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QUASILINEAR SYSTEMS ASSOCIATED WITH
SUPERCONDUCTIVITY

JUNICHI ARAMAKI

ABSTRACT. In a previous article, Aramaki [4] considered a semilinear system
with general nonlinearity in a three dimensional domain which arises in the
mathematical theory of superconductivity. There the problem is reduced to
the study of a quasilinear system. There it is assumed that the domain is
simply-connected and without holes, and that the normal component of the
curl of the boundary data vanishes. In this article, we these conditions are
removed, and the analysis relies heavily on the recent work by Lieberman and
Pan [16].

1. INTRODUCTION

In this artile, we consider the regularity of weak solutions for a quasilinear system
arising from superconductivity theory. More precisely, to understand the nucleation
of instability in the mathematical theory of superconductors, many authors consid-
ered a semilinear system

~Aeurl? A =(1-|AP)A inQ,
Acurl A)r =HT  on 09
where ) is a bounded smooth domain in R3, ¢ is a given vector field on 02, and
A > 0 is a parameter which means the penetration depth physically. Throughout

this paper, for any vector field v, vy denotes the tangent component of v on 9f2.
If the solution A (z) = (A1(x), As(z), As(x)) of (1.1) satisfies
1

Allp<) < —, 1.2

[A L0 7 (1.2)
then it can be seen that A is locally stable. For any solution A of (1.1 satisfying
(1.2), if we define H = Acurl A, then it is known that H satisfies the quasilinear
system

(1.1)

M curl[Fy(A\?| curl H]?) curl H) = H  in Q,

1.3
Hr =H% on 09, (1.3)

and
4
A 1H||; —. 1.4
[| curl H[ ) < o7 (1.4)
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The function Fy in ([1.3)) is constructed implicitly by the equivalence relation
v=F{tHtet=(1-1), (1.5)
and Fp(0) = 1. It is elementary to show that Fy is uniquely defined for 0 < ¢t <

\/4/27, or equivalently for 0 < v < 1/\/3

For two dimensional superconductors, a system of type was derived by
Chapman [§], and studied by Berestycki et al [6], Chapman [9], Pan and Kwek [21].
For three dimensional case, and were studied by Monneau [I8] (with
A = 1), Bates and Pan [5]. Aramaki [2, B, 4] studied the semilinear system with
more general nonlinearity:

~Aeurl? A = fo(|AP)A in Q,

Acurl A)p = HT  in 09,
and the associated quasilinear system (|1.3) where Fy is a function constructed
by fo. In [5], the authors considered the regularity of weak solutions of (|1.3)
under the hypotheses that the domain is simply-connected and has no holes, and
v - curl HS = 0 on 09Q. Recently Lieberman and Pan [16] succeeded to remove the
hypotheses.

In the case of anisotropic superconductors, the superconductivity is described
by the anisotropic Ginzburg-Landau system
~ANcurl? A =[1 -g¢?(A)QA inQ,
Acurl A)r =HS  on 99

(1.6)

(1.7)

where Q@ = M~! and M is a diagonal matrix called an effective mass tensor,
g%(A) = (QA,A). Hereafter, for any vectors a,b, (a,b) = a - b denotes the
Euclidean inner product in R3. If A is a solution of (1.7) satisfying the condition

1

92(8) < 5. (18)
then A is also locally stable. If A is a solution of (|1.7)) satisfying (1.8, and if we
define H = Acurl A, then H satisfies a quasilinear system

A curl[Fy(\2gM (curl H)) M curl H) = H  in Q,
HT = Hf} on 0f)

where Fy is defined by the relation ([1.5). For the theory of anisotropic supercon-
ductors, see Pan [19] 20]. Of course in the special case where M is the identity

matrix, ((1.7) and (|1.9) reduce to (1.1) and (1.3]), respectively.

In this paper, we consider the existence and regularity of weak solutions for the
following quasilinear system

—curl[F (g™ (curl H))M curl H = H in Q,
Hy = pyH: on 09

(1.9)

(1.10)

where 0 C R? is a regular bounded domain, M = M (x) is a matrix valued function,
g™ (curl H)(z) = (M (z) curl H(z), curl H(z)),

the function F' is defined on a bounded interval [0,bs] and p is a real parameter.
Throughout this paper, we denote g™ (a,b) = (Ma,b) and g™ (a) = g™ (a,a). We
look for the solution of (|1.10) satisfying

g™ (curl H) || < (o) < by (1.11)
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The system comes from the mathematical theory of anisotropic superconduc-
tor, where one wishes to understand the nucleation of instability of the Meissner
states when the applied magnetic field increases to a critical magnetic field Hg.
The author of [19, 20] considered the existence and regularity of weak solution
of under the hypotheses that ) is simply-connected and has no holes, and
v - curl HS = 0 on 0f2 where v is the normal outer unit vector field on 02

We assume that the function F and the matrix valued function M = M(z)
satisfy the following conditions: for some 0 < by < oo, F' € C%([0,b5)) N C°([0, by])
and

F(u) >0 for 0 <u < by,

F'(u) >0, F""(u) >0 for 0 <u < by, (1.12)
lim F'(u) = +oo,
u—by—0

and M € C(£2, 54 (3)) where S, (3) denotes the set of all positive definite symmetric
matrices, that is to say, there exists a constant S(M) > 0 such that

g"(€) = (M(2)¢,€) > BM)[¢ (1.13)

for all £ € R™ and = € Q.

The existence and uniqueness of solutions of for small boundary data were
given in [I8]. He showed that if { is smooth and homeomorphic to a ball, and if
w1 is small, the equation has a unique solution H € C?**(Q;R?), and if u is
large, then has no solution. The authors of [5] found the optimal bound of
boundary data for solvability of . They assumed the additional assumptions
that () is simply-connected and has no holes, and boundary data H7. satisfies

v-curl H: =0 ondf2 (1.14)

where v denotes the unit exterior normal vector field on ).

Recently, for the regularity of weak solution of , [16] succeeded to remove
the assumptions that € is simply-connected and has no holes, and the condition
(1.14). For the quasilinear system corresponding to , see Aramaki [I].

In this paper, we report that for regularity of weak solutions of the system
we can also remove the assumptions that 2 is simply-connected and has no holes,
and condition . Thus we shall prove the following main theorems on the
regularity of weak solutions for the system where F' satisfies .

Theorem 1.1. Let Q be a bounded domain in R® with C3+% boundary for some
0 < a< 1. Assume that M € C2(Q, S, (3)) satisfies and F is a func-
tion satisfying . Moreover, assume that H: # 0 is a given vector fields in
C?T(0Q,R3). If H € HY(,R?) is a weak solution (in the sense of section 3)
satisfying (1.11), then H,, € C*T*(Q,R3). If furthermore F € C?*([0,by)), then
H, € C3(Q,R?) N C?T(Q,R3).

The proof is given in section 4. We are also interested in the continuity of
|H,llc2+o @) with respect to p. For the purpose we must leave the condition
(1.14). However, this condition is rather natural physically. We note that
these topological assumptions were only used to prove the Holder estimates of weak
solution H of the quasilinear system (1.10). We get the following theorem.
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Theorem 1.2. Let Q be a bounded domain in R3 with C3t boundary for some
0 < a< 1. Assume that M € C1*2(Q, S, (3)) satisfies and F is a func-
tion satisfying (1.12). Moreover, assume that HS # 0 is a given vector fields in
C?*t2(9Q,R3) and (1.14) holds. Then there exists u*(H$) > 0 such that

(i) If 0 < p < p*(HS), then has a unique solution H,, which satisfies

(L11), and H, € C*(Q,R3).
(ii) The mapping [0, u*(H$)) 2 p— H, € C*T(Q,R3) is continuous.
(iil) If p is large, then has no solution.

The proof is given in section 6.

2. PRELIMINARIES

2.1. Properties of the function F. Let F' be the function satisfying . If
we define ®(u) := [F(u)]?u, then ®(u) > 0 for 0 < u < by, so v = ®(u) is strictly
increasing function on [0, bs]. Therefore v = ®(u) has an inverse function u = ¥(v)
for 0 < v < by, where by, = ®(by). Moreover, we note that since ®”(u) > 0 for
0 < u < by, and so U’ (v) < 0 for 0 < v < by, ®'(u) is strictly increasing on [0, by]
and ¥'(v) is strictly decreasing on [0, by]. Define

for 0 < v < by. (2.1)

Then by simple computations, f has the following properties.
(i) f € C2.([0,by)) NCO([0,by]), f(v) > 0 and strictly decreasing on [0, by].
(i We have l/F(bf) < f(v) <1/F(0) for 0 < v < by.

i)
(ili) f(v) = /¥(v)/v for 0 < v < by.
)

(iv For any ! so that 0 < < by, there exists ¢(I) > 0 such that
inf [f(v) =21f'(0)fv] 2 e(l) := F(0)¥'(1).

o<v<l

Note that lim, ., o ¥'(v) = 0.
(v) Furthermore, if F' € C25*([0,by)), then f € CZE*([0,by)).

loc loc

If the function f € C2([0,by)) N CO([0,by]) is first given such that f(0) > 0 and
f'(v) <0 for 0 < v < by and f’(v) <0 for 0 < v < by, then ¥(v) = [f(v)]?v
satisfies ¥'(v) > 0 for 0 < v < by, so u = ¥(v) has the inverse function v = ®(u)
for 0 < w < by where by = U(by). If we put F(u) = 1/f(®(u)), we see that F'

satisfies (1.12]). Thus we can study the semilinear system
—curl> A = f(JA]>)A inQ, (2.2)
(curlA)p = HT  on 99. '

The problem is considered by [2, B, 21]. In the particular case where f(t) =1 — u,
it is an original problem, see [8| [I8]. For more general setting, see Pan [19, [20].

2.2. Local estimates of vector fields. To prove the regularity of weak solutions,
we need some local estimates of vector fields, so we list up them which borrowed
from [16]. For the proof, see [I6] (cf. also Bolik and Wahl [7] and Wahl [22]).
For zy € R® and R > 0, define
B(zo,R) = {x € R®|z — 20| < R}, B(wxo,R) = {z € R? |z — 0| < R}.

For the interior regularity, we will use the following lemma.
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Lemma 2.1. Let u € H'(B(xg, R); R3).
(i) Ifcurlu € LY(B(xg, R); R?) and divu € LI(B(xo, R)) for some ¢ > 1, then
u € WhH4(B(zo,3R/4); R3) and
lallwa(B(zo,3r/4)
< Clg, R{llulla (Bao.py) + [l curlal[LaBwo.r)) + [ divallLa(s(a,,r)) }-
(ii) Let k >0 be an integer and o € (0,1). If curlu € C*+*(B(xo, R); R?) and
divu € C**2(B(xg, R)), then u € C*T1+2(B(xq,3R/4);R?) and
[allgrsrva By 3 r/4))
< Clas k, R){[[all 1. (B(zo,m)) + [l curl Ul o Bag,m)) + 1AV Ul crta Fiao, ry)
(iii) If curlu € L*(B(zo, R);R?) and divu € L*>(B(zo, R)), then we see that
u € C%(B(xo,3R/4);R?) for any 6 € (0,1), and
||uHcé(§(xo,3R/4))
< C(6, R){llull 1 (B(wo,ry) + | curlul| Lo (B(ao,r)) + [ divall Loo (Bag, Ry }-
For the estimates near the boundary, let zo € J¢2. Then since ) is C? class,
there exist R = R(2) > 0 and a function g € C?(B(w, R)) such that B(zg, R) N Q

is contractible, B(zg, R) N = {x € B(xo, R); g(x) > 0} and B(z, R) NI = {z €
B(zo, R); g(x) = 0}.

Lemma 2.2. Let g € CY(B(zo, R)) such that Vg-b > 0 for some unit vector b
and g(z¢) = 0. Define v =Vg/|Vyg| and
B ={x € B(w,R);g(x) >0}, B ={x € B(xo,3R/4);9(x) > 0},
£ = {z € B(xo, R):g(x) = 0}.

Let u € HY(B;R3). Then the following holds.

(i) Let g € C?*(B(xo, R)). If curlu € LY(B;R?), divu € LYB) and ur €
Wi=1/a:q(2;R3) for some q > 1, then u € Wh4(B';R?) and

IVullwiasy < Clg, g, R){|[ull (s + || cwrlul|pacs)

+ | div ullogsy + urllws e }-

(ii) Let k > 0 be an integer and o € (0,1), and g € C**1+*(B(zo, R)). If
curlu € C***(B;R?) and divu € C***(B) and u-v € C*1T(T), then u €
Ck+1+o¢(§;R3) and

||Vu||ck+a(§) < C(g,a,k,R){Hu||H1(B) + | cur1u||0k+a(§)
+ | divull grrag) + - vloeiras) )

(iii) Let k > 0 be an integer and o € (0,1). Suppose that g € C*+1T9(B(z0, R)).
If curlu € C**(B;R?) and divu € C***(B) and ur € C*1+2(%), then u €
Ck+1+oc(§; RS) and

IVl gy < s 0k Bl () + | el wll s

—+ || div u”C’“‘H’(E) + HuT”Ck‘FH’(’(E)}'
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(iv) Suppose that g € C*(B) and § € (0,1). If curlu € L=(B;R?) and divu €
L>®(B) and ur € C%'(Z,R3), then u € C°(B’;R?) and

[ulles @7y < CO, R){|lull sy + || curlul| e () + ([ divul|Loe ) + [lurflco. ) }-

2.3. Lifting operator of the boundary values. We state important properties
on “lifting” of the boundary data.

Lemma 2.3. Let Q be a Lipschitz continuous domain in R® and HS € HY/?(09).
Then there exists H® € H'(Q) such that (H®)r = HS on 9 and divH® = 0 in Q,
and

P < O 2 00

Here ‘H® is unique up to an additive function of V := {v € H}(Q,R3);divv =
0 in Q}. We note that in [19], he assumed that Q is C? domain and has no holes.
But since we follows Girault and Raviart [I3], we only assume that  is Lipschitz
continuous.

Proof of Lemma[2.3 Let w be any vector field in H!(Q,R?) such that w = H% on
0f). By the Green formula, we have

/divwdm:/ w-vdS = HT -vdS =0.
Q o9 o0

Thus divw € L§(Q) := {v € L*(Q); [, vdz = 0}. We consider V' to be a Banach
space with norm ||Vv||;2(q) which is equivalent to Hj(2) norm according to the
Poincaré inequality. Then since V is a closed subspace of H} (2, R?), we can write
H} () =VaeVtin H}(Q). Then it follows from [I3, Corollary 2.4] that there exists
a unique v € V* such that divv = divw in Q, and [|Vv||12() < C1| divw|| 2.
If we define u = w — v, then u|pg = W|spn = HS on 9Q, and divu = 0 in Q. Thus
we obtain

lallm9) < Wl @) + [IVIH 0
< |wllg @) + COIVWIl L2 ) < Cllwll k()

If we take lower limit of both side and taking the definition of H/2(9Q) into
consideration, we obtain

‘}g;f/ [u+vlai o) < CIHT g1/200)-
By the standard arguments of variational problem, we see that the left hand side

is achieved. If we choose a minimizer v and define H® = u + v, this H® satisfies
the conclusion. [l

Lemma 2.4. Let Q C R? be a bounded domain with C3T¢ boundary for some
0<a<1andHS € C*F(0N). Then there exists H® € C**(Q,R3) such that
divH® =0 in Q, (H°)r = H% on 09, and

[H | covo @y < CEDIHT |24 (00)-
Note that we do not assume that € is simply-connected and has no holes.

Proof. Tt follows from the Gilbarg and Trudinger [I2, Lemma 6.38] that there exist
an open set ' O Q and H§ € C2T*(Q') such that H|sn = HS on 99, so (HS)r =
HT on 052, and satisfies

[Hillczta oy < Cla, Q) HT [ c2tea0)-
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Choose ¢ € C3+%(Q) satisfying
Ap =divH] in Q,
6=0 on dQ.
Since divH§ € L1(Q) for any ¢ > 1, we have
[¢llw2a() < ClldivHS||Lao) < ClHT (g2t @m)-
By the Sobolev imbedding theorem, we have
[8llcr+a-s/0@) < Clldllwza) < C'I[HT || o2+e(00)-
Define H® = HS — V¢ € C?*T*(Q,R3). Then clearly divH® = 0 in . Then
[Heco@)y < ClHT[lc2+e(o0)- Thus He satisfies the system
AHC = —curl?> H® = — curl* H§ € C*(Q),
(H)r = (H)r = (Vo) = (Hf)r = H} € C*F(0Q,R), (2.3)
divH® = 0 in C'T(99Q).

We note that AH® € C%(Q2) € L4(Q) for any ¢ > 1 and the boundary condition

of (2.3) satisfies the complementing condition. Thus it follows from Morrey [I7,
Theorem 6.3.8 and 6.3.9], we obtain H¢ € C*T%(Q,R3), and

1Al ooy < CUMS e + I llo2e @) + 17 ooy
< Cla, Q) [HT |l o2 +a a0 -

3. WEAK SOLUTIONS AND AN APPROXIMATION OF F

3.1. Weak solution of (1.10). In this subsection we give the notion of weak so-
lutions of (1.10)). (cf. [5]). Define the function spaces.

HY(Q,R3,div0) = {uc H(Q,R?);divu =0 a.e. in Q},
H)y(Q,R3 div0) = {u e H'(Q,R? div0);ur = 0 on 9Q}.
Here we note that HJ, (€2, R? div0) is a Hilbert space with the norm
{ll curlulff2(q) + HU||%2(Q)}1/27

which is equivalent to the standard H'(2) norm. Then we define weak solutions of
(1.10).

Definition 3.1. Let HS € H'/2(99,R?) be a given vector field on 99 which is
tangent to ). Then H € H'(2,R? div0) is called a weak solution of if the
following conditions are satisfied:
(i) llg™ (curl H)|| o< (o) < by
(ii) Hy = uHS on 0N in the sense of trace in H/2(99, R?).
(ifi) For all B € H'(Q,R3),

/{F(gM(curlH))M curlH-curlB+H - B} dx
Q
+

/ F(g™ (curl H))((M curl H)7 x Br) - v dS = 0.
o
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If B € H'(Q,R?), then By € HY/2(9Q,R?). Therefore, the surface integral in
(3.1) is well defined.

3.2. An approximation of F. Let F be the given function as in and 6 >0
small enough. Then we can find a function Ws(u) € C2([0,00)) (cf. [19]) such that
(i) Ws(0) > 0 and Wi(u) = F(u) for 0 < u < by — 26.
(if) Wy'(u) > 0 for u > 0, and Wy'(u) = 0 for u > by — . Thus we can write
Ws(u) = csu+ b for u > by — § for some ¢; > 0 and real b.
(iii) If we define Fs = W} and ®5(u) = [Fs(u)]*u, then v = ®5(u) is strictly
increasing in [0, 00).
(iv) Let u = ¥s(v) is the inverse function of v = ®5(u) defined for v > 0 and

define
1

fs(v) = FolTs(0)"
then f5 € C£.([0,00)) and there exist c1(8),c2(8),e2(6) > 0 such that
c1(0) < f5(v) < 2(9),
f5(v) = 2|f5(0)|v > ¢1(6), for 0 < v < oo,
and f5(v) = 1/cs if v > by — €2(0).
(v) Furthermore, if F' € C25*([0,b;)), then fs € C2L*([0,00)).

loc loc

3.3. Weak solutions and unique existence of an approximate system. We
set a quasilinear system (called Fj-system).
—curl[F5 (g™ (curl H))M curl H) = H in Q,

3.2
Hr = pHT  on 09Q. (3:2)

Definition 3.2. H € H'(Q,R3,div0) is called a weak solution of (3.2)) if Hy =
wHS on OS2 and satisfy

{F5(g™ (curl H))(M curl H, curl B) + (H, B)} dz
@ (3.3)

+ Fs(g™ (curl H))((M curl H)1 x Br) -vdS =0
o0

for all B € H'(Q,R3).
Since Fs(u) is defined for all v > 0 and constant for large u, and (M curl H)r €

H=1Y2(09Q), By € HY/?(05), the surface integral of (3.3) makes sense.
We shall study the existence of unique weak solution of ([3.2)).

Proposition 3.3. Let Q be a bounded domain in R3 with C? boundary, and M €
C(Q,54(3)) satisfies that there exists B(M) > 0 such that

gM(€) = (M(2)€,€) 2 BM)IEP for allz € Q€ € R, (3.4)

If we assume that H5. € HY2(0Q) and Fs is the function defined in subsection 3.2,
then (3.2) has a unique weak solution H € H'(Q,R3).

Proof. From Lemma there exists H® € H'(, R3) such that divH® = 0 in Q
and (H®)r = H5 on 9Q. We write H = H® + u. Then (3.2]) becomes
— curl[Fs(g™ (curl(H® 4+ ))) M curl(H® +u)] = H® +u in Q,

(3.5)
ur =0 on 0.
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For brevity of notation, we write Y = H} (Q,R3,div0). We define
Elu] = Wy[HE +u] = / (Walg" (cwrl(H* +w)) + [H* +u’bdo.  (3.6)
Q
Then it is clear that £ is well defined on Y and continuous. Put ¢ = \/bs/B(M).
If | curl(H¢(z) + u(z))| > ¢, then
g™ (curl(H® () + u(2)) = B(M)| curl(H(z) + u(x))* = B(M)c* = by.
Therefore, it follows from the properties of Wy that
Wi (g™ (curl(H*(2) +u(2)))) = c5g™ (curl(H*(z) + u(z))) + b
> ¢ 8(M)] curl(H* (z) + u())|” +b.
Define I'(H® +u) = {z € Q; | curl(H®(z) + u(z))| > ¢}. Then we have
/ Wy (g™ (curl(HE + u)) dar
Q
> / Wy (curl(H + ) da
T'(He+u)
> csB(M) / | curl(H® + )| dz + b|T(HE + u))|
I(He+u)
= ¢sB(M) / | curl(H¢ + u)|? dz
Q
—Q;ﬁ(M)/ | curl(H® + )| dz + b|T(H® + )|
O\ (He +u)

> csB(M) /Q | curl(HC + u)|? dz — csB(M)c2|Q\ T(H + u)| + b|T(H® 4 u)|

> csB(M) / | curl(H® 4+ )| dz — '[9
Q
Thus we see that
Eslu] > esB(M) / | curl(H® + u)| dz — Q] + / |HE + u|? da.
Q Q

It follows from Dautray and Lions [10} p.212] that for any vector field v € H* (2, R?),
||V||?{1(Q) is equivalent to

|| Cuer‘liz(Q) + || leVH%z(Q) + HV”%z(Q) + ||VTH3111/2(39). (37)

Therefore, we see that limy ||, —o £5[u] = +00. Since clearly £;[u] is strictly convex
on Y, & has a unique minimizer u € Y and u is a weak solution of . Then
H = H®+ u is a weak solution of (3.2)). Since & is strictly convex, any critical
point of &5 is a global minimizer. Thus & has at most one global minimizer, and
SO has exactly one weak solution. O

4. REGULARITY OF THE WEAK SOLUTIONS OF THE APPROXIMATE SYSTEM

In this section, we shall show the regularity of weak solutions for the approximate
system (Fs-system) (3.2). For brevity of notation, we consider the system (3.2)) with
w=1
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Theorem 4.1. Let Q C R3 be a bounded domain with C3+% boundary for some
0<a<l,and M € CY(Q, S, (3)) satisfies (3.4), and let Fs be as in subsection
3.2. For given 0 # H$ € C* 2 (0Q,R?), if H € HY(Q,R3) is a weak solution
of 32) (with p=1), then H € C***(Q,R3), and

||H||cz+a(ﬁ) <o, ||M||C1+a(§),ﬁ(M), ||H§“||C2+ﬂ(asz)7a7 d). (4.1)
The constant also depends on the behavior of Fy.

The authors of [16] considered the regularity of Fy-system (1.3). For the purpose
they assumed the condition (1.4). However, as we consider the Fjs-system, we need
not to assume the condition (|1.4))

Lemma 4.2. Let Q C R? be a bounded domain with C* boundary and let HS €
HY2(09Q). If H is a weak solution of (3.2) with =1, then we have

[H] rr1 () < C(Q, B(M), |M]|cogy> Was [HTl 102 00))-

Proof. Let ‘H® be a lifting of HS. Then the weak solution of (3.2)) is of the form
H = H° + u where u is the minimizer of (3.6). Therefore £[u] < £[0]. Since W is
strictly increasing and W;(0) > 0, using (3.4)), we see that

/Q{W(;(O)ﬁ(Mﬂ curl(H +u)|? + [H® 4 u|*} dz

< &[0] = Q{V[/'(;(gl‘/[(curlHe)) + [HE Y de.

inceu € ,IR3.div 0), it follows from [I0], p. that ||u||g1(q) is equivalent to
Si H} (9, R3.div 0), it follows f 212] th Q) 1
|| curlu|| 2 (o) + [Jul| 2 (q). Therefore from the above estimate, we have the estimate
[l ) < CQ,B(M), | M|l o), Ws, [H N m1.(2)-
Thus we have
1L 1) < O, BOLY, M oy W, I 113 ).
Taking Lemma, into consideration, we complete the proof. O

Remark 4.3. If HS € C%1(99Q,R?), it follows from Lemmas and that
He Q) for any 0 < 6 < 1.

Along the idea of [16] we shall show that the regularity of weak solutions of the
approximate Fg-system. We only consider the boundary regularity. For the proof of
Theorem it suffices to prove the next proposition. For the purpose, let 2o € 02
and 0 < o < 1. Since 2 is C? class, we can choose R(£2) > 0 such that B(zq, R(f2))
is contractible. For 0 < R < R(Q), let g € C?*T%(B(z0, R)) such that g(xg) = 0.
Define for r € (0, R],

Qr] = {z € B(zo,7);9(x) >0}, Q[r]
S[r] = {z € B(xo,7);9(x) =0}, X[r]

{z € B(zo,7); 9(x) > 0},
{z € B(xo,7); g(x) = 0}.

Proposition 4.4. Let H € H'(Q[R],R?) be a weak solution of the following F-
system

€B
€B

— curl[Fs(g™ (curl H)))M curl H) = H in Q[R],

(4.2)
Hy =H% on 3R]
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If HS € C?T2(S[R],R3), then H € C***(Q[R/8],R3), and the following estimate
holds.

HHHcHa(ﬁ[R/g]) < C(g,R, M7a767 ||H§“||cz+a(§[3])a HHHHl(Q[R])>-

We note that if H is the weak solution of (4.2)), it follows from Lemma 4.2 that
||H||H1(Q[R]) is controlled by C(Q, M, HH%HHVZ(BQ))'

Since we treat the approximate system, it is not necessary to assume the bound-
edness of curl H as in [I6] in which the authors proved the regularity for the system
associated with Fy. Though the proof look like the proof of [16], we have to modify
it for our general setting. Therefore we give a complete proof despite the redun-
dancy.

Proof. Step 1. We can find a vector field B such that
curlB=H, divB =0 in Q[3R/4], 13
v-B=0 on X[3R/4]. (43)

In fact, according to the contractibility of Q[7R/8], we can choose a C? contractible
domain Q* such that Q[3R/4] C Q* C Q[7TR/8]. From the contractibility of 2* and
the fact that div H = 0 in Q[R], we can see from [5] that there exists B € H2(Q*, R3)
such that

curlB=H, divB =0 in Q"
v-B=0 ondQ".
By the Sobolev imbedding theorem, we see that B € C™(Q*,R?) for any 0 < 7 <
1/2. Since H is a weak solution, for any v € Y = H})(Q*,R3,div0),
/ Fs5(g™(curl H))M curl H + B) - curl v dz = 0.

If we put w = Fs(gM (curl H)) M curl H + B, since Fs(u) = c5 for u > by, we see
that w € L2(Q*,R?), and w L curl H},(Q*,R3,div0) in L?(Q*,R3). Since it follows
from [I0] p. 226] that

(curl )+ = Z = {z € L*(Q*,R3); curlz = 0 in Q*}.

Since Q* is contractible, we can write Z = {V¢;¢ € H'(Q*)}. Therefore, there
exists ¢ € H'(Q*) such that

Fs(g™(curl H))M crl H+ B = Vi in Q*. (4.4)

Applying Q = M,
F5(g™(curl H)) curl H = Q(Vy — B). (4.5)

From and (4.5)), we see that

F5(gM (curl H))2gM (curl H) = g%?(Vyp — B).
Putting u(z) = g™ (curl H(x)),v(z) = g% (Vp(z) — B(x)), from the properties (iii)
and (iv) in subsection 3.2, ®s(u(x)) = v(z). Therefore,

g (cwlH(2)) = u(z) = ¥5(9%(Ve(z) — B(z)) = ¥s(v()),

and
1

1) = By
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Define

Alz,p) = fs(9%(p — B))Q(p — B).
From (L.5)), we can see that

1
curl H = —Fg(gM(curl ) Q(Vy—B)
1
= WQ(VQD -B) (4.6)
= f5(9°(Ve — B))Q(Vyp — B)
= A(z, Vo).

If we write H = ‘H® + u where H® € C?*T*(Q[3R/4];R?) as in Lemma then
u € H (QBR/4],R3,div0), and
v-Q(Vy —B) = Fs(¢™(curl H))v - curl H
= Fs(¢™(curl H))v - curl S on S[3R/4)].

Here we used the fact that v - curl H depends only on the tangent trace Hr of H.
Thus we can see

v- Az, Vo) = f5(9%(Ve - B)v-Q(Ve — B)
= fg(gQ(Vga — B))Fg(gM(curl H))v - curl HY
=v-curlH7 on X[3R/4].

Hence taking (4.6)) into consideration, we can see that ¢ is a weak solution of the
co-normal derivative problem

div[A(z, V)] =0 in Q[3R/4],

v-A(x,Vy) =v-curlH7 on X[3R/4]. (47)

Step 2. WUP regularity of p. Let ¢ be a weak solution of (4.7). Since
Az, Vo) = f5(9%(Ve—B))Q(Ve—B), if 99(Vp—B) > by —e2, then f5(g%(Vio—
B) = 1/¢5. Thus we can write

Ai(z, V) = Zq”

where A = (.Al,.AQ,.A?,),B = (Bl,BQ,Bg) and Q = (qij)~ Define f = (f17f2,f3)
such that

fi(x) = Ai(z, Vo(x qu — (curl H®);

where curl H® = ((curl H¢)1, (curl H)a, (curl H¢)3). Then we can write A(x, Vi) =
éQVg& + f. Therefore, (4.7) becomes the system

div (iQw +£) =0 in Q[3R/4].
Cf (4.8)
v (5Qw + f) =0 in X[3R/4].
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§1nce B € C7(Q[3R/4],R?) for any 0 < 7 < 1/2, in particular, B is bounded on
Q[3R/4]. On {x € Q[BR/4];g%(Vyp —b) > by, — &2},

=—-— qu — (curl H®);(x).

If g%(Vp — B) < by — €2, then 3(Q)|Vy — B> < by — 5. Therefore, |Vl is
bounded, so A(z, Vo) = f5(9%(Vy — B))Q(Vy — B) is bounded. Hence we see
that f € L>°(Q[3R/4],R?), and

£l Lo~ @Ry < C(1+ — ||B||CO(§[3R/4]))

where C' = C(Q[3R/4], HQ||CO(Q[3R/4])7||He||c1(§[3R/4D). Thus we see that f €
LP(Q[3R/4],R3) for any 1 < p < co. By the classical LP Schauder theory, it follows
that (4.8 has a weak solution in W1P(Q[3R/4]). The system

div(QVe) =0 in Q[3R/4],
v-QVe =0 on X[3R/4]
has only constant solution. Therefore the weak solution of (4.8) is unique up to an

additive constant. Thus we see that ¢ € WHP(Q[3R/4]) for any 1 < p < oo, and
there exists a constant C1 = C1(Q, [|Q| o1 @z r/a))> (@), p) such that

IVellLrpr/a) < Cicsllfllnr@ar/ay < Ca(cs + 1Bllor@isr/a))-

By the Sobolev imbedding theorem, ¢ € CT(Q[3R/4]) for any 0 < 7 < 1/2. We
can choose ¢ so that fQ 3R/4) P dz = 0. Hence we obtain

leller@pr/a) < Cllellwrr@pr/a)
< Clcs, |Bllze(opr/a))
< C(cs, 1B a1 3 r/47))

Let I = Q'v where Q! is the transpose matrix of Q. Then the boundary condition
of (4.7)) is written in the form

f5(9°(Ve —B)) (Ve —B) - I=v - curl Hf

on X[3R/4]. Since I = Q'v € CY(Z[3R/4],R3), I-B € CT(X[3R/4],R?) for any
0<7<1/2. If wedefiney = I.v, then v = Q'v-v = v-Qu > 5(Q) > 0. Therefore,
we can write I = y(v +1t), where t is tangent vector. Then the boundary condition
of is rewritten in the form

Op I-B 1 .

£ +t-Vp= 5 + AT B))V curl H. (4.9)
However, in this stage we do not have the C'* regularity of the right hand side of
(4.9). According to this reason, we shall use the arguments of [I6] for the system
(4.7). In order to do so, we remember A(z,p) = fs(¢9(p — B))Q(p — B) where
p = (p1,p2,p3) and B € O7(Q*,R3) for any 0 < 7 < 1/2. Then simple calculation
leads to

g’;f = f5(9%(p — B))gi; (x) + 2f5(g Z 4ikqjm Pk — Bi)(Pm — Bm)-
J km 1
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Therefore, using the Schwarz inequality and the property (iv) of Fj,

Z OAi e — £(0%(p — B))g?() + 2/5(g%(p — B))g%(p — B, £)?

> f5(9%(p — B))9?(€) — 2|£5(9°(p — B))[g%(p — B)g?(¢)
> c1(8)g%(¢)
> c1(5)B(Q)IE[
Since ¢1(0) < f5(v) < 1/F(0) from the property (iv) of Fs, we see that
23l < fs(v) = a15) < 1) < 75
Therefore,
2 0A; Q Q 10,.Q Q Q
> gy i = 1s(97 (= B))g?() + 2159 (P~ B)Ig® (P~ B)g“(¢)
ij=1 17

={fs(g%( —B)) +2/£5(9° (P — B))|lg%(p — B)}g° ()

= THMHCO(E)MP'
O0A;

Thus there exist A\, A > 0 such that the eigenvalues of the matrix ( o ) is contained
in the interval [\, A]. Next, we estimate |A;(z,p) — Ai(y, p)|- We have

|Ai(z,p) — Ai(y, p)|
= [{/5(s°¥ (p - B(y))
+ (fs(g Q(:c)(P B(x)) - f5(9°% (p - B())}Q(z)(p — B(x))
— 15(g%% (p - B(y)Q(y)(p — B(y))|
< |fs(g Q(y)(P B(y){Q(z)(p — B(z) — Q(y)(p — B(y))}|
+{5(g%% (p - B(x))) — f5(¢°Y (p — B(y))}Q(z)(p — B(x))|.
)

Since Q € C'* we have |Q(x)p — Q(y)p| < Clz — y||p|. Moreover, since B €
C™(Q[3R/4],R?), we have |Q(z)B(x) — Q(y)B(y)| < C|z —y|™. Therefore, we have
for some 0 < 6§ < 1,

f5(9°® (p = B(x)) — f5(9°“ (p — B(y))]
< | =yl £5(9% (W) (p — B(y) + 6(9%“ (p — B(x)) — g?¥ (p — B(x)))|
< Clz —y|.
If we note that |fs| < 1/F(0), we have for some m > 0
[Ai(z, p) — Ai(y, p)| < mlz —y["(1 + [p]).
Since % is continuous with respect to p and || is bounded, we can apply Lieber-
man [I5, Theorem 5.1 and the remark]. Hence ¢ € C1(Q[3R/4]) and

V() = Vo(y)| < C(rom, A A g, 12l oo @sryap) 12 = 91T
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That is to say, p € C1T7(Q[3R/4]).

Step 3. Improvement of regularity of B and ¢. Since Vo € LP(Q[3R/4],R?) for
any 1 < p < oo and B € C™(Q[3R/4],R?), we see that Vi — B € LP(Q[3R/4],R?).
Since @ is continuous on Q, Q(Vy — B) € LP(Q[3R/4],R?). If g9(Vy — B) >
by — €2, we have f5(g9 (Vo —B)) = 1/cs. Therefore A(z, @) € LP(Q3R/4],R?), so
curlH = A(z,¢) € LP(Q[3R/4],R3). Since divH = 0 in Q[3R/4] and Hy =
HS € C?*T(Z[3R/4],R3), it follows from Lemma (i) (cf. [I16]) that H €
WLP(Q[R/2],R3) for any 1 < p < co. By the Sobolev imbedding theorem, we
see that H € C™(Q[R/2],R3) for any 0 < 7 < 1. From these arguments, we see
that curl B = H € C7(Q[R/2],R?) for any 0 < 7 < 1 and divB = 0 in Q[R/2] and
B v =0 on X[R/2]. Using Lemmal2.2] (i), we see B € C'*7(Q[3R/8],R?) for any
0<7<1,and

IBllcrer@arys) < CR, T curl Bl o qyr o) + 1 div Bllor gr/2))
+ 1Bz iry2) + 1B - Vo (siry2)
= C(R, ")l or @prya) + 1Bl @iran}-
In particular, we have B € C**7(Q[R/2], R3). Thus we can return to the arguments
of Step 1 with 7 = a. So we have p € C1T*(Q[R/2]), and
[l crve@iryay < Clg: A M, , 1Bl ca @iz ryay s 1HT c2+e (23R /1))
< C(g, A\ M, o, [[H7 || c2vesiry, H 21 (oR))-

Step 4. C*** regularity of ¢. We use the arguments [I6, Step 5 in the Proof
of Theorem 4.1]. We rewrite the co-normal derivative problem

div[A(z,Vy) =0 in Q[R/2],
v-A(z,Vy)=v-curlH} on X[R/2]
into the form of a linear system with nonlinear boundary condition
3

82ap B .
Y (@) g+ @) =0 in O[R/2,

i,7=1

h(z, V) =0 on X[R/2],

where
aij = f5(9% (Vo — B))ai
5‘@ (410)
/ J— [ —

+2/5(9% (Ve - B)) l;qzlqjm o~ B, — B,

0B, 0q;;  Op
f= (Vo —B)gij =2 + f5(9% (Ve — B)) -2 (5 — — B))
Z { J 6 al‘i 81‘]' J

1,j=1

IOV Bygy S m (P2 gy e gD g
s\d ¥ i Oox; " 0xy ! 0xm 8xj J

l,m=1

3
oB;, 0 0

_2fé(gQ(v@_B)) Z qul"la l(ax(p _BTYL)(%_B])}v

m j

I,m=1
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h(z, Vo) =v - Alz,Vo) — v - curl H:
=v: f&(gQ(Vgo -B))Q(Vy —B) —v - curl HY.

Here we note that a;j, f € C*(Q[R/2]),h(z,p) € C'T*(X[R/2] x R3). By the
Schwarz inequality, we have

3
Z ai;(2)&& = f5(9° (Ve — B))g? (&) + 2f5(9°%(Ve — B))g®(Vy — B, £)?
> {f5(9% (Ve — B)) — 2| f5(g% (Ve — B))|9%(Ve — B) }4%(¢)

> 61(5)9Q(§)
> ¢1(8)B(Q)|¢I.
Moreover, we have
> oh < Q Q Q@ Q 2
5ovi= > fia?(p—B)g? () +2f5(s°(p — B))g?(p ~ B,v)
i=1 1" i,j,0=1

> f5(g%(p — B)g?(v) — 2|f5(9%(p — B))|g®(p — B,v)?

> {fs(g®(p—B)) —2|f5(¢°(p — B))[}g°(v)

> ¢1(0)3(Q) > 0.

Thus it follows from Lieberman [14, Lemma 4.2] that ¢ € C*t2(Q[R/4]), and

H‘PHC2+0(§[R/4] <CQq, HainCa(ﬁ[R/Q])a Hf“ca(ﬁ[R/z])a Hh”cHw(E[R/meiS))-

Step 5. Regularity of H. We again borrow the arguments of [16]. By the facts
that B, Vi € C**2(Q[R/4],R3), we can see that

J:= f5(99(Ve — B))(Vy — B) € C'T*(Q[R/4],R?)

and |[J|c1va@ir ap is controlled by [[¢flceragiryay and [IBllcivagr/ay), S0 by
IHl| o mpry- Thus curlH = QJ € C1He(Q[R/4],R3), divH = 0 in Q[R/4] and
Hr = H% on %[R/4]. Since H € HY(Q[R/4]), it follows from Lemma (iii) that
H € C***(Q[R/8],R?) and satisfies

||H||c2+a(§[3/g]) < 0(970){HJ”C’1+0¢(6[R/4D + ||H§“||CQ+Q(Z[R/4}) + ||H||H1(Q[R/4]))
< C(g, R, M, o, [HT lozvesir)s Bl or))-
This completes the proof. ([

Corollary 4.5 ([19]). In addition to the condition of Theorem [4.1], if furthermore
Fs € C2H([0,by)) and M € C?t*(Q,5,(3)), then H € C21*(Q,R?).

loc loc

Proof. Under the hypotheses, Q@ € C?*t*(Q, S, (3)), f5 € C2([0,00)). Therefore

loc,
we have a;j,h € C1T*(Q). Repeating the proof of Theorem we see that ¢ €
C3T%(Q[R/4]) and B € C?T*(Q[R/4],R?). Therefore curl H € C***(Q[R/4]). Let
n € C3t* be a cut-off function. Then H,curl(nH) € C?*T*(Q[R/4]), div(nH) €
C?**t2(Q[R/4]) and (pH)7 = 0 on X[R/4]. Thus it follows from Lemma (iii)
that nH € C3+*(Q[R/8],R?), so H € CZI*(Q[R/8],R?). Thus we see that H €

Co(Q,R3) N C2T(Q, R?). O

loc



EJDE-2013/190 QUASILINEAR SYSTEMS 17

Proof of Theorem[I1]. If H, is a weak solution of (1.10] satisfying (1.11)), choose
§ > 0 small so that ||g* (curl H)|| ;@) < by —25. Then H,, is also a weak solution

of (3.2). Therefore the conclusion follows from Theorem and Corollary (]

5. CONTINUITY IN THE PARAMETER OF THE WEAK SOLUTIONS OF
APPROXIMATE SYSTEM

In this section, we consider the continuity of the following Fj-system with respect
to a parameter u,

—curl[F5 (g™ (curlH))M curlH) = H in Q,
Hr = pH:  on 09.
When p = 0, it is trivial that (5.1]) has only one solution H = 0.

Lemma 5.1. Let Q, M, H$,0,Fs5 be as in Theorem [{.1, and let H, be a unique
solution of (b.1). In addition, we assume that v - curl HS = 0 on 02. Then

[0,00) > u— H, € C*T*(Q,R?)

is continuous. In particular, lim, o ||HM||C2+Q(§) =0.

(5.1)

Proof. Suppose the conclusion were false. Then there exist pg > 0,69 > 0 and a
sequence {uy} converging to g as k — oo such that

[H,, — Huo||c2+a(§) 2 €0
for all k. By Theorem {H,,} is bounded in C***(Q,R3). Passing to a subse-
quence, we may assume that H,, — H in C**7(Q,R?) for any 7 € (0, ). There-
fore, H is a solution of (5.1)) with @ = pg. By the uniqueness of solution, H = H,,,.
That is [|[Hy, —Hyllczsr@) — 0. We can write Q = UN  Q; where  is of the

form of B(zg, R) or Q[R] which is simply-connected and without holes. For ev-
ery k, there exists [ such that [[H,, — Hy,|lc21a@, ) = €0- Thus there exist a
k

subsequence (still denoted by {H,, }) and ly such that
[H,, — Huo||c2+a(QTo) 2 €o-
We consider only the case where €, is of the form Q[R]. Let By, = (By 1, Bk,2, Bi,3)
be in C?**(Q[R]) and be the solution of
curl B, =H,, in Q[R],
divB, =0 in Q[R],
Br-v=0 on 3R]
Since Q[R] is simply-connected and without holes, it follows from Lemma that
B; — Bg in C**7(Q[R],R3) as k — oo. Here we note that By is a solution of
curlBg = H,,, divBg = 0 in Q[R] and Bg - ¥ = 0 on X[R]|. Next, there exists
or € C?T(Q[R]) such that
Ver = Fs(gM(curl H,, )M curl H,,, + By,
in Q[R] and [o @i dz = 0. Then we have ¢y, is bounded in C**+*(Q[R]), and
llor = ©ollcosr @y — 0- Thus ¢y is a solution of the system
3
0? .
— Z ag,i;(x) LA hi(z) in Q[R],

)
0x;0x,;
irj=1 B
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Oy 1
“r : -1
£y +t-Vo 5 B, on X[R]

where ay, ;; is defined by (4.10) with ¢ = ¢ and B = By,. If ¢, = ¢ — o, then
1y, satisfies

3 2
Y ari(x) Ok _ (hi(x) = ho(z)) + hi,  in Q[R],

=1 aIEzal‘J
1
Ok L ¢ v, = L1. (B, ~Bo) on S[R),
ov ~y
where
3
~ Oy,
hy, = ”zzll(ak,z’j - ao’”)iaxiaxj'

Since vy, = gQ(Vgok: Br) — v = g% (Ve — Bg) in CY7(Q[R]), akij —
ao,ij, hie — ho in CY(Q[R]) and okl c2+a @r)) 18 uniformly bounded, so we see
that [[¢k|| o2+ gy is uniformly bounded. Thus we have

3
Hthca(ﬁ[R]) < Z ||ak,z‘j - aOJj”CW(ﬁ[R])”1:[}/6”02-*-&(5[}%]) —0
i,j=1

as k — oo. By the Fiorenza Schauder estimate [I1] (cf. [I2] Theorem 6.30]),
H"/)k||02+a(§[R])
~ 1
< C{llhw = holl e @y + 1l oo @pry + ;HI' (Br — Bo)llcr+a(siry t — 0

where C' depends on a, A\, A, Q[R]. Therefore, o — o in C?*T%(Q[R]), and so
curlH,,, = fs5(vx)Q(Vyr —Bi) — f5(v0)Q(Vypo — Bg) = curlH,,

in C**(Q[R]). We also have div H,,, = 0 in Q[R]. Moreover, we see that (H,, )7 =
purHS on B[R]. Thus we see that H,, — H,, in C***(Q;,,R3). This leads to a
contradiction. O

6. REGULARITY OF WEAK SOLUTIONS OF THE F-SYSTEM (|1.10))

In this section we shall prove Theorem

Lemma 6.1. Let Q, F, M, H% be as in Theorem|[1.9 Then there exist 0 < p1 < o
depending on Q, || M|| c1+a i), B(M), HE, o, F' such that

(i) If 0 < pu < pa, (1.10) has a solution H, € C?*T*(Q,R3) satisfying

lg™ (curl H,,) [l co ey < by
Such solution is unique.

(ii) If p > pa, (1.10) has no C?T< solution.
Proof. We choose § > 0 small enough and define Fj as in subsection 3.2. From
Lemma if ¢ > 0 is small, then (5.1) has a solution H,, and [|H,|[c210g) is
small. Therefore, ||g* (curl H,)lcogm) < by —26, so we see that Fs(g™(curlH,,)) =

F(g™(curlH,)). Thus H,, is a solution of (L.10]). Hence u; exists. It is clear that
from Proposition a solution satisfying |g™ (curl H,)l co@m) < by is unique.
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Next, we show that (1.10) has no C?*< solution for large u > 0. Consider the
following functional

] = /Q{gM(curlH) +[H]2} da.

Define

c(H%) = inf{T[H];H € H'(Q,R3,div0), Hy = H5 on 0Q}. (6.1)
By a standard arguments, it is clear that has a minimizer. By the hypothesis
HS # 0, we see that c(HS) > 0. We can also see that c(uHS) = p?c(HS). If
has a solution H, then it follows from the definition of F that g™ (curlH) < by.
Therefore,

min{1, F(0)}p’c(HS) < / {F(g™ (curl H))gM (curl H) + |H|?} da
/{curl M(curlH))M curl H) + H} - Hdx

+/ (v x H) - F(gM (curl H)) M curl HdS.
a0

Here using the facts that H is a solution of (1.10J),
B(M)| curl H?* < g™ (curl H) < by

and [[v x Hl[coa0) = pl|HT||coaq), we can see that

. . b /210 e
min{1, FO)ie(H) < 1 () [M | oy (5275) " 17 lov o 021
Thus peo exists, and
1 by \1/2
< F(be)|| M = (—— 2 09Q)].
/’(’2 — mln{l,F(O)}ILL2C(H%)'u ( f)” ||CO(Q)(/8(M)) ||HTHCO(GQ)| |
This completes the proof. O

We define an optimal bound for the existence of solutions for (1.10)).
1*(H$) = sup {b > 0; (T.10) has a unique C*** solution H,

for any p € (0,b), and bup g™ (curl Hy,) || o (@) < br}.
0<p<

(6.2)

Theorem 6.2. Let Q, F, M, H be as in Theorem[1.4 Then the following holds.
(i) 0< u*(HT) < 0. B
(ii) [0, p*(HS)) 2 p— H, € C?*T*(Q,R3) is continuous.
(iii) hmﬂﬁu (He) llg™ (curl H)||co@) = bs-
(iv) For any b € (0, u*(HS)), we have
Osup ||HM||CQ+0¢(Q < C<Q HM||01+G(Q aﬁ( ) HH%HCZJFD‘(GQ)’aab)'
<pu<
The constant also depends on the behavior of F.

Proof. For brevity of notation, we write p*(H%) = p*.

(i) From Lemma p* < oco. We show p* > 0. From Lemma there
exists b > 0 such that has a C?T® solution H,, for any u € [0,b], and
lg™ (curl H,)llco@ < by — 26 for some § > 0. Then H,, is also the solution of

(5.1). Thus p* > 0.
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(ii) Let b € (0, p*). Then

sup HQM(CUHHM)HCO@) < by.
0<u<b

If we choose § > 0 small enough, we have

sup [lg™ (curl Hy,) |l cogy < by — 26
0<u<b

For p € [0,b], H, is the solution of (5.1)), and so from Lemma p— H, is
continuous from [0, 5] to C2+(Q, R?). Since b € (0, u*) is arbitrary, we see that (ii)
holds.

(iii) Suppose the conclusion of (iii) were false. Then there exists 0 < L < by such
that

sup g™ (curl Hy,) || oy < L
0<p<p*

Choose ¢ > 0 so that L < by —4¢. Then for any 0 < pp < p*, H,, is also a solution
o}f1 (5.1). Let HfL be a solution of (5.1]). Then HfL =H, for 0 < p < p*. We claim
that

sup [|g™ (curl Hy)llcom) = by —20.
O<pu<oo

In fact, if supy_, <, g™ (curl Hy)llcom) < by — 29, HZ is a solution of (|1.10)) for
any p € (0,00) satisfying

g™ (curl Hz)HCO(ﬁ) < by.

Therefore, p*(H) = oo. This is a contradiction. Thus there exists po > p* such
that ||gM(curlH#)||Co(§) <by—20if0 < p < po and HgM(curlH,L)HC(,(ﬁ) =br—2¢
if 4 = po. Then for any 0 < p < po, (1.10) has a solution H,, = Hﬁ. By Lemma
since [0, p0] 3 p — H,, = H}, € C*F*(,R?) is continuous, we have
sup ||gM(curlHu)HC(,(ﬁ) <bp—26 <by.
0O<pu<po

This is a contradiction to the definition of u*.

(iv) For any 0 < b < p*, using the conclusion of (ii) and the definition of p*, we
have

sup g™ (curl Hy,) || cogg) < L(b) < by.
0<u<d

If we choose § > 0 small enough so that L(b) < by — 26, H,, is a solution of (1.10]).
Thus (iv) follows from Theorem |

Now the proof of Theorem [I.2] follows from Lemma [6.1] and Theorem
Theorem 6.3. Let Q, M, F be as in Theorem . Then there exists p. > 0 such
that for any HS € C*t*(0Q) with ||HS||c2+e00) = 1, we have p*(HS) > pu..

Proof. Suppose the conclusion were false. Then there exists {’HiT} satistying pu} :=
w*(H$ 1) — 0as j — oo. By Theorem for any € > 0 small and any j, there exist
pj € (0,u3) and the solution H,,; with the boundary condition H,,; v = u;H
such that

by —2e < HQM(CUTIHMJ')”cO(ﬁ) <bs—e.
By Theorem (iv), since we may assume that p; < b, we have

HHMHcHa(ﬁ) < (9, ||M||Cl+a(§),ﬂ(M),a,b).
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Therefore {H,,, } is uniformly bounded in C?*(Q2). Thus passing to a subsequence,

we may assume that H,,, — Hy in C?77(Q,R3) as j — oo for any 0 < 7 < a. Here
H, is a solution of (1.10) with the boundary condition (Hgp)r = 0. Therefore
H, = 0. However

HgM(CU.ﬂ HO)HCO(Q) = ]lggo ||gM(curl Huj)”co(ﬁ) Z bf — 2¢.
This is a contradiction. O

Now we consider the semilinear problem
—curl? A = f(42(A)QA in Q,

6.3
(curl A)r =H% on 90 (6:3)

satisfying the condition [|g“(A)||p~) < by where the function f is defined in
(2.1). The corresponding quasilinear problem becomes

—curl[F (g™ (curl H))M curl H = H in Q, (6.4)
Hr =H7 on 02 '

satisfying the condition [|g* (curl H)|| e (q) < by.
Finally, we can prove as in [I6, Remark 4.4] that (6.2) and (6.4) is equivalent
without topological restriction for 2 and (L.14]) in the general setting.

Proposition 6.4. Problem (6.2) with the condition ||g@(A)| =) < by is equiv-
alent to problem (6.4) with the condition ||g™ (curl H)|| (o) < by.

Proof. Let A be a solution of (6.2)) satisfying [|g?(A)| =) < by. If we define
H = curl A, then —curl H = f(g%(A))QA. Here we note that

F(gM(curl H)) = F(g™ (curl®> A))
9" (~f(g?(A))QA))

F(
Flg™ (=
= F(f(g%(A)))*(MQA, QA)
= I(
£(

F(99(A)))?g%(A))
U(g9(A)))
1
62
Therefore, —A = —F (g™ (curl H)) M curl H. Thus
H = curl A = — curl[F (g™ (curl H)) M curl H],

and Hy = (curl A)p = H5 on 05
Conversely, let H be a solution of satisfying [|g™ (curl H)|| () < by.
Define A = —F(¢™(curl H))M curl H. Then —curlH = f(¢g?(A))QA. From
(6.4), crl A = H. Therefore, —curl> A = f(g9(A))QA, and (curlA)p = Hyp =
H5 on 0. In both case, since —curlH = f(g?(A))QA, so
M(cwlH) = f(g9(A))*9°(A) = 2(97(A)),
and ¥(g™ (curl H)) = g?(A). Therefore, ||g?(A)| =) < by is equivalent to

g™ (curl H) || e () < @(by) = by
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