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HYERS-ULAM STABILITY OF LINEAR SECOND-ORDER
DIFFERENTIAL EQUATIONS IN COMPLEX BANACH SPACES

YONGJIN LI, JINGHAO HUANG

ABSTRACT. We prove the Hyers-Ulam stability of linear second-order differen-
tial equations in complex Banach spaces. That is, if y is an approximate solu-
tion of the differential equation y"' +ay’(t)+ By = 0 or y"' +ay/ (t) + By = f(¢),
then there exists an exact solution of the differential equation near to y.

1. INTRODUCTION AND PRELIMINARIES

In 1940, Ulam [2T] gave a wide-ranging talk about a series of important unsolved
problems. Among those was the question concerning the stability of group homo-
morphisms. Hyers [3] solved the problem for the case of approximately additive
mappings between Banach spaces. Since then, the stability problems of functional
equations have been extensively investigated by several mathematicians [4, [T6] [17].

Assume that Y is a normed space and I is an open subset of R. Suppose that
a; : I - Kand h:I — Y are continuous functions and K is either R of C, for any
function f : I — Y satisfying the differential inequality

lan (2)y"™ () + an—1(x)y" (@) + - + a1 (2)y () + ao(@)y(x) + h(@)|| < e
for all x € I and for some ¢ > 0. We say that
an(2)y™ (2) + an_1(2)y™ (@) + - + a1 (2)y/ (z) + ao(2)y(x) + h(z) =0

satisfies the Hyers-Ulam stability, if there exists a solution fy : I — Y of the above
differential equation and || f(x) — fo(z)|| < K(e) for any = € I, where K(¢) is an
expression of € only.

If the above statement is also true when we replace € and K (&) by ¢(t) and ®(e),
where @, ® : I — [0,00) are functions not depending on f and f;y explicitly, then
we say that the corresponding differential equation has the Hyers-Ulam-Rassias
stability (or generalized Hyers-Ulam stability).

Obtoza may be the first author to investigate the Hyers-Ulam stability of differ-
ential equations (see [I4],[15]). Then, Alsina and Ger prove the Hyers-Ulam stability
of y'(t) — y(t) = 0 [I]. The above result of Alsina and Get has been generalized by
Miura, Takahasi and Choda [13], by Miura [10], and also by Takahasi, Miura and
Miyajima [19].
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While [12], Miura et al [5] also proved the Hyers-Ulam stability of linear differ-
ential equations of first order y'(t) + g(t)y(t) = 0 and @(¢)y'(t) = y(t).

Furthermore, the result of Hyers-Ulam stability for first-order linear differential
equations has been generalized in (see [6] [7, 12 20, 22]).

In the meantime, Yongjin Li et al [9] do some work in linear differential equations
of second order in the form of y” () +ay'(¢t)+ By(t) = 0 and vy (t) + oy’ (t) + By (t) =
f(t) under the assumption that the characteristic equation A\? + aX + 3 = 0 has
two different positive roots. And the Hyers-Ulam stability for second-order linear
differential equations in the form of y”(t) + 8(z)y = 0 with boundary conditions
was investigated in [2].

The aim of this article is to study the Hyers-Ulam-Rassias stability of the fol-
lowing linear differential equations of second order in complex Banach spaces:

y"(t) + ay'(t) + By(t) = 0 (1.1)

and

y" () +ay'(t) + By(t) = f(t) (1.2)
2. MAIN RESULTS

In the following theorems, we will prove the Hyers-Ulam-Rassias stability of
linear differential equations of second order.

Before stating the main theorem, we need the following lemma. For the sake of
convenience, all the integrals and derivations will be viewed as existing and R(w)
denotes the real part of complex number w.

Lemma 2.1. Let X be a complex Banach space and let I = (a,b) be an open
interval, where a,b € R are arbitrarily given with —oo < a < b < +oco. Assume
that g is an arbitrarily complex number, h : I — C is continuous and integrable
on I. Moreover, suppose ¢ : I — [0,00) is an integrable function on I. If a
continuously differentiable function y: I — X satisfies the differential inequality

1y () + gy () + ()] < (t) (2.1)
for allt € I, then there exists a unique x € X such that

t b
o) = e St — [ el o) < e R [ (o) migy

a t

Proof. For simplicity, we use the notation
t
2(t) == ela gduy (1) 4 / ela 9% (v)dv
a
for each t € I. By making use of this notation and by (2.1]), we obtain

t
I2(6) = =)l = ek #y(t) = ek y(s) + [ el e n(wyan]

S

t
Aw/ (e oy DM+/eﬁWwwmu

S

=1 [ e 0) +au0) + )]
<1 [ eruism gl
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for any s,t € I.

Since g is a constant number, we know that e®(Ja 99) is houndary and continu-
ous. What is more, o(v) is integrable and hence e®(Ja 999 (1) is integrable. Since
X is completed, there exists an € X such that z(s) converges to = as s — b.

Thus, it follows from the above argument that for any ¢ € I,

t
Iote) = oo [ el stno)an))
= |le~ Josdu(z(t) — x))|

_ t gdu — t gdu
< e MU 9B|5() — 2(s)|| + e Ua 99| 2(s) — x|

t
< e MUaat) [ pu)e U 0t du| 4 e R0 2(5) — a

S

b
— ¢ R 9du) / o(v)eRUa 999 gy
t

as s — b, since z(s) — z as s — b. Obviously, yo(t) = e~ Ja gd“(xffi el 9% (v)dv)
is a solution of ¥/ (t) + gy(t) + h(t) = 0.

It now remains to prove the uniqueness of x. Assume that z; € X also satisfies
in place of x. Then, we have

b
e e [ e R

t
for any t € I. It follows from the integrability hypotheses that

b
lz — 21| < 2/ MU 9 o (v)dv — 0
¢

as t — b. This implies the uniqueness of x. O

Corollary 2.2. Let X be a complex Banach space and let I = (a,b) be an open
interval, where a,b € R are arbitrarily given with —oo < a < b < +00. Assume that
g is an arbitrarily complex number, h : I — C' is continuous and integrable on I.
Moreover, suppose ¢ : I — [0,00) is an integrable function on I. If a continuously
differentiable function y : I — X satisfies the differential inequality

19" () + gy(t) + ()] < »(2) (22)
for allt € I, then there exists a unique © € X such that

t t
loe) = e tu(o— [ el i) < e R ) [ p)en it gy

b a
Proof. Let J = (—b,—a) and define hy(t) = h(—t),y1(t) = y(—t) and p1(t) =
©(—t), respectively. Using these definitions, we may transform the inequality (2.2))
into

1y1(t) — gy1(t) — I (B)]| < 1 ()
for each t € J.
Hence, we can now use Lemma [2.1] to conclude that there exists a unique z € X

such that
t

() = oot [ e Forteg )an)]

—-b
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Segﬁ(ﬁbgd")/ a@1(v)67%(ﬂb9d“)dv
t

for any t € J. Indeed, we can transform the above inequality into
t t
o) — e fiotn(a — [ e oty < e M [ o)t st g,
b a

by some tedious substitutions. a

In the following theorems, we investigate the Hyers-Ulam-Rassias of (1.1]) and
(1.2).

Theorem 2.3. Let ¢ : I — [0,00) be an integrable function on I. Assume that o, 8
are complex numbers. If a twice continuously differentiable function y(t) satisfies
the inequality

ly"(t) + ay'(t) + Byt < »(t) (2.3)
Then (1.1) has the Hyers-Ulam-Rassias stability.
Proof. Let A; and X\ be the roots of the characteristic equation A2 + a\ + 3 = 0.
Define g(t) = ¢'(t) — My(t), thus
19'(t) = A2g(t)] = |y (t) — My (8) — A2 (y' () — Ay (1))
=1y"(t) — oy (t) + By(t)|

Hence, we have |¢'(t) — Aag(¢t)| < p(t). By using Lemma there exists a unique
x1 € X such that

b
||g(t) _ Ilet)\gfa)\zn < e?R(t)\gfa)Q) / 67§R(f: )\Qdu)gp(v)dv
t

where 1 = lim;_j g(t)e~*2+22% and z,e!*2 7922 satisfies ¢’ (t) — Aag(t) = 0.
Since g(t) = y'(t) — A1y(t), we have

b
||yl(t) N Aly(t) —(Elet/\z_a)QH < e%(tkz—a)\z)/ e—?R(f; kzdu)sp(,u)dv
t

For simplicity, we define 9 (t) = eR(tA2—ar2) ftb e RUL 22dw) (1) do, thus
Iy (£) = Aay(t) — wre2 =] < o(t)
By using Lemma [2.1] again, there exists a unique z2 € X such that

t
Hy(t) _ef; /\1dU(1.2 +/ e_f: Alduxlevx\z—a)\zdv)H

a

b
< R Aldu)/ ¢(U)65R(f; —A1du) g,
t

where x5 = lim;_,(e” i Ardug (1) fat e~ Ja Mdu g o]l A2dugy). Furthermore, it is
easy to prove that e/a Ald“(xg—i—fat e~ Ja Mdug evra=ada gy) s a solution of (T.I). O
Theorem 2.4. Let ¢ : I — [0,00) is an integrable function on I. Assume that o, 3

are complex numbers, and f : I — X is continuous and integrable on I. If a twice
continuously differentiable function y(t) satisfies the inequality

ly" () + ay'(t) + By(t) — F(O)] < o(t) (2.4)
Then has the Hyers-Ulam-Rassias stability.
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Proof. Let A; and X\ be the roots of the characteristic equation A2 + a\ + 3 = 0.
Define g(t) = y'(t) — My(t), thus

19'() = Aag(t)] = [y () = My (£) = Ao (' (1) — May(E)] = [y (£) — o/ () + By()].
Hence, we have [¢'(t) — X2g(t) — f(t)| < ¢(t). By using Lemma [2.1] there exists a
unique z; € X such that

t b
lofe) = ey 4 [ e I fu)do)| < ROmere) [ e U )
a t
where z1 = lim;_;(g(t)e  2tTA2e — f; e~ Ja A2du £ (4) ).
For simplicity, we define

t
B(t) = e2m A2 (g 4 / e Ju A2 £ (1) d),

ba N
B(t) = eRtre=ara) / e RUL 22t o ()
t
thus,
1y (t) — My(t) — ()|l < ¥(2)

By using Lemma [2.1] again, there exists a unique z2 € X such that

t b
loe) = Mty [ e N o)) < SUIED [ (o) U A g
t

a
where .
T = liHll)(Gi Ja Avdug, () / e~ Ja Mdu g () dv).
t— a
Furthermore, it is easy to show that efs 2194 (z, —&-f; e~ Ja Mdu () dw) is a solution

of . O

If @ and (8 are real numbers, the approximating function will be a real function
even if the roots of the characteristic equation are complex numbers.

Corollary 2.5. Let ¢ : I — [0,00) be an integrable function on I. Assume that
a, B are real numbers, y(t) satisfies the inequality

ly” () + ey (&) + By(B)]] < (1)
where y : I — X is a twice continuously differentiable function, X is a real Banach

space. Then (1.1)) has the Hyers-Ulam-Rassias stability. Moreover, the approzimat-
ing function is a real function.

Proof. What we have to do is just to verify that if the approximate function is real.
It is easy to know that when the roots are real, the corollary holds. Therefore, we
suppose that the roots of the characteristic equation are complex numbers. Let
r1 = p1 + ips and r9 = p; — ips be the roots of the characteristic equation, and
limt_,b y(t) = dl,limt_,b y/(t) = dg, SO limt_,b g(t) = dg — T * d1 (pl,pg,dl,dg are
real numbers).

By some tedious calculations, we can know that the approximating function is

1 . .
o [d1p2 cos(pa(b—1t)) 4+ (—da+dip1) sin(pa(b—1t))](cosh(p1 (b—1t)) —sinh(p; (b—1))).
which is a real function. This completes the proof of our corollary. O



6 Y. LI, J. HUANG EJDE-2013/184

Corollary 2.6. Let ¢ : I — [0,00) be an integrable function on I. Assume that
a, B are real numbers, y(t) satisfies the inequality

9" (t) + ay'(t) + By(t) — fO)I < o(t)

where y : I — X is a twice continuously differentiable function and f : I — X 1is
continuous and integrable on I, X is a real Banach space. Then Eq has the
Hyers-Ulam-Rassais stability. Furthermore, the approximating function is a real
function.

Remark 2.7. By using the corollary 2.2 we can get similar results with Theorem
Theorem Corollary and Corollary

Example 2.8. Given y € C?%(1,2), lim;_2y(t) = 2, lim;_,» ¥/ (t) = 1, and y satisfies
the inequality |y (t) — 3y'(t) + 2y(¢)| < t. By using Theorem we have

) 1
t—2 2t—4
3e "+ —e +2,

4 satisfies lim;_oyo(t) = 2,lim;_oyH(t) = 1 and

[y(t) — (3" — 27| <

] w

moreover, yo(t) = 3e!=2 — 2t~

Yo — 3y + 290 = 0.
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