we then obtain
16" 1| 220,757 (2)) < ClAL = Azl (4.40)
Next, we test (4.30) by 64" and integrate in time to get

t t t t
[ [eees [rwoop scon—n? [ [ gee [ [oyee [ [ e,
0 Jo Q 0o Jo 0o Jo 0o Jo
(4.41)
By collecting (4.38))-(4.41)), we conclude that
109l oo (0,711 ())nE 1 (0,7322(2)) < ClA1L — Aa. (4.42)
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Finally, we test (4.32)) by A%u}" and integrate in time. Each of the terms in the

resulting identity can be estimated as follows.

t
1
| [t v = S1A0 2 @) ~ S0l
0 JQ

¢
/ / H(T(1 — xi)ut) - A%y = G + Gy,
0 Ja

|G1|—|// (1 = x4) div(n(ut)) - A% |

< 6/0 IIA%?H%zm) +Ce/0 1— Xf||%oo(n)||uu||%12(n)

Gal=| [ [ 4t n(a) i)

t t
: / AU 2 0 + Cele I e o200 / .

We also have
//H P(1— xt) = (1= )l - A%uf = Gy + G,

where, similarly as previously done, we can estimate

where

and

t
Gyl < C / ¢ 2o ) | A%l | 2 e e 2

t t
c / A% 2y + Cellth | e o.73122 2 / X e

and

t
|G4| < C/o b || 2 o) X iz ) | A%ug [ L2 ()

t t
<e / 1A%t |2y + Cellull o 0.7:722)) / .

Furthermore, we have
t
| [ ke - 4% = G5 + G,
0 Jo

|G5|f|// ) div(n(u)) - A%

<0 [ Il A7 e
0

where

t
a 1/ a—1)/a
< [ 1A o I e 1
0

t t
¢ / 220y + C / e 220

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)
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1ol = | / /Q Al ()T (r ()|

t
<C [ It ey 1A% 20
0

and

/ (4.52)
a 1/ a—1)/a
< 1A e I s o 1 5
K 2 2
¢ / et 220y + C / e 220
Also we have
// )(1 77()(2))&1@) A2ut = G7 + Gs, (4.53)
where
Gl = | / / () — (o)) divn (@) - A%ul|
<c / / x| div((Bee ) | A
0
t (4.54)
<c / I a2 60 10t =y | A0 2
t t
¢ / AU 2 0 + Collx Lo o.1:00) / XA
and
t
Gs| = | / /Q Al ()Y (r (x") — ()|
t
<c [ [ iatin@ag)livy] (4.59
0 Q
t t
e/o IIA“U?H%(Q)+Ce||X“IIL°°<o,T;H2(m)/O 1005 172 (-
Next,
t t
v / / Ayl . A = v / | A 220 (4.56)
0 Q 0
and finally,

t t
(o) [ [ 7oA < Co=dallFeoazcan + | 1A sy (457

Thus, to obtain the estimates that come from testing ([4.32)) by A%u} and inte-
grating in time, we add (4.43))-(4.57)), then estimate the integral terms containing
[|u |2, (o) Dy using (4.14) and applying Gronwall’s lemma to conclude that

lu"[| 11 (0,7, D4 )) < ClAL — A2l
Therefore, from (2.1)), we have
w20, mwra)) < ClA — Asl. (4.58)
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From (4.42) and (4.58)), we conclude that T is continuous in A, uniformly in
bounded sets of B.

Estimates of all possible fixed points. We now estimate the set of all fixed
points of Ty in B. Each fixed point (8*,u*) € B satisfies the following problem:
01 +Ixt + An0" =Xg in Qx (0,7), (4.59)

4 Ayt 8,00 +900) = A0(0) + T3 (190 im0 0,7), (a.60)
uby — H(T(1 — x*)ut) + K(r(x*)ul') + vA%ul = Af in Q x (0,7T), (4.61)
subjected to the conditions
6" (0) = 6, in
X*(0) =xo0 in,
u*(0) = ug, ul'(0)=vp in Q.

We start by testing (4.60) by x* and integrate in time to get

1 t
5 [+ [ [ wer
Q 0 JQ

. . ) (4.62)
<Ci+ C/ /(X”)Q —|—/ / h(6")x" + §||X0HL2(Q).
0 Jo 0 Ja
Next, we test (4.59) by 0* + Ix* and integrate in time to obtain
1 t t
7/ 10" (1) + D" (1) 2 +/ / V6 + z/ / VOHTH
2 Ja 0 Ja 0 Ja (4.63)

1 t
= §||00+1X0H%2(Q)+/ /g(@“—l—lx“).
0 JQ

By multiplying (4.62) by 1 + 3{?, adding it to (4.63) and using that [h(6)| < C|6|
we reach

1 1 1 [t
[ Gerwr+50er)+5 [ [averp+ 19w
o \6 2 2 /o Jo
t
< Cl0 ey + ollia) + [ Mol +C [ [ 002+ ).
By using Gronwall’s lemma, we then conclude that
X", 0" is bounded in L>(0,T; L*(Q)) N L?(0,T; H*(Q)), (4.65)

with a bound in (4.65) that is independent of .
We now test (4.59) by x} and integrate in time

[ [reesd [oeors [ o)
cove[ [epeal [ [wes [ [wr)

By using (4.65)), Remark which implies that — [, @L(X“) < M|Q| < 400, and
Gronwall’s lemma again, we have

x4 is bounded in L?(0,T; L*(Q)); (4.67)

(4.64)

(4.66)
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moreover, the bound (4.67)) is independent of .
Next, we test ([4.59) by 64" and integrate in time to get

t 1
| [reee s [ verr
0 Q
t
< V00220 + //|9“|2+l//|x“|2 //Qg
0

From ([4.67), we have 0} € L?(0,T; L*(Q)), and therefore
0" is bounded in H'(0,T; L*()), (4.69)

with a bound (4.69) which is independent of u.
We have one more estimate for x*. From the fact that #, x* € H(0,T; L?(12))
and T} /c(|n(ut)|/2) is bounded, similarly as was done to get (4.38), we obtain

X" is bounded in L>(0,T; Hx(Q2)). (4.70)

Finally, by proceeding similarly as was done in (4.43)-(4.57) and using (4.70),
we have u* € H*(0,T; D(A%)), and

u” is bounded in H'(0,T; W'*(Q)). (4.71)
Therefore, we can conclude from ([£.69)-(4.71)) that there exist M > 0 such that
||(9“,U“)HB <M.

(4.68)

Remark 4.2. As seen above in the estimate of all possible fixed points, the bound-
edness of , and @ are independent of u. Follow from these fact
that the boundedness of Remark [4.1] are satisfies.

Furthermore, if we have Ty /(|n(u€)|?/2) bounded in L?(0,T; L?(£2)) with respect
to ¢, then the boundedness (4.62)-(.64), (4.66) and ([4.68) are independent of e,
and therefore the boundedness (4.65)), (4.67) and (4.69) are independent of e.

Continuity and compactness. It remains to prove that for each A € [0,1] Ty
is continuous and compact on B. Before proving these properties, we need some
estimates. We start by differentiating in time, testing it by J~1(x},), and
integrating the result in time:

t
/0 Ity < Go + Gio + G + G, (4.72)

where
t 1 t )
Go=| [ [vvotodl < [l + 5 [ Il @)
0 Q 0
Gio = | / / ) 7 AT )|
18 06) + 7 )l @01y / T 0 e e ey (A74)

1 t
<1 [ il +C / It 3

Gu=| [ [ ool < g [ il 0 [ 10, 47

IN
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G12—|/ / 1/€

t
< CIIW(u”)IILoo(o,T;m(Q))/0 (i)l IXGll 2 ) (4.76)

and

)n(U?)Ren(u”)J’l(xé‘t)|

1 t t
<5 | Iy + Ol s ormscon | 10 e

We remark that to estimate G19 we used the fact that ,6’/; and +/ are Lipschitz
functions, and that y* € L°(0,T; H%(Q)); in G11 we used that A’ is limited.
Collecting (4.72))-(4.76)), we conclude that

X" is bounded in H?(0,T; H'(Q)). (4.77)

We differentiate the first equation in (4.9), multiply by J—1(6},), integrate in

time and using (4.77)), similarly as we did in in the (4.72)-(4.76)), we obtain that
" is bounded in H*(0,T; H*(Q)'). (4.78)
We test the first equation in (4.9) by 6, and integrate in time to obtain

/Ot/Q(ef)%;/Qweu(t)IQ < ;llwn(o)lim)+c/0t/ﬂg2+i/ot/ﬂ(95)2
vo [ oot [ o

By recalling (4.7) and applying Gronwall’s lemma, we infer that
0" is bounded in L>(0,T; H'(Q)). (4.80)

Next, we test the first equation in ([£.9) by An6. and integrate by parts, to
obtain

//WW 3 | 1o
t
A0 O e | [ [oanatlwle [ [ aner]

10012220 + Cllgl2n 0.n2cc) + = / / AnOm 2 + / A0 ()

1
+c//|vxy|2+f//|vof|2.
0 Ja 2 Jo Ja

By recalling (4.7)), using (4.10)), (4.80) and using again Gronwall’s lemma, we obtain

(4.79)

\ /\

(4.81)

IN

0" is bounded in H'(0,T; H'(Q)) N L>=(0,T; H%(Q)). (4.82)
Now, by writing 6} = —Ix}' — Ay6" + A\g and using the above estimates, we obtain
6} is bounded in L>(0,T; L*()). (4.83)

Finally, arguing in the same way as to obtain (4.26])-(4.27), we obtain

u" is bounded in H2(0,T; L*(2)) N W (0, T; D(A*/?)) N H(0, T; D(A%)).
(4.84)
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Now we can prove the compactness and continuity of the operator. The com-
pactness of T on B easily follow from — and Simon [24] Theorem 5,
Corollary 4.].

To show that T is continuous in B, we fix a sequence such that

{(@5,a")} — (0,1) strongly in H'(0,T; L*(Q)) x H'(0,T; W4(Q)),  (4.85)
and we let x# := T} (6., ") for all n € N.
From (4.3)), (4.7)-(4.8) and (4.77), we have
Xi € H2(0,T; H'(Q)) N WH(0,T; L*(Q)) N H (0, T; H'(Q))
N L>®(0,T; H3 ().
It follows from Simon [24, Theorem 5, Corollary 4], that there exist a subsequence,
which for simplicity of notations we do not relabel, and a function x* such that the
following convergences hold for any 1 < p < oo and any p > 0:
Y —x" inCY0,T; H'(Q)) N C°(0,T; H* (),
e — X" in WHP(0,T; L*(Q) N H'(0,T; H'~*(Q)) N LP(0, T; H3 (),
Xn = XM in HP(0, T3 HY(Q)) N WH(0,T5 L2 () 0 HY (0, T; HY ()
N L>®(0,T; H3 ().
Hence, x* satisifes the initial condition (1.8]).
By using (4.85))-(4.86)), it is easy to pass to the limit in (4.1)) and conclude that
X' =T ).
Therefore, we infer that convergences in (4.86)) hold along the whole sequence {x*}.
We now consider the sequence (6%, uf) := T2(x*) = T\(0.,a"). Collecting

n “n n» ’'n

(4.78)-(4.83)), we obtain a uniform bound for
0% € H?(0,T; HY(Q)") n W (0,T; L*(Q)) N H*(0,T; H*(Q))
N L0, T; H3(2)).

In view of (4.84) and Simon [24, Theorem 5, Corollary 4] , we deduce that there
exist suitable subsequences (which we do not relabel) of {6#} and {u/} and two
limit functions 6* and u* such that for all 1 < p < co and for all p > 0

ul — o in HY(0,T; H>P(Q)) nWhP(0,T; H (Q)) N CY(0,T; H=*(Q)),

ul —*ut in H2(0,T; L*(Q)) N WH2(0,T; D(A%/?)) n H(0,T; D(A%)),
(4.87)
while for {6} and 6" the same convergences as in hold true. In particular,
ul — ut in HY(0,T; W14(€2)), whence

(08 ul) — (0", w*) in H'(0,T; L*()) x H'(0,T; WH*(Q)). (4.88)

n? n

It follows from (4.87) that w* complies with the initial condition (1.9). By
combining and (4.87) and arguing in the same way as in the corresponding
proof in Rocca and Rossi [21], we infer that the pair (u*, x*) satisfies the second
equation in on 2 x (0,7). In the same way, convergences (4.86) for {x*} and
{6~} allow us to conclude that (6#, x*) fulfils the first equation in (4.9) on Q% (0,7T)
and that 6* complies with the initial condition . Finally, we deduce that

(Qu’uﬂ) = T)?(XH) = TA(@u’ﬂu)a

(4.86)
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and that (4.88) holds along the whole sequence {(0%,u*)}. Hence, the operator T
is continuous and compact with respect to B.

Remark 4.3. At this point is important to observe that from Remarks and
4.2) x* is bounded in H'(0,T; H!(Q)) independently of y. Thus, the estimates

(4.79)-(4.81) are independent of i, and therefore the bounds in (4.82)) and (4.83)

are also independent of p.

Conclusion. Since when A = 0, it is trivial that we have unique solution for
each equation in and , from the previous proved results all the required
conditions to use Leray-Schauder fixed point theorem are met. Thus, operator T}
has a fixed point (0, u*) in A = 1, i. e., there exist a triple (6, x*, u*) that satisfies
with the following regularity

0" € H*(0,T; HY(Q)) n W1o(0,T; L*(Q)) N H(0,T; H*(Q)) N L>(0, T; H3 (%)),
X e H20,T; HY(Q)) n Wh>°(0,T; L*(Q)) N H(0, T; H(Q)) N L*°(0,T; H(Q)),
u € H2(0,T; L3()) N Wh (0, T; D(A*/?)) N H(0, T; D(A%)),

and Propositon [3.2) is proved.

5. EXISTENCE OF SOLUTIONS OF PROBLEM [3.3]

Now, it is necessary to obtain suitable estimates uniform in p for the solutions
of Problem This will allow us to pass to the limit as g \, 0. From Remarks

and we have
x*, 0" is bounded in W1>°(0,T; L*(Q)) N H(0,T; H(Q)) N L>=(0,T; H%()),
and in particular
Bu(x*") is bounded in L>(0,T; L*(9)).
By proceeding similarly as in -, we obtain
u'is bounded in H2(0,T; L2(2)) N W°°(0, T; D(A*/?)) 0 H'(0,T; D(A%)).

Hence, in view of Simon [24] Theorem 5, Corollary 4], and maximal monotone
operator properties, we have the following convergences (along subsequences)

O —* 9 in WH(0,T; L*(Q)) N H'(0,T; H(Q)) N L>(0,T; H%(Q)), (5.1)
6" — 0° in C(0,T; H(Q)), (5.2)
Xt = xE in R0, T L2(Q) N HY0,T; HY(Q)) N L*°(0,T; H%(Q)),  (5.3)
X" — x¢ in C(0,T; H'(Q)), (5.4)
Bu(x") = & in L*(0,T; L*(2)), (5.5)
u —*u  in H2(0,T; L*(Q)) N Wh*(0,T; D(A*/?)) N H(0,T; D(A%)), (5.6)
' — ¢ in CY0,T; HY(Q)) N HY(0,T; D(A%/?)). (5.7)
Next, we observe that due to the monotonicity of 3,, we have
(Bu(x) = Bu(X") ,x = x*) = 0 Vx € dom(p3).
By using and and taking u — 0+ in this last inequality we obtain
(Bo(x) =€, x —x°) >0 Vx € dom(p),
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where (p(x) denotes the element of 3(x) with minimal norm and we have used the
fact that 8, is the Yosida approximation of 8 and Brezis [9, Prop. 2.6 (iii), p. 28].

But fy is a principal section of 3, according to Brezis [9] Prop. 2.7. p. 29,
Definition 2.3]), and thus the bove inequality implies

x¢ € dom(f8) and &° € B(x°). (5.8)

By using arguments similar to the ones used to prove that the operator T\ was
continuous and compact, we can pass the limit as 4 — 0+ in the equations of
Problem and get that (0¢, x¢, u¢) satisfies

0° € WHo°(0,T; L*()) N HY (0, T; H*(Q)) N L>(0,T; H%(Q)), (5.9)

X€ € W2 (0,T; L*(Q)) N HY(0,T; H(Q)) N L>(0, T; H3 (%)), (5.10)
€€ LX0,T; L)), € € B(x), (5.11)

u® € H?(0,T; L3(Q)) N WH>(0,T; D(AY/?)) N H*(0,T; D(A®)), (5.12)

and moreover it solves Problem 3 (see (3.2)-(3.4)) since (5.11) implies that 7(x¢) =

x¢ and 7(1 — x¢) = 1 — x°, and with the obtained convergences it is easy to verify
that the initial conditions are met.

6. PROOF OF THEOREM [2.3]

6.1. Existence of solutions of Problem To prove Theorem [2.3] it will
be necessary to obtain estimates independent of €. For this, we proceeding as in

[E6)-(E5Y). 1o obtain
1 € 1 € 1 ‘ € €
[ G @R+ 0@y +5 [ [ averp+ [oxp)
Q 0 JQ
t t
S/O HQH%Z(Q)JFC/O (HGEH%%Q)*||X€||%2(Q)+||UE||§JI(Q))

+C(160]1720) + lIx0lIF2(0))-

We test now (3.4) by ui and integrate in time to obtain, in view of (2.4)), (2.6)
and (2.2]), and that 0 < x© <1,

1 € ! €
5 [ 1E®F +C [ il
Q 0

1 t . t . t
< sllz e [ il + o [ Iollme + [ 101w)

Adding (6.1) and (6.2)), choosing & > 0 small enough and using Gronwall’s lemma,
we obtain

(6.1)

(6.2)

u€ bounded in WH(0, T; L?(Q)) N H' (0, T; D(A*/?)). (6.3)

and
0%, x° bounded in L>(0,T; L*(Q)) N L*(0, T; H*(Q)).

Next, from and , we have

X§ is bounded in L?(0, T; L*(Q2)). (6.4)
Estimates (4.68) and thus gives that

0 is bounded in L?(0,T; L*(f2)).
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Hence, we have
6°, x¢ is bounded in H'(0,T; L*(2)) N L*(0,T; H'()).

Finally, we test equation (3.3 of the Problem by Anx© + £ and integrate in
time to obtain

t t t
| 1w+ € < [ 1Anx + €l + Ol | Il

t t t
[l + [ 16T+ [ Tl e):
0 L2(Q) 0 L2(Q) 0 w 4(Q))

In view of estimates getting above and monotony properties of the operator 3, we
obtain
€€ is bounded in L?(0,T; L*()).
Therefore, by Simon [24, Theorem 5, Corollary 4], we obtain the following con-
vergences:
6°— 0 in H'(0,T;L*(Q)) N L*(0,T; H*(Q)),
0° — 60 in L*(0,T;L*(Q)),
X —x in HY(0,T; L*(Q)) N L*(0,T; H*(Q)),
X“— x in L*(0,T; L*(%)),
€€~ ¢ in L*(0,T; L*(Q)), (
u —*u in WH°(0,T; L2(Q)) N HY(0,T; D(A%/?)), (6.10
u® —u in C(0,T; HY(Q)). (6.11)
Next, for g € L'(Q), by using the dominated convergence theorem, we easily
get that T},.g — g in L'(Q). Moreover, when g¢ — g, by using the facts that
lg(z,t) =T1)e(u) (@, 1)] < [g(2,t) = T1/e(g) (@, t)| +|T1 e (9) (2, ) = T1ye(9°) (2, t)| and
that |T1/€(g)(:c,t) 7T1/e(gﬁ)(‘r7t)| g |g(l‘,t) 796(:17,t)|, we obtain that Tl/e(ge) — g
in L1(Q).
Since convergence ([6.11)) implies that |n(u€)[?/2 — |n(u)|?/2 in C(0,T; L' (Q)),
we can use the previous arguments to get that

Taye(In(u)?/2) = In(w)]?/2 in LN(Q).

The just obtained convergences are enough to pass to the limit as e — 0+ in all the

terms of the equations (3.2)-(3.4]). Moreover, using and , and proceeding
exactly as we did to obtain (5.8]), we obtain { € [(x). Also, we the obtained

convergences it is standard to check that the initial conditions are met. Thus, we
have all the required conditions for a solution and the existence result of our main
theorem is proved.

6.2. Uniqueness of solution of Problem We prove the uniqueness of so-
lution for the Problem Let us consider two solutions (6;, x4, &, us), ¢ = 1,2, of
the Problem Define 0 := 01 — 05, x := x1 — X2, £ := &1 — & and u := u; — ug;
these functions satisfies the equations

Yo+ Anx €+ (10) —A(x2)) = h(6r) — h(By) + 1)) nlw) 2 nfuz)

2 2
(6.13)
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uge + H((1 — x1)u) — Hxuz) + K(x1u) + K(xOuz) + vA%u, = 0. (6.14)
We test equation (1.2) by x and integrate in time to get

/le(t)2+/Ot/ﬂIVX|2+/Ot/Q€x+/Ot/Q(v(X1)—*v(m))x

-/ t [ w0 - nop+ 5 | t [ ) ) + ) ntu)lx

By using the monotonicity of # and Lipschitz condition on v and h, we obtain

L [ [ o
SO/Ot/Q|x|2+c/0t/90nx| (6.15)

t
+ C//O (luzl[e ) + [10cuz || ma @) X[ L2 (@) lul e ()

Next, we test equation (6.12)) by € + Iy and integrated in time to conclude that

;/Ot |9(t)+lx(t)2+/0t/Q|V0|2+l/0t/QV0Vx:0. (6.16)

By multiplying (6.15)) by 1+ %12 and adding with (6.16)), we easily obtain

| Gow?+ 56w +5 [ [ 1v0F + vy

t (6.17)
< C/O 011220y + IXIZ20) + 1ullfreq))-
Finally, we test equation (6.14) by u; and integrate in time to obtain
1 t
5/;2 |ut(t)|2+z//0 HutH?{“(Q) SI5+IG, (618)

where

t t
IL=— / (H((1 — x2)u),u) < C / 11 = xullzoo sl s ey (6219)
0 0
and

Is = /0 (H(xuz) — K(xOruz), ut)
(6.20)

t
<c / (sl 2o e + 1etiall 2o ) 1l 26 ot .
From ((6.18)-(6.20)), we easily obtain

1 t
5/ |Ut(f)|2+0/ e[ Fre o
Q 0

t t
<e / tel e + Ce / (62200 + 102 e Xl Bay  (6:20)
0 0

t
+Ce/0 ”uH?{a(Q)'
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Now, by adding (6.17) and (6.21) and choosing ¢ > 0 small enough and also
using Gronwall’s lemma and inequality (4.14)), we obtain
101l o= 0,752 (L2 (0,111 () + X[ Lo 0. 17522 () L2 (0,111 (92)
+ llullw.e 0,502 ()nE (0,7:H () < 0.
and therefore § = y = u = 0. To proof that £ = 0, we just note that
up) :n(u u) : n(u

We conclude with these results that the Problem 2.2 has a unique solution, and
therefore Theorem is proved.

—xt — Anx — (v(x1) — 7(x2))-

Remark 6.1. When the solidification process occur in a constant gravitational
field @, one may include the action of the buoyancy forces resulting from the small
variations in the density due to differences in temperature. This is usually done by
adding a further force in the momentum equation using the Boussinesq approxima-
tion Oxa (with the reference temperature taken as zero). In this case, the equations
for the problem are substituted by the following equations:

O +lxt —A0=g inQx(0,T),
2
Xt — Ax + W' (x) > h(60—06.) + @ in Q x (0,7),
ug — div((1 = x)n(u) + xn(ue)) +v(=A)*u, +0xa = f in Q2 x (0,7),
subjected to the same boundary and an initial conditions as before.

The same sort of generalizations could be considered in this case, and exactly
the same results as before hold true. In fact, the Boussinesq term 6xa brings no
further difficulties in the derivation of the estimates.

7. CONSIDERATIONS CONCERNING MODELING

In this section we comment on modeling aspects by following arguments that are
very similar to the ones presented in Rocca and Rossi [21] pp. 3332-335]; specifically,
by using the generalized Principle of Virtual Power introduced by Frémond (cf.
[13] ), we derive a model closely related to the one considered in this article . For
simplicity of exposition and to ease the comparison with the model in [21], in this
section we take h(6) = 6 in equation (T.2)).

We start by taking a free energy functional of form

V() x().00) = [ Wlau).x. 9x.0) da,
where the volumetric free energy density ¥ is exactly as in Rocca and Rossi [21]
p. 3332]:

(1 = x)n(u)Ren(u)
2

A
—— (@ —0c)x+
C

14
+W(x) + §|Vx\2,

U (n(u), x, Vx,0) = cyf(1 —log0)

where for simplicity of exposition we assume that OW () is univalent.
Next, we take a pseudo-potential of dissipation as

o(u(), X(),60)) = / (). x0, V) da,
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where the density of the pseudo-potential of dissipation ® is of the form

D(0(1w), X1, V0) = Brn(i(ue), i, V6) + 5 1L0n(u))

where £ : D(L£) C (L3(2))" — (L2(2))" is a linear operator, and ®rp is exactly
the the density of the pseudo-potential of dissipation used by Rocca and Rossi in
[21, p. 3332]:

1 Vo?
®an(nun). e V0) = Sl + SnuRun(ue) + 20

Also as in [21], hereafter, for simplicity in notations, we set ¢y = v = A/ =1
and incorporate the term x6c in W(x).

To derive the equations for the model, we recall that the equation for the macro-
scopic motion (momentum equation) can be obtained by the principle of virtual
power, which gives

up —divo=f inQx(0,T), (7.1)

where f is the exterior volume force and o is the stress tensor given by the sum of
the non dissipative stress given by the constitutive law ¢ = D,y ¥ and the dissi-
pative stress given by the constitutive law o = Dyy® = Dyy®rr + L L(n(uy)),
where £* is the adjoint of £. Thus, we obtain the stress tensor as

0 =0""+0%= D,V + Dy ®
= (1= X)Ren(u) + (xRon(us) + L*L(n(uy))).
Thus, the momentum equation becomes
ugr — div((1 = X)Ren(u) + XRon(ur)) — div(LL(n(ur))) = f

Next, according to the generalized principle of virtual power [13], the equation for
the microscopic motions is given by

B — div(H) = 0, (7.2)

where B is the sum of the a non dissipative part, B"? = D, ¥ and a dissipative
part, B¢ = D,,®=D,,Prr. Then, B is given by

n(u)Ren(u)
—6— T

and H is the sum of the a non dissipative part, H"® = Dy, ¥, and a dissipative
part, Hd = Dy, ® = Dy, ®rr. Thus, H is given by

H=H"+H?= Dy, ¥+ Dy, ® = Vy +0.
Therefore, the equation for the microscopic motions ([7.2)) is reduced to

B=B"+B"=Dw+D,= W) + v

Re
Next, the internal energy equation is
et +divg=g+o:n(u) + Bxt + H- Vg, (7.3)

where the internal energy density is

e=W+0s,
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where s = —DyW¥ = —log# — x is the entropy density of the system, and the heat
flux q is given by the constitutive relation
q=—60Dvyp® = —0DvpPrr = —V6.
Thus, the internal energy balance equation ([7.3)) becomes
0 + Oxe — A0 = g + xn(ue) Ron(ur) + L*L(n(ur)) = nue) + x|
Then, the model derived from the previous potentials is associated with the system
of equations
O +0x0 — A = g+ xn(u)Ron(ug) + LL(n(ue)) = nue) + e in Qx (0,7),

Re .
Xt — Ax +W'(x) =0+ n(WRen(w) 5 () in Qx (0,7),
gy — div((1 = x)n(u) + xn(u)) — div(L*L(n(ur))) = [ in Q@ x(0,T),

(7.4)

We are not able to prove that this model (7.4) is locally thermodynamically

consistent in the sense that the entropy production is nonnegative at any point;

however, its total entropy production, weighted by the absolute temperature, is

in fact nonnegative; that is, the model satisfies the following global temperature-
weighted Clausius-Duhem inequality:

/QdeZO,
Q

where 6 is the absolute (positive) temperature and IT denotes the density of the

entropy production given by

4y _9
0 6

In fact, we observe that the internal energy equation can be rewritten in terms
of the entropy s as

0 (st + div(%) - %) =0 n(u) + Bl — % - V6.

Thus, by using this last identity and the previous definitions, we can write

_ iv(dy 9
/QQde—/QQ(St—f—dlv(e) 0) dx

= /Q (Dyuy®rr : n(ut) + Dy, ®rrXt + Dyvo®rr - VO) dx
+ (L7L(n(ue)))s n(ut)) 20

= /Q (Dy)®rr : n(us) + Dy, ®rrXt + Dvo®rr - VO) d
+ L) 720y 20

because by construction

(Dy,®rRr, Dve®PrRr, DvePrr) € 0Prr(n(us), xt, VO),

(0,0,0) € 0Prg(0,0,0) and P rp is convex in all its variables; that is, the expression
in the integral at the right-hand side of the last inequality is nonnegative.

As in Rocca and Rossi [21I], by using the small perturbation assumption, see
Germani [14], that the dissipative heat sources in the energy balance are small with

H = St +le(
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respect to the external heating g; the higher order dissipative terms on the right-
hand side of the first equation in can be neglected. Assuming also that the
latent heat is approximately constant [ (take for instance [ = 0y, where 6, is the
melting temperature), from we derive the following perturbed model:

O +1lxt —A=g inQx(0,T),

Xt — Ax + W' (x) =e+w in Q x (0,7), (7.5)

uge — div((1 = x)n(u) + xn(ue)) — div(L*L(n(ue))) = f in Q% (0,T),
The total entropy production, weighted by the absolute temperature is also non-

negative for this approximate model for slow solutions in the sense that x; is small
enough such that

. /q g |V0|2
= vi=)—2) = >
/ Il dx / G(St + di (0) 0) / ( 02 + (Op —9)xe dx) 0.

Next, we compare model ([7.5]) with the one analyzed in this paper. First, take R,
and R, as identities and £(-) = v/2(—A)/2(.), then the last term in the right-hand
side of the third equation in (7.4) becomes div(L*L(n(ut))) = —vdiv(An(u)) =

—vAdiv(n(ut)). In this case, (7.5) becomes
O +1lxe —A=g inQx(0,T),

2
Xt—Ax+W’(x):9+@ in Qx (0,7), (7.6)

uge — div((1 — x)n(u) + xn(ue)) + vAdiv(n(us)) = f in Q x (0,7,

which is expected to be mathematically related to the system presented in the
Introduction. In fact, the term h#. can be incorporated in W(x) by adding hf.x
to it, and, since n(u¢) is the symmetric part of Vuy, the term vAdiv(n(u,)) in the
third equation of is mathematically related to the term v(—A)?u, in equation
. Currently we are analyzing system ; we remark, however, that the term
vAdiv(n(ug)) is harder to handle than the one present in (L.3)).
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