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ASYMPTOTIC BEHAVIOR OF NON-AUTONOMOUS
STOCHASTIC PARABOLIC EQUATIONS WITH NONLINEAR
LAPLACIAN PRINCIPAL PART

BIXIANG WANG, BOLING GUO

ABSTRACT. We prove the existence and uniqueness of random attractors for
the p-Laplace equation driven simultaneously by non-autonomous determinis-
tic and stochastic forcing. The nonlinearity of the equation is allowed to have
a polynomial growth rate of any order which may be greater than p. We fur-
ther establish the upper semicontinuity of random attractors as the intensity
of noise approaches zero. In addition, we show the pathwise periodicity of
random attractors when all non-autonomous deterministic forcing terms are
time periodic.

1. INTRODUCTION

In this article, we investigate the existence and upper semicontinuity of random
attractors for a class of degenerate parabolic equations driven simultaneously by
non-autonomous deterministic and stochastic forcing. More precisely, we consider
the p-Laplace equation defined in a bounded domain O C R™:

% — div(|Vul|P~2Vu) = fi(t,z,u) + fo(t,z,u) + g(t,z) + au o % (1.1)
with homogeneous Dirichlet boundary condition, where g € L (R, L*(0)), p > 2,
a > 0, and W is a two-sided real-valued Wiener process on a probability space.
The symbol o means that the stochastic equation is understood in the sense of
Stratonovich integration. The functions fi, fo : R x O x R — R are continuous
and satisfy some growth conditions which will be specified later. In particular, we

will assume that fo is Lipschitz continuous in its third argument and f; has the
property:

filt,x,8)s < =Als|? + 1 (t,x), forallt,s € Rand z €O, (1.2)
where A >0, ¢ > 1 and ¢, € L] (R, L*(0)).

The random attractors of the stochastic p-Laplace equation ([1.1)) were studied
in [22 23, 24] recently, where the authors successfully established the existence
of such attractors under the condition ¢ < p for the exponents p and ¢ in (1.1
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and . In these papers, an abstract framework of the variational approach was
introduced and equation fits these frameworks only when g < p. To the best
of our knowledge, the existence of random attractors for ¢ > p is still open and the
first goal of the present paper is to solve this problem. In other words, we will show
the stochastic equation has a random attractor in L?(O) for any p > 2 and
q > 1. In addition, if f1, fo and g are periodic in their first argument, then the
corresponding random attractor is pathwise periodic. The second goal of this paper
is to establish the upper semicontinuity of random attractors when the intensity
of noise approaches zero. Such continuity of attractors is new for the p-Laplace
equation even when ¢q < p.

If f1, fo and g are independent of ¢t € R, then reduces to an autonomous
stochastic equation. The attractors of autonomous stochastic systems have been
extensively investigated in [2, 3, 4 [5] [6} [7], [8] [9L 10} 12} 13| 14 15l 18] [19] 20} 211, 22,
25, [26], 29, 30, 31, [33, [34] and the references therein. For non-autonomous random
attractors, we refer the reader to [II, 111, 17, 23, 24, 27, [35] [36] 37, B8] for details.

This paper is organized as follows. In the next section, we review an existence
result on random attractors for non-autonomous stochastic equations. In Section 3,
we establish the well-posedness of equation in L2(O) and define a continuous
cocycle for the solution operators. In Section 4, we derive uniform estimates of
solutions which are necessary for the existence of random absorbing sets. The
asymptotic compactness of solutions for a non-autonomous deterministic equation
is also contained in this section. Sections 5 and 6 are devoted to the existence and
upper semicontinuity of random attractors for , respectively.

In the sequel, we use || - || and (-,-) for the norm and inner product of L?(0),
respectively. The norm of a general Banach space X is written as || - ||x, For
convenience, we will use ¢ or ¢; (i = 1,2,...) to denote a positive number whose
value is not of significance.

2. NOTATION

In this section, we assume (X,d) is a complete separable metric space and
(Q, F, P,{0}icr) is a metric dynamical system. Denote by D a collection of families
of nonempty subsets of X. We recall the following definitions from [35].

Definition 2.1. A mapping ®: RT x Rx Q) x X — X is called a continuous cocycle
on X over (Q, F, P, {0}icr) if forall 7 € R, w € Q and ¢,s € RT,

(i) (7 ) RTxQx X — X is (B(R') x F x B(X), B(X))-measurable;

(ii) @(0,7,w,-) is the identity on X;

(i) ®(t+ s, 7w, ) = P(t, 7+ 8,05w,-) 0 B(s, T, w,-);

(iv) ®(¢,7,w,-) : X — X is continuous.
A continuous cocycle ® is called T-periodic if (¢, 7+ T, w, ) = ®(¢, 7, w, -) for all
teRt, 7cRandw € Q.

Definition 2.2. A cocycle ® is said to be D-pullback asymptotically compact in
X if for all 7 € R and w € Q, the sequence {®(t,, T — tn,0_1,w,z,)}22 has a
convergent subsequence in X whenever t, — oo, and z,, € B(T — t,,0_+ w) with
{B(ry,w): TR, we N} eD.

Definition 2.3. A= {A(r,w) : 7 € R,w € Q} € D is called a D-pullback attractor
of @ if
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(i) A is measurable and A(7,w) is compact for all 7 € R and w € Q.
(ii) A is invariant, that is, for every 7 € R and w € Q,
O(t, 7w, AT,w)) = A(T + t,0:,w), Vt>0.
(iii) For every B = {B(r,w) : 7 € Ryw € Q} € D and for every 7 € R and
w €,
lim d(®(¢t, 7 —¢,0_4w, B(T — t,0_w)), A(T,w)) = 0.

t—o0

A pullback attractor A is said to be T-periodic if A(T + T,w) = A(r,w) for all
T €Rand w € .

We borrow the following result from [35]. Similar results can be found in [3] [11]
15], 18] 23], 30].

Proposition 2.4. Let D be an inclusion-closed collection of families of nonempty
subsets of X, and ® be a continuous cocycle on X over (Q,F, P,{0}icr). If ® is
D-pullback asymptotically compact in X and ® has a closed measurable D-pullback
absorbing set K in D, then ® has a unique D-pullback attractor A which is char-
acterized by, for each T € R and w € €,

A(r,w) = UK, 7,w) = UgepQUB, T,w)
={¢(0,7,w) : ¢ is a D-complete solution of P}
= {&(r,w) : € is a D-complete quasi-solution of ®}.
If, in addition, both ® and K are T-periodic, then so is the attractor A.

Note that the F-measurability of the attractor A was proved in [37] which is an
improvement of the measurability of A with respect to the P-completion of F in
[35).

3. COCYCLES ASSOCIATED WITH DEGENERATE EQUATIONS

Let O be a bounded domain in R"™. Consider the non-autonomous stochastic
equation defined in O for ¢t > 7 with 7 € R,

% —div (|Vu|p_2Vu) = fi(t,z,u) + fa(t,z,u) + g(t, ) + auo d(%/, (3.1)
with boundary condition
u(t,z) =0, z€00 andt>rT, (3.2)
and initial condition
u(r,x) =ur(z), €0, (3.3)

where p > 2 and o > 0 are constants, g € L2 (R, L*(0)), W is a two-sided real-

loc
valued Wiener process on a probability space. Throughout this paper, we assume

that f; : R x O x R — R is continuous and satisfies, for all t,s € R and = € O,

filt,x,8)s < =Als|? + 1 (¢, x), (3.4)
|f1(t,z,8)| < ho(t, x)|s|T 1 + s(t, x), (3.5)
O 1,0,5) < alt, ) (3.6)

where A > 0 and ¢ > 1 are constants, v, € L{ (R, L'(0)), v¥3 € L (R, L9 (0)),

loc loc

and Y9,y € L2 (R,L>(0)). In this paper, we always use p; and ¢ for the

loc
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conjugate exponents of p and g, respectively; that is, p% + % =1 and q% + % =1.

Let fo : R x O xR — R be continuous and satisfy, for all ¢,s1,s5 € R and =z € O,
fo(t,z,0) =0, |fa(t,z,51) — folt, 2, s2)| < s(t, @)]s1 — 2, (3.7)
where 5 € L2 (R, L>(0)).

In the sequel, we will use the probability space (2, F,P) where Q = {w €
C(R,R) : w(0) = 0}, F is the Borel o-algebra induced by the compact-open
topology of Q, and P is the corresponding Wiener measure on (€, F). Let {0;}+er
be the standard group acting on (Q, F, P) given by

bw(’) =w(-+1t) —w(t), we, telR. (3.8)

In later sections, we will study the dynamics of problem - over the para-
metric dynamical system (Q,F, P, {60 }1cr). To that end, we first convert the sto-
chastic equation into a non-autonomous deterministic one by using the random
variable z given by:

0
z(w) = —/ e'w(r)dr, we. (3.9)
Then z satisfies
dz(Oww) + z(Ow)dt = dW. (3.10)

Moreover, from [2], there exists a 6y-invariant set Q@ C Q with P(Q) = 1 such that
for every w € Q, z(6;w) is continuous in ¢ and

t
|2(6:0)] =0 and lim %/ z(6w)dt = E(z) = 0. (3.11)
0

t—+oo | ‘ t—+oo

From now on, we only consider the space Q rather than Q, and hence write Qas Q
for convenience.

Throughout the rest of this article, we set V = Wy (0). Given u, € L*(0), a
continuous L?(O)-valued process {u(t, T,w,u;)}+>- is called a solution of problem

B-I)-@-3) if u(-, 7, w,ur) € LY ([r,00), V)N LL ([, 00), L1(O)) for almost all w €
Q, and if for all £ € V N L1(0O),

t
(u(t777w7u7)75)+/ / |Vu(s, T,w,ur )|P2Vu(s, 7,w, u,) - VEdxds
T JO
t
~ @9+ [ [ Aol rwu)cdeds
T JO

t
+/7: /(;)f2(8,$,u(8,’7',w7’u,7-))£d.’[d8

t t
+/ / g(s,x)fdmds—I—a/ (u(s, T,w,ur), &) o dW,
T JO T
for all ¢ > 7 and for almost all w € Q. Let u be a solution of (3.1))-(3.3) and set
v(t, T w,vp) = e Oyt 1w uy)  with vy = e 0@y (3.12)

By (3.1) and (3.12)) we find

d

dit’ — 2 (P=2)2(0%) Qi (| VP2 V)

_ az(etw)v + efaz(Gtw)fl (t,:m eaz(etw)v) (313)

+ e_az(atw)ﬁ(t, z, eaz(Qtw)U) + e—az(Gtw)g(t, x),
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with boundary condition
v(t,z) =0, x€dO andt>rT, (3.14)
and initial condition
v(r,z) =v-(z), z€O. (3.15)
In the sequel, we will establish the well-posedness of problem —. For

that purpose, we need to introduce the definition of weak solutions for the equation.

Definition 3.1. Given 7 € R, w € Q and v, € L?*(0), a continuous function

v(, 7w, v,): [1,00) — L2(0) is called a solution of (3.13))-(3.15)) if v(7, 7, w, v, ) = v,

and
v e LY, ([r,00), V) N L, ([, 00), LY(O)),
dv N
E 6 Llp()lc([’rv OO), V ) + quolc([T’ OO)) qu (O))a
and v satisfies, for every £ € V N L1(0),

a
dt

= az(0w)(v,€) + e 0 / fi(t, @, e 0 0)¢ da
O

(v,S)fe“(””)Z(‘"f“)/ IVo[P~2Vo - VE d
(@)

+ gm0 (0) / falt, x, e ) da 4 e O (g(t, -, €)
o
in the sense of distribution on [r, 00).

We will employ the Galerkin method to prove the existence of solutions for the
deterministic equation (3.13)). For simplicity, we define an operator A: V' — V* by

(A(v1),v2)(v=v) = / |Vu1|P~2Vu, - Vuadz, for all vy, vy €V, (3.16)
o

where (-, )y« is the duality pairing of V* and V. It follows from [32] that A is
hemicontinuous and monotone. Let {e;}72; C V' N L(O) be an orthonormal basis
of L?(0) such that span{e; : j € N} is dense in VN LI(O). Given n € N, let X,, be
the space spanned by {e; : j = 1,...,n} and P,: L?*(O) — X,, be the projection
given by

P,v= Z(v,ej)ej, Vv € L*(0).
j=1
Note that P, can be extended to V* and (L?(O))* by

Pap =Y (#le;)ej, for ¢ € V" or ¢ € (LI(O))".
j=1

Consider the following system for v, € X,, defined for ¢t > 7:
doy,
T+ 20D A,) = az(Buw)un + eI P, fu (2, 20,

+ efaz(etw)Pan(t, . eaz(Gtw),Un) + efaz(etw)Png’
(3.17)

with initial condition

v (T) = Pho,. (3.18)
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Under assumptions @—, we find that for every 7 € R, w € Q and v, € L?(0O),
problem (3.17)-(3-18) has a unique maximal solution v, (-, 7,w) € CY([r,7+T), X,,)
for some T' > 0. The uniform estimates given below imply 7" = oo, and hence the
solution is defined for all ¢ > 7. In addition, v, (¢, 7,w,v;) is measurable with
respect to w € ). By examining the limiting behavior of v,,, we prove the following

existence and uniqueness of solutions for (3.13))-(3.15).

Lemma 3.2. Suppose - hold. Then for every T € R, w € Q and v, €
L?(0), problem —:3.15 has a unique solution v(t,T,w,v;) in the sense of
Definition [3.4, This solution is (F,B(L?(0)))-measurable in w and continuous in
initial data v, in L2(O). Moreover, the solution v satisfies the energy equation:

d

ety P+ 2600220 [ (g

dt o

= 20z(Byw) ||v||? + 2e~@*0:) / fi(t, x, e 0)y)y da (3.19)
O

+ 2e—0#(0uw) / folt, m, e O v)vdy + 2e =) / g(t, z)vdx
o O

for almost all t > 7.

Proof. The proof consists of several steps. We first derive uniform estimates on the
solution v, of (3.17)-(3.18).
Step 1: Uniform estimates. By (3.17) we obtain
1d
2dt
= az(Ouw)||vp|? + e~ (0) / fi(t, z, ey Yo, da (3.20)
o

a2 + o P-D7(0) / VouPda
O

+ e~ o#(0w) / falt, x, eo‘z(‘gt“’)vn)vndm + e_o‘z(‘g‘“)(g(t), Up)-
16)
By (3.4) we obtain
efaz(ﬁtw)/ fl(t,m,eaz(et“’)vn)vnd:c
© (3.21)
< f)\eo‘(qu)z(et“’)/ |vn\qdfc+6720‘z(0tw)/ P1(t, z)de.
o o
By (3.7) we have
] /o Falt, 2, €00, Yonda] < s (0)]] 1w (o) v (3.22)
It follows from (3.20))-(3.22)) that
d
d—HUnH2 —&—260‘(1’_2)2(9“")/ |an\pdx+2)\e°‘(q_2)z(9“")/ |v|2dx
1 o o

—2az(0w 2
< (14 202(0iw) + 2[5 (O] 1= (0y) [nll? + 26722C) gy (D) 110y 2

+ e 20l (1),
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Note that z(0;w) is continuous in ¢ for fixed w. Therefore, for every 7 € R, w € Q
and T > 0, we obtain from (3.23]) that

{v,}22, is bounded in L= (7, 7+ T; L*(O))N LY(1, 7+ T; LY(O))NLF (1,7 + T; V).

(3.24)
By (3.16) and (3.24]) we obtain
{A(v,)}52 is bounded in LP* (7, 7+ T; V™), (3.25)

where p% + % = 1. By (3.5) we have

T+T
/ / | f1(t, @, €20 )v,) |9 da di
T (@]

T+T T+T
Scl/ / |Un|qd$dt+/ / [t (t, ) |9 dx dt,
T o T O

with q% + % = 1, which along with (3.24)) implies

{f1(t, z, ey, )12 | is bounded in L% (7,7 4+ T; L% (0)). (3.26)
By (3.25) and (3.26), we infer from (3.17)) that
d
{% o2 1 is bounded in LP* (7,7 4+ T;V*) + L% (7,7 + T; L™ (O)). (3.27)

Next, we prove the existence of solutions for (3.13)-(3.15) based on (3.24)-(3.27).

Step 2: Existence of solutions. It follows from (3.24)-(3.26|) that there exist
v € L*(0),ve L®(r, 7+ T; L*(O))NLP(r, 7+ T; V)N LY(r,7 + T; LY(O)), x1 €
LY (1,7 +T; L1 (0)), x2 € LP* (7,7 4+ T;V*) such that, up to a subsequence,

v, — v weak-star in L®(7, 7 + T; L*(0)), (3.28)
v, — v weakly in LP(7,7 +T;V) and Li(r,7+ T; LY(O)), (3.29)
fi(t, @, ey ) — xy weakly in L% (7,7 + T; L9(O)), (3.30)
A(vp) — x2  weakly in LP* (1,7 4+ T; V™), (3.31)

dv, d .
% — d—q; weakly in LP* (7,7 + T;V*) + LY (1,7 + T; L7 (0O)), (3.32)
V(T 4+ T,7,w0) = weakly in L?(O). (3.33)

D

Let o = min{p1,¢1}. By (3.27) we see that {ds—f} is bounded in L (7,7 + T;(V
L1(0))*). Note that V — L*(0) — (VN L4(0))* and the embedding V — L?(O)
is compact. Therefore, it follows from [28] that, up to a subsequence,

v, — v strongly in L?(, 7 + T; L*(0)). (3.34)
By (3.7) and (3.34]) one can verify that for every j € N and ¢ € C§°(r, 7+ T),
T+T
lim e~ (P, fo(t, -, e Oy, ) de;)dt
T (3.35)

T+T
_ / e~ O (fo(t, -, e Oy pe;)dt.
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Letting n — oo in (3.17)), by (3.28)-(3.31) and (3.35), we obtain, for j € N and
¢ € C5°(r, 7+ 1),

T+T

T+T
- / (v,ej)¢'dt + / P20 (xy, peg) (v vyt

T

T+T T+T
:“/ 2(0w) (v, pe;)dt + / e 0 (1 ;) (par Loyt (3.36)

T+T T+T
+ / e=020) (£ (1, -, 70D )t + / 0 (g, e, )dt

Since span{e;, j € N} is dense in V' N L4(O), we find that (3.36]) is still valid when
e; is replaced by any element in V' N L9(0O). Therefore, for every £ € VN LI(0O), in
the sense of distributions, we have

d
dt(v €) + e P=22(0:) (v Ew=v)

= az(w) (v, &) + e (x1, ) (par 1oy (3.37)
+ e D (fo(t, -, 27 00), €) 4 e O (g, €),
Note that implies
—az(fw)

dv a(p—2)z(0
— =—e “xo + az(Bw)v + e '
dt X2 (Orw) X1 (3.38)

+ e—az(etw)f ( . az(Gtw) )+ e—az(etw)g)

in LPY (1,7 4+ T} V*) + Lo (1, 7+ T; qu((’))). Since v € LP(r,7 + T, V)N LY(1, T +
T;L9(0)) and % € LP (7,7 + T;V*) + L% (7,7 4+ T; L7 (0)), as in [28], we find
that v € C([T T+T] LZ((’))) and

3 dt || I = ( V) (vetra,vnrey for almost all t € (7,74 T). (3.39)

We now prove v(7) = v, and v(7+7T) = 0. Let ¢ € C1([r,7+T]) and £ € VNLI(O).
Multiplying (3.17) by ¢¢ and then taking the limit as before, we obtain from (|3.18))

and that
(57 €)¢(T + T) - (/UT7€)¢(T)

T4+T T4+T
= / (v, €)' dt — / P20 (v o 3E) (1w vy dit

T+T T+T ) (3.40)
+a/ z(@w)(v,gb{)dt—k/ e *( tw)(xl,¢§)(Lq17Lq)dt

T+T T+T
b [ e O foft e ) e+ [ e g, g6
On the other hand, by (3.37) we find that the right-hand side of (3.40) is given by
((t+T),8)o(tr+T)— (v(1),£)p(7). Therefore we obtain

(T + 1), +T) = (v(7), (7) = (0,)d(T + T) = (v7,£) (7).

Choose ¢ € CY([r,7 + T]) such that ¥(r) = 1 and (7 + T) = 0. First letting
¢ =1 and then letting ¢ = 1 — ¢, from the above, we obtain

v(t)=v; and v(v+T)="0. (3.41)
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By (3.33) and (3.41)) we obtain
(T + T, 7,0) = (T +T) weakly in L*(O), (3.42)

which implies that

linnliongvn(T—FT,T,w)H > |lo(r + 1) (3.43)
Next, we prove x1 = fi(t,-,v). By we see that, up to a subsequence,
v, — v for almost all (¢t,z) € (1,7+T) x O. (3.44)
By and the continuity of f1, we obtain
fi(t, @, ey )y s fi(t @, e 0ew)y) (3.45)

for almost all (t,z) € (1,7+T) x O. By and (3.45), from [28] it follows that
fr(t, 2, ey ) — (8 2, e**0)y)  weakly in L9 (7,7 4 T; L9 (0)). (3.46)
By and we have
X1 = fi(t, z, ey, (3.47)
We now show that x2 = A(v). By ,
e 202(00w) g, (t,x) — e*az(ot“’)fl(t, x, eaz(et“’)vn)vn > 0.

Therefore, from Fatou’s lemma it follows that

T+T
liminf/ / (e‘mz(et“)wl(t,w) —eo#0w) £, (t,x,eaz(gf“)vn)vn) dx dt
T o

n—oo

n—oo

which along with (3.44)-(3.45) shows that

T+T
limsup/ / efaz(ef“’)fl(t,x,eaz(at‘”)vn)vn
T (@]

T+T
> / / lim inf (efzaz(ef”)wl(t,x) — @2 (0w) £ (t, z, eo‘z(et‘”)vn)vn) dx dt
T (@]

n—oo

T+T
< / / e—az(étw)fl (t7 z, eaz(Qtw)v)U )
T o
By (3.17))-(3.18) we find that

T+T
/ =220 (A(v,), ) v+ v dt

(3.48)

1 2 1 2 i 2
= SlonlD)? = Jlon(r + TP+ [ s(0)on P

T

T+T
+/ /e‘“z(g“")fl(t7x,e“z(et“’)vn)vn dx dt (3.49)
T O

T+T
+/ /efo‘z(et“’)f2(t,x,eo‘z(e‘”)vn)vn dx dt
T ]

T+T
+/ /e_az(e‘“’)g(t,x)vndacdt.
T @]
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Letting n — oo in (3.49), by (3.34)), (3.43) and (3.48) we obtain

T+T
lim sup/ eo‘(p_2)z(9*w)(z4(vn)7Un)(v*,v)dt

n—oo
1 9 1 9 T+T 9
< S = o+ DI +a [ 0ol

T

T+T
n / / e 0w £, (1 2 @O )y d dt (3.50)
T (@]
T4+T
+/ / e*az(Gtw)fQ(t,m,eOzZ(@tw),v),U d(tdt
T (@]

T+T
—l—/ / e~ 0@ gt 2o da dt.
T o

On the other hand, by (3.38)), (3.39) and (3.47) we see that the right-hand side of
(3.50)) is given by f:+T e (P=2)2(0:0) (| v)(v+,v)dt. Therefore we obtain

T+T T+T
hmsup/ 0220 (A1) 0,) (e vyt < / XD (3 1) 0 1y dit

’ ’ (3.51)
Since A : LP(1,7+ T;V) — LP* (7,7 + T;V*) is hemicontinuous and monotone, by
(3.29]), (3.31) and (3.51)) we infer that

X2 = A(v). (3.52)
It follows from (3.37), (3.41), (3.47) and (3.52) that v is a solution of problem
(3.13))-(3.15)) in the sense of Definition By (3.38), (3-39), (3.47) and (3.52) we
3.19)

find that v satisfies the energy equation ( .

Step 3: Uniqueness of solutions. Suppose v; and vy are two solutions of —
with initial data vq , and vy ;, respectively. Then v = v; — vo satisfies
dv
dt
= az(bw)v + e o#(0ww) (fl (t, z, e“z(e‘“’)vl) - fi(t, z, eo‘z(g“”)vg))

+ 2P 22O0) (A(yy) — A(vg))

+ e—az(etw) (fz(t,ff, eaz(etw)vl) _ fQ(t,l', eOéZ(etUJ)rUQ)) .
By (3.6)-(3.7) and the monotonicity of A, we obtain for t € [r,7 + T7,

1d, . - _ ~ ~ ~
5 171 < az@)E + 0 [yt oo+ | vt 0)fFldo < ol
o O

where ¢; is a positive constant depending on 7,7 and w. Therefore, for all ¢ €
[7,7 + T}, we have

HUl(t,T,W,ULT) - UQ(t,T,(U,’UQ’T)”Q S 601(t_T)||U1,T - U2,T||27

which implies the uniqueness and continuous dependence of solutions on initial data
in L2(0).

By , and the uniqueness of solutions, we infer that for every w € ,
the whole sequence v, (7 + T, 7,w) — v(1 + T, 7,w) weakly in L*(0). By a similar
argument, one can verify that v, (¢, 7,w) — v(t, 7,w) weakly in L?(O) for any t > 7
and w € Q. Then the measurability of v(¢,7,w) follows from that of v, (¢, 7,w).
This completes the proof. [
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From the proof of Lemma [3.2] we see that the solution operator of problem

(3.13)-(3.15)) is compact in L?(O) as stated below.

Lemma 3.3. If (3.4)-(3.7) hold, then for every w € Q and t,7 € R with t > T, the

solution operator v(t,T,w,-): L*(O) — L*(O) of problem (3.13))-(3.15)) is compact;
that is, for every bounded set B in L*(O), the image v(t, T, w, B) is precompact in

L2(0).

Proof. We argue as in [24]. Suppose {vg,}32, is an arbitrary sequence in B.
Choose a positive number T such that ¢ € [7,7 4+ T]. As in (3.34), one can show
that there exists v € L?((,7 + T), L?(0)) such that, up to a subsequence,

v(-, T, w,v0,) — v In L*((1,7+ 1), L*(0)).

Therefore, there exists a subsequence (which is still denoted by v(-, T, w, vg ,)) such
that

v(s, T,w,v0.) — v(s) in L*(O) for almost all s € (1,7 + T). (3.53)

Since t > 7, we may choose sy € (7,t) such that (3.53) is fulfilled at s = so. It
follows from the continuity of solutions in initial data that

U(t7 T,W, Uo,n) = v(tv S0, W, U(SOa T, W, UO,n) - U(t7 S0, W, U(SO))a
and hence {v(t, 7,w, o)} has a convergent subsequence in L?(0O). O

We now define a continuous cocycle for the stochastic equation . Let
ult, T, w,uy) = eyt 7w, v,) with u, = e**(=“)y_ where v is the solution
of problem —. It follows from Lemma that u is a solution of prob-
lem (3.1)-(B.3) which is continuous in ¢ € [r,00) as well as in u, € L?(O). Let
O :RT xR xQx L%0O) — L?(O) be a mapping given by, for every t € RT, 7 € R,
w € Q and u, € L*(0),

O(t, Ty w,ur) =ult+7,7,0 _;w,ur) = eo‘z(et“’)v(t +7,7,0_rw, v, ), (3.54)

where v, = e~ @)y,

Then & is a continuous cocycle on L(O) over (2, F, P,{0;}1cr). We will prove
the existence of D-pullback attractors for ® for an appropriate collection of fam-
ilies of subsets of L?(0). To define such a collection, we first recall the Poincare
inequality:

/ Vo) Pdz > 3 / lo(@)|Pdz,  for all v € WIP(O), (3.55)
o o
where ( is a positive constant depending only on O and p. Note that for any p > 2,
-2 2
/ o(@)Pde < 2= 2|0 + 7/ fo(a) P, (3.56)
o p pJo
where |O| stands for the Lebesgue measure of O. By (3.55)) and (3.56]) we have
1 1
/ Vo@)Pdr > Lpplol - 28— 2)I0],  forall ve WiP(©).  (3.57)
o
Given r € R and w € €, denote by

1
h(r,w) = iﬁpeo‘(pfz)z(er‘”) — 20z(0,w). (3.58)



12 B. WANG, B. GUO EJDE-2013/191

By the ergodic theory, we find that

1 /¢ 1 1
lim f/ h(r,w)dr = E(iﬁpea(p_mz(“) — 2az(w)) = iﬂpE(ea(p_mz(“’)) > 0.
s——00 S [q
(3.59)

We now fix a number ¢ such that

1
0<d< 5ﬁp}fa(ew’*”“w). (3.60)

It follows from (3.59)) and (3.60|) that for every e € (O, %ﬁpE (e“(”_z)z(“)) - %5),
there exists sgp = so(w,e) < 0 such that for all s < sq,

/S h(r,w)dr < (5 +€)s < 3s. (3.61)
0

Let D = {D(r,w) : 7 € R,w € Q} be a family of bounded nonempty subsets of
L?(0) with the property: for every 7 € R and w € €,

lim efo Arw)dr=20z(09) D(7 4 5 6.w)|* =0, (3.62)

where h is given by (3.58) and ||S|| = sup,cg |[ul[r2(0) for a subset S of L*(O).
Hereafter, we use D to denote the collection of all families satisfying (3.62)):
D={D={D(r,w): 7 € R,w € N} : D satisfies (3.62)}. (3.63)

From now on, we assume 5 € L*(R, L>*(0)) and

0
/ e (llg(s + )% + [a(s + )| 1oy) ds < 00, V7 € R, (3.64)

— 00

where ¢ is the fixed number satisfying ([3.60]).

4. UNIFORM ESTIMATES OF SOLUTIONS

We will derive uniform estimates of solutions for problem (3.13])-(3.15) in this
section. These estimates will be used to prove the existence of pullback absorbing
sets and the asymptotic compactness of the stochastic equation (3.1)).

Lemma 4.1. Suppose (3.4)-(3.7) and (3.64) hold. Then for every o € R, 7 € R,
weQand D ={D(r,w) : 7 € R,w € Q} € D, there exists T = T(r,w,D,0) >0
such that for all t > T, the solution v of problem (3.13))-(3.15)) satisfies

||’l)(0’, T —t, 0—7“‘}3 UT—t)”z

< C/U_T ef‘f*T h(r,w)drea(p—2)z(93w)d8

— 00

+C/ B GI;*" h(r,w)dr672az(05w)d8+0/

— 00 —0o0

o-T s da(p—1)
efai_r h(r,w)dreﬂz(%w)ds

49 / edo—r rw)dr ,—202(0.w) |41 (s + T)||L1(O)ds

—o0
o—T s

+/’ el Breddr o 4 )12,
— 00

where e®*(0—)y__, € D(r —t,0_4w) and c is a positive constant independent of T,
w, D and .
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Proof. We start with the energy identity (3.19). By (3.4), the nonlinearity f;
satisfies

2e~#(0:) / fi(t, x, e ) p)pda
O

(4.1)
< —2/\6'1(‘772)2(0”’)/ |v|qd$+2/ e~ 2020y () dx.
o o
By the Young inequality and (3.7)) we obtain
26_0‘2(9‘“’)|/ fz(t,x,eaz(et”)v)vdx\
o
< 2([4ps(8)[| L= (o) [l 011 (4.2)

S61672(12(0”))+1/Beo¢(p72)z(9tw)/ |U|pdl‘,
2 o

where ¢ is a positive number independent of 7,w and «. Similarly, by the Young
inequality, we have

Ze_az(g‘w)\/ g(t, x)vdx|
o

< llg(@)[I? + e~ 2= o (4.3)

da(p—

) 1
< lg(OI? + cac H520) 1 £ peav-2:0) [ foprag,
1)

By (3.55) and (3.57)) we obtain
962(P=2)2(0:) / VolPds > BeP=D=0:) / lo|Pda + %5p6a<p72>z<0tw>||vuz
(@] (@]

1
- 55(2) — 2)|0]ecP=2)=(0w)

(4.4)
It follows from (3.19) and (4.1)-(4.4) that
d 2 2 - _ dap-1) g
ZwllZ+ t,w v <ec ea(p 2)z(0rw) + cqe 2az(0rw) 4 cae 20 z(0rw)
Lol + hit, ol < e : : )

4 9~ 202(01w) le (t)HLl(O) + ||g(t)||27

where h(t,w) is given by (3.58). Multiplying (4.5)) by elo Prw@)dr and then solving
the inequality, we obtain for every T € R, t e RT, 0 > 17—t and w € Q,

[v(o, 7 — t,w, v7—) |

< efgrft h(r,w)dr”UT_tHQ + 3 / ef; h(r,w)drea(p—Q)z(Gsw)ds

T—t

+ 03/ 6[; h(r,w)dref2az(05w)ds + 03/ efj h(r,w)dre‘luég—pl)z(gsw)ds
T—1 T—t (46)

+2/ elo Mre)dre=2020:) |y (5)| L1 (o) ds
T—1

+ / eI O ) |2,

—t
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Replacing w by §_,w in (4.6) we obtain

||U(Ua T —t, 0—7"‘)3 UT—t)Hz

o
< ef;—ft h(Tﬂ_q—w)dr”UT_t”2 + c3 / ef; h(r,G_Tu)drea(p—Q)z(Gs_,.u)ds

T—t

o g s da(p—1
+ 3 / ef; h(r,e,fw)d'r‘eanz(@S,Tw)dS +c3 / efa h(r,e,fw)dre%p)z(as,Tw)ds
T—t T

—t

19 / ef; h(r7977w)d7‘e—2az(9s—ww) ||1/11 (S)HLl(O)dS
T—1
+ / el hrb=r)dr) g(5) | 2ds
T—t

o—T

—t s

< ef“*" h(r,w)drHUT_tHQ +c3 / €f"*" h(r,w)drea(p—Q)z(Osw)dS
—t

o [P _h(rw)dr —2az(0sw) - [2_ _h(rw)dr Mz(@ w)
+ c3 elo—r D e s“)ds + c3 elo—r D e 2-p “ds
—t

—t

49 / s Mr)dre =200 |y, (5 4 1) L2 (o) ds

—t
L I R
—t
(4.7)
Next, we estimate every term on the right-hand side of (4.7). First, by (3.61) we
find that for all s < s,

*0 [2__h(rw)dr 2 SO h(rw)dr %0 J3 h(r,w)dr 2
el M g 4 7[R = oSl [ oS3 ne s 4 7) 2

—00

S0
< elfohnir [T o fg(s 1 s
—0o0

0
< ettt [ g g p)ds < o,
—o0

where we have used (3.64]) for the last integral. Therefore, for ¢t > 0, we obtain

[, g s < [ et g s < oo (45

—t —0o0
Note that ([3.11)) implies that for € > 0, there exists s; < s¢ such that for all s < sy,
—20z(0sw) < —es. (4.9)
By (B61), (L9) and (3:64) we obtain

[ i a0 4 1) oy
n Sl N
— o7, h(rw)dr / elo hrw)dr g=2a2(050) 1, (g 4 )l o)ds

0 1 5
< el et [y (54 1)1 0yds < o
—0o0
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and hence

/ e ) =200 |45, (5 4 7) | 1 0y
e (4.10)
) / el Mr)dr g =202(029) 1y, (5 4 7| 110y ds < 00,

— 00
By a similar argument, one can verify that the following integrals are also conver-
gent:

/”_T els—r hrw)dr ja(p=2)2(0:) g < o, (4.11)

— 00

/ ela—r hrw)dr ;=202(0.0) gg < o (4.12)
—0o0

/ el e 20,0 g o (4.13)

For the first term on the right-hand side of ([&.7), since e®*(®~)y__, € D(r —
t,0_w) € D, we have

efoit h(r,w)dr”UT_tHQ < efoit h(r,.w)dr—2az(0_iw) ||D(7’ —t, Q_tw) ||2 -0,
as t — oco. Therefore, there exists T = T(1,w, D, o) > 0 such that for all ¢t > T,

efa_jT h(r,w)dr ||U7—t ”2 — BI‘E*T h(T,w)drefD*t h(r,w)dr ||U7——t ||2

o—7 4.14
S/ i hr@)dr jo(p=2)2(0.0) g (4.14)
Thus, the lemma follows from (4.7)-(4.14) immediately. O

As a consequence of Lemma [4.1] we have the following estimates.

Lemma 4.2. Suppose (3.4)-(3.7)) and (3.64) hold. Then for everyT € R, w € Q and
D ={D(r,w): 7 € R,w € Q} € D, there exists T = T(r,w, D) > 0 such that for all

t > T, the solution v of problem (3.13)-(3.15) with e**-t)y, _, € D(T —t,0_4w)
satisfies, for allt > T,

HU(TvT_t,H*vavT*t)HQ < R(T,w,()é)7 (415)

where

R(1,w, )

0
_ C/ efos h(r,u)drea(p—2)z(05w)d8

0 s 0 s da(p—1)
+ C/ efo h(r,w)dr6—2az(05w)d8 + C/ eff) h(r,w)dreﬁz(esw)ds

— 00

(4.16)

0
bz [ el Hrre 20 s 4 oy

0 o
* / i M| g5 1 7)|2ds,

with ¢ being a positive constant independent of T, w, D and . Moreover, we have

tlim elo’ hr@)dr R(r — 1,0 4w, a) = 0. (4.17)
—00
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Proof. Note that (4.15)) follows from Lemma [4.1] by setting o = 7. We only need
to show (4.17). By (4.16) we obtain

R(r —t,0_sw, )

0
_ C/ GIOS h(r,O,tw)d'rea(p72)z(t95,tw)ds

0 0
+ C/ efos h(r,O,tw)dr672o¢z(957tw)ds + C/ efos h(r,e,tw)dre%;nz(es,tW)ds
—oo

— 00

0
bz [ el MO 200 s 47— 1) 120 ds
O_ s
N B O R
—o0

—t
— C/ efft h(r,w)drea(p—2)z(05w)d8
—00

—t —t
+c/ effth(r,w)dre—mxz(@sw)ds+C/ effth(r,w)dre%;l)z(esw)ds
—00

— 00

—t )
by [ el 2O g 5 4 )] oy

+ [l g(s g o).

—0o0

Therefore,

elo ! h(r@)dr R —t0_,w, @)

—t
— C/ ef(f h(T,W)dTea(P—Q)Z(asw)ds + C/ ef; h(T,w)dTe—Qaz(Osw)ds

— 00

- JS h(r,w)dr %2(9 w)d
0 ) — s
+c . e e S (4.18)

—t
4 2/ efos h(r,w)dr672a2(esw) ||»¢1 (3 + 7') ||L1(O)d3

—t
+/ i M| g5 1 7)|2ds.

By the convergence of the integral

0
/ ef()s h(r,w)drea(p—Q)z(st)dS < 00

—00
we obtain
—t

lim elo h(rw)drga(p=2)2(0.) gg — (. (4.19)

t—oo | _

Similarly, we find that all remaining terms on the right-hand side of (4.18)) converge
to zero as t — oo. Therefore, from (4.18))-(4.19)), the desired limit (4.17) follows. O

oo

The asymptotic compactness of solutions of equation ([3.13)) is stated as follows.
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Lemma 4.3. Suppose — and hold. Then for every 7 € R, w € Q)
and D = {D(1,w) : 7 € Ryw € Q} € D, the sequence v(T,T — tpn,0_rw,v9.r)
has a convergent subsequence in L*(O) provided t, — oo and e“z(effn“’)vo,n €
D(r —t,,0_¢,w).
Proof. Thanks to t, — oo and eo‘z(offn“’)vo,n € D(t — tp,0_4, w), it follows from
Lemma [£.1] that there exist ¢ = ¢(7,w) > 0 and N = N(7,w, D) > 0 such that for
alln > N,
lo(r = 1,7 —tp,0_rw,vp )| < c(T,w). (4.20)
Note that
(T, T —tp, 0_rw,v00) =0(1,7 — 1,0_;w,v(T = 1,7 — t,,0_;w, Uon)) (421)

Then the precompactness of {v(7, 7 —t,,0_,w,vg )} follows from (4.20] and
Lemma immediately.

5. EXISTENCE OF RANDOM ATTRACTORS

In this section, we prove the existence of D-pullback attractor for the stochastic
problem (3.1)-(3.3). We first construct a D-pullback absorbing set for the corre-
sponding cocycle based on the uniform estimates derived in the previous section.

Lemma 5.1. Suppose (3 3.7) and ( - ) hold. Then the continuous cocycle ®
1- 1-

associated with problem ) has a closed measurable D-pullback absorbing
set Ko = {Ky(m,w) : 7 € R,w € Q} € D which is given by

Ko(r,w) ={u e L*(0) : |u]* < e***“ R(r,w,q)}, (5.1)
where R(T,w, a) is the number given by (4.16]

Proof. Replacing w by _,w in (3.12]) we obtain

O‘z(“’)v(r, T—t,0_,w,v,—4) with u,_;y = e O0—)yy .

(5.2)
Therefore, for every u, ; € D(T —t,0_w), we have e**(0~t“)y__, € D(1—t,0_sw).
This along with (4.15)) shows that there is T = T'(7,w, D) > 0 such that for all
t > T, the solution v of problem (3.13))-(3.15) satisfies

u(r, 7 —t,0_rw,ur—t) =e

lo(r, 7 —t,0_ w,v.4)||> < R(T,w, a), (5.3)
where R(7,w,a) is given by (4.16). By (5.2)) and (5.3) we obtain, for all t > T,
lu(r, 7 —t,0_rw, ur—)||> < 2** @ R(1,w, a). (5.4)

By and we find that, for all ¢t > T,
O(t,7—t,0_sw, D(t—t,0_w)) = u(r,7—t,0_rw, D(1—t,0_1w)) C K,(7,w), (5.5)
where K, (7,w) is given by (5.1)). Note that
elo h(r"”)d“2o‘z(95“’)||K (1 +5,0,w)|° = elo h(”"")dr)R(T + 5,050, ). (5.6)
It follows from and . that

lim efo h(r,w)dr— 2ozz(05w)||Ka(7_ + s,@sw)||2 =0,
and hence by (3.63) we have K, = {K,(r,w) : 7 € R,w € Q} € D. By (4.16)), it

is evident that R(7,w,a) is measurable in w € Q and so is the set-valued function
K, (7,w). This along with (5.5 concludes the proof. O
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Next, we prove the D-pullback asymptotic compactness of solutions of problem

B-1D-B3).

Lemma 5.2. Suppose (3.4)-(3.7) and (3.64) hold. Then for every 7 € R, w € Q
and D = {D(1,w) : 7 € R,w € Q} € D, the sequence ®(t,, T — t,, 04, w,upr) IS
precompact in L*(O) provided t, — oo and ug, € D(T — ty,0_¢ w).

Proof. Let vy, = e‘az(eftn“’)uo’n for n € N. Since ug,, € D(T — tn,0_¢,w),
we have eaz(effn”)vo’n € D(T — tn,0_¢,w). By Lemma we find that the se-
quence v(7,T — t,,0_,w,vp ) has a convergent subsequence in L?(0), and so is

the sequence u(T,T — t,,0_rw,uo,,) by (5.2)). Therefore, by (3.54)), the sequence
O(ty, T — tn,0_4,w,upy) is precompact in L*(O) as desired. O

We are now in a position to present the existence of D-pullback attractors for

BD-B3).

Theorem 5.3. Suppose (3.4)-(3.7) and (3.64) hold. Then the cocycle ® for problem
(3-1)-(3.3) has a unique D-pullback attractor Ay = {Aa(T,w) :TER, we N} €D
in L*(0). In addition, for each T € R and w € Q,

Ay (1,w) = UK, 1,w) = UpepQ(B, T,w)
= {¢(0,7,w) : ¢ is a D—complete orbit of P}
= {{(r,w) : € is a D—complete quasi-solution of D},

where K is a D-pullback absorbing set of ®.
Proof. This result follows directly from Lemmas and Proposition O

For the periodicity of the D-pullback attractor A, we have the following result.

Theorem 5.4. Let (3.4)—(3.7) hold. Suppose that fi(t,x,s) and fa(t,z,s) are T-
periodic in t € R for each fized v € O and s € R. If g € L2 (R,L*(O)) and

loc

Y1 € LL (R, LY (O)) are also T-periodic, then problem — has a unique D-
pullback attractor A, in L*(O) such that Ay (1 + T,w) = Au(T,w) for all T € R
and w € Q.

Proof. Since g € L} (R, L?(0)) and ¢ € L (R, L'(0)) are both T-periodic, one
may check that condition is fulfilled in this case. Therefore, by Theorem
problem — has a unique D-pullback attractor A, in L?(O). By the
T-periodicity of f1, fo and g, we find that the cocycle ® is also T-periodic; more

precisely, for any ug € L2(0),t e R*, 7 € Rand w € Q,
q)(t’ T+ T,UJ, Uo) = U(t + 7+ Ta T+ T7 O—T—Tw7 UO)
= U(t +T,T, 0_7-(.4}, UO)
= (b(ta T, W, UO)'
On the other hand, by the T-periodicity of g and 1, we obtain from (4.16]) that
R(t 4+ T,w,a) = R(t,w, ) for all 7 € R and w € Q, and hence, by (5.1]), the D-

pullback absorbing set K, is T-periodic. Thus, the periodicity of A, follows from
Proposition [2.4] immediately. (I
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6. UPPER SEMICONTINUITY OF ATTRACTORS

In this section, we establish the upper semicontinuity of random attractors of
problem (3.1])-(3.3) as & — 0. Hereafter, we assume 0 is a fixed number such that

0<d< %ﬂp. (6.1)

Note that lim,_o E(et*®=22@l) = 1 and lim, o E(a|z(w)]) = 0. By (6.1) we
find that there exists g € (0,1) such that for all & € [0, ag],

5 < ﬁpE( (P=2)z(w)y " § < %ﬂpE(e_"(p_z)lz(‘”)l) — 20E(|2(w)]). (6.2)

Therefore, condition (3.60) is fulfilled for any « € [0, ap]. Throughout this section,
we always assume « € [0, ap] and write the the cocycle associated with (3.1])-(3.3) as

. By (3-4)-(3.7) and (6.2)), it follows from Theorem [5.3|that for every o € (0, ag],
« has a unique D-pullback attractor A, € D in L?*(O). Moreover, the family

o = {Ka(t,w) : 7 € Ryw € Q} given by (5.1)) is a D-pullback absorbing set of
o- Given r € R and w € €2, denote by

A
Q

& =

h(r,w) = f@pe*ao P=2120rl _ 90| 2(0,w)]. (6.3)
As in (4.16)), by (6.2)) one can verify the following integrals are well defined:

0 ~
L(rw) = c/ eJo h(rw)dr ja(p=2)]2(0:w)] g g

— 00

0 ~
+ C/ efos h(r,w)dreQa\z(Gswﬂds

— 00

0 .z ta(p=1) g

+ c/ elo hrw)dr o == =20:0) g g (6.4)
- B

n 2/ eJ5 Flrw)dr 201269 |14 (5 4 iz oyds

0 .
+/ eJi B g5 1 7)|2ds,

— 00

where ¢ is the same constant as in ). By (3.58)) we find that h(r,w) > h(r,w) for
all € R, w e Q and a € [0, o). Therefore by (4.16)) we have R(T,w, ) < L(T,w)
for all « € [0, cvg], which along with (5.1]) implies that for all 7 € R and w € Q,

UO<C¥SO¢0 Aa(Taw) c UO<0¢§0¢0K0¢(7—7 W) C K(va)v (65)
where K (7,w) = {u € L?(0) : |lu||? < e?*l2@IL(1,w)}.
We now consider (3.1) with a = 0. In this case we have

% —div (|Vu|p_2Vu) = f1(t,z,u) + fa(t,z,u) + g(t,z), t>1, €0, (6.6)

which is supplemented with
uloo =0, u(r,) = ur. (6.7)

We will use @, to denote the cocycle generated by (6.6)-(6.7) in L*(O). Let Dy be
the collection given by

Do ={D={D(r) CL*(0): 7 € R}: lim e*’*|D(r +5)|> =0, Vr € R}.
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It is evident that the results in the previous sections also hold true for a = 0.
Particularly, ®; has a unique Dy-pullback attractor Ay = {Ao(7),7 € R} € Dy
in L?(0) and has a Dy-pullback absorbing set Ko = {Ko(7) : 7 € R} with Ko(7)
given by

Ko(r) ={u e L*(0) : [[ul® < Ro(7)}, (6.8)

where Ry(7) is defined by

6c 0 1 8ps 2
Ro(T):@+1 ez (lg(s + TI” + 2l[¢1(s + 1)l L2 0))ds,  (6.9)

and c is as in (4.16). By (4.16), (5.1) and — we obtain for all 7 € R and

w € Q,

limsup | o ()| < [[Ko(r). (6.10)

Next, we establish the convergence of solutions of problem (3.1))-(3.3)) as o — 0,
for which the following condition is needed: there exists ¥ € L{S. (R, L*°(0O)) such
that for all t,s € R and z € O,

%(t,x, )| < we(t,z) (1+]s]97%). (6.11)

Lemma 6.1. Let (3.4)-(3.7) and (6.11)) hold. If u, and u are the solutions of
(3.1)-(3.3) and 1) with initial date ue » and ur, respectively, then for every
TeER, weQ, T >0 ande € ]0,1], there exists o = ay(r,w,T,e) > 0 such that

foralla <y and t € [1,7+ T,
|t (ty Ty w0, Uy ) — u(t, Ty ur)||?

< Clecz(t_T)Hua,T - UT||2 (6.12)

t
+eae D (L P+ s 2+ [ (Wa(6) 2200 + (o) P)ds),

where ¢1 and co are positive constants independent of € and c.

Proof. Let v, be the solution of (3.13)-(3.15) and £ = v, — u. By (3.13]) and

we obtain

1d o a(p=2)2(0) [Ty [P—2T 0 [Ty |P—2
5 7 1€l +/O (e IVva P2V, — |Vl Vu) VEda
= az(0w)|€]* + az(Bw) (u, §)

+ —az(fiw) t,x, az(fiw) o) — t,x, d
/O(e fi(t,z,e va) = it z,u)) ¢ de (6.13)
+/ (e—ocz(etw)fé(t?x’eaz(Qtw)va) - f2(t7x7u))§dx

O

+ (e_az(g‘“’) - 1)/ g(t, )€ de.
o
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For the second term on the left-hand side of we have
/O (ea@*mzwtw)|wa|1’*2vfua - |w|ﬁ*2vu) V¢ da
= /O e P=220002) (174, P72V 0, — |Vul[P~2Vu) VEdz (6.14)
+ /O (exP=22(0:) _ 1) |Vy|P~2Vu - VEda.
From [16], we know that there is a positive number ~ such that

(IV0a|P Vv, — |VulP2Vu) - (Vs — Vu) > 7|V, — VulP. (6.15)

On the other hand, since z(6;w) is continuous in ¢ € R, by Young’s inequality we find
that forevery 7 € R,w € Q, T > 0and ¢ € [0, 1), there exists as = ag(7,w,T,e) >0
such that for all & € [0, a2] and t € [7,7+ T,

| / (exP=22(0w) _ 1) |Vu|P~2Vu - VE dx|
(@]

: (6.16)
< 7,)/6&(1)—2)2(915“’)/ |V§|pdx —|—£/ |V’U,|pdl'
2 o o
It follows from (6.14)-(6.16) that for all o € [0, as] and ¢ € [r, 7 + 7],
/ (2220 T P2V — [Tl V) VE da
o (6.17)

> %’yeo‘(pd)z(at“’)/o|V£|pdx—6/o|Vu|pdx.
For the nonlinearity f; in , by — and , we have
/O (e_‘”(e“”)fl (Lx, eaz(et“’)va) - N (t,amu)) Edx
= /Oe_az(‘gt“) (fl(t,%ew(e“")va) — fl(t,x,eaz(e“”)u))fdx
+ /o (e_az(at“) - 1) fi(t,z, e (0) )¢ d
+ /0 (f1 (t,x,eo‘z(e“")u) — fl(t,x,u))§d$
/ €222 Oh (t z,s)dz + (e —az(0w) _ 1) /Ofl(t,x,eo‘z(et‘”)u)f dx
+ ( O‘Z(et”— /f—tms
< [ @uatta)dn e 0 1) [ (000 upre] g, a)ll) do

+ e 1\/ W (t, @) (@O | e 4 |7 E] + Jull€]) da
(@]
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from which we find that there is a3 = a3(7,w, T,€) < ag such that for all a € [0, ag]
and t € [r,7 + T,

[ (770 1,000 — i) €

; (6.18)

<l + ce ez [ (it + vl )da,
O

Similarly, by (3.7), one can verify that there exists ay = ay(r,w,T,e) < az such
that for all « € [0, 4] and ¢ € [7, 7+ T,

/ (e—az(etw)fQ (t, z, eaz(etw)va) - fQ(t, x, U)) §dx

. (6.19)

<l ez o< [ o,
O

(emo=e) —1) /Og(t, )€ du < el|€]* +ellg(®)]1*. (6.20)
By (6.13)), (6.17) and (6.18)-(6.20) we obtain for all o € [0, 4] and ¢ € [7, 7+ T,
d
T IE* < cull€ll® + coe (14 [Vullp + lull§ + llvall§ + lg(OI) (6.21)

It follows from (6.21)) that for all « € [0, 4] and ¢ € [7,7 4+ T7,

lE@)]I? < e D ET)I + cpee T

t ) (6.22)
< [ (14 vt o vl + g + [Vl + lg(s) ) ds.

By (3.4) and (3.7) we obtain from (3.19) that, for all « € [0, 1],

d
T lva (Bl + 2607220 Tug (£)[7 + 222 @20 g (1)
< esllvall® + callvn @)z o) + la®?)-

Solving this inequality, we obtain that for all a € [0,1] and ¢ € [r,7 + T],

t
[va(t, 7w, va,r)|I* + 2/ ees(7) ea 0= D0y (s) [Bds

T

t
420 [ et 0y o) 1ds (6.23)

t
< e g |1* + 04/ U= ([lgh1 () Loy + llg(s)IIP)ds.

T

By (6.23) we have, for all « € [0,1] and ¢ € [r,7 + T,

¢
Ve (t, 75w, Ve, )|I? + / (||Vva(s,7',w,va,T)HZ + ||va(s, T,w,vaJ)Hg) ds
g (6.24)

t
< e5e D fug 7 | + 65603“_”/ ([o1(s)ll 1oy + lg(s)II*)ds.
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Note that (6.24) is also valid for o = 0, and hence we have, for all ¢ € [r, 7 + T],

t
/ (I u(s, 7, ur) |2 + llus, 7 ur)[[9) ds

. (6.25)
< a5 flur |2 4 eses ) /T ([ (s)llLr (o) + llg(s)II*)ds.
By and (6.24)-(6.25) we obtain for all a € [0, ] and t € [r, 7 + T],
Ve (t, Ty w, Vo r ) — ult, 7,w)]|?
< e vy, — ug|? t (6.26)
+ e (14 fJup |2 + flvar 12 + / (1 ()1 0y + lg(s)])ds)-
Note that
e (t, Ty W, Uerr) = V(s Ty w0, Vo) || = €250 — 1| va(t, 7y w0, va0)|. (6.27)
Then (6.24) and (6.26)-(6.27) conclude the proof. O

Lemma 6.2. Suppose (3.4)-(3.7)), (3.64) and (6.11) hold. Let T € R and w € 2 be

fized. If o, — 0 and u, € A, (1,w), then the sequence {u,}32 has a convergent
subsequence in L%(0O).

Proof. By u, € A,, (T,w) and the invariance of A, we find that there exists
Up € Aq, (T —1,0_1w) such that

Up = Uq, (7,7 — 1,0_rw,Uy). (6.28)
Let v,, be the solution of (3.13]) with « replaced by «,,. Then we have

U, (7,7 — 1,0_w,0y,) = e""z(“)van (r,7—1,0_,w,v,) with v, = e~ onz(01w)g

(6.29)
Since a,, — 0, by , there exist ¢ = ¢(r,w) > 0 and N = N(7,w) > 1 such
that ||u,|| < ¢ for all n > N, which along with shows that {v,}22, is
bounded in L?(O). Therefore, as in , one can prove that there exists v €
L*((t — 1,7), L?(0)) such that, up to a subsequence,

Vo, (8,7 = 1,0_,w,0,) — 9(s) in L*(O) for almost all s € (1 —1,7).  (6.30)
By and we obtain

Ue, (8,7 — 1,0_,w,1,) — 0(s) in L*(O) for almost all s € (1 —1,7).  (6.31)
Since a,, — 0, by and Lemma we obtain, for almost all s € (7 —1,7),

Ue, (T,8,0 7w, U, (8,7 — 1,010, 0p)) — u(T,s,0_,w,9(s)) in L*(O) (6.32)
where u is the solution of . By the cocycle property, we find that the left-hand

side of (6.32)) is the same as u,, (7,7 — 1,0_,w, u,). Thus, by (6.28]) and (6.32)) we

obtain, for almost all s € (7 — 1,7),
Up = Ug, (1,7 — 1,0_rw,0yp) — u(T,s,0_,w,9(s)) in L*(O),
which completes the proof. O

We are now ready to present the upper semicontinuity of random attractors as
the intensity of noise approaches zero.
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Theorem 6.3. Suppose (3.4)-(3.7), (3.64) and (6.11) hold. Then for every T € R

and w € Q,
hn’b diSth(@) (AQ(T,(.U), .Ao(T)) =0. (633)

Proof. Given a sequence a,, — 0 and ug, — ug in L?(0), it follows from Lemma
that, for every t e R*, 7 € R and w € Q,

®,, (t, T, w,u0.,) — Po(t, T,up) in L*(O). (6.34)
By (6.10)), (6.34) and Lemmal6.2] we find that all conditions of Theorem 3.2 in [36]
are satisfied, and thus (6.33) follows immediately. O

Remark 6.4. In this paper, we discuss the random attractors of parabolic equation
of type driven by linear multiplicative noise and non-autonomous deterministic
forcing g. It is interesting to consider the case when ¢ is replaced by an additive
white noise. The attractors for such a system have been investigated recently in
[23]. Since the main objective of this paper is to deal with the nonlinearity f; with
polynomial growth of any order, we do not consider the additive noise here for the
sake of simplicity, and leave this case for future investigation.
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