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ENERGY QUANTIZATION FOR APPROXIMATE H-SURFACES
AND APPLICATIONS

SHENZHOU ZHENG

ABSTRACT. We consider weakly convergent sequences of approximate H-surface
maps defined in the plane with their tension fields bounded in L? for p > 4/3,
and establish an energy quantization that accounts for the loss of their energies
by the sum of energies over finitely many nontrivial bubbles maps on R2. As
a direct consequence, we establish the energy identity at finite singular time
to their H-surface flows.

1. INTRODUCTION

The main aim of this study is to discuss the energy quantization of weakly
convergent sequences for the weak solutions of approximate H-surface maps. Similar
to approximate harmonic or biharmonic maps with the controlled tension or bi-
tension fields [9] 17, 15 21] [22], we consider energy quantization of approximate
H-surface maps not only its own interest but also an important application to H-
surface flows. In fact, As a direct consequence we will show energy identity to so
called H-surface flows.

Let Q C R2 be a bounded smooth domain, and H : R?> — R be a given bounded
measurable function; i.e., H(-) € L>(R?). First we recall the notion of approximate
H-surface maps.

Definition 1.1. A map u € WH2(Q,R3) is called an approximate H-surfaces, if
there exists a tension field 7 € L (Q,R3),p > 1 such that

loc

T(u) = Au — 2H (u)ug A uy, in Q. (1.1)
In particular, if 7 = 0, then the map v satisfies
Au = 2H (u)ug A uy, inQ (1.2)

which is called a H-surface.

It is well-known that if u is a conformal representation of a surface S = u();
i. e,
etz [* = fluy |* = vt - wyy = 0,

then H(u) is the mean curvature of the surface S at the point u.
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Notice that H-surface is a critical point of the following energy functional in
Wh2(Q,R3).

Jr(u) = /Q (|Vu|2 + %Q(u)u,ch A uy) (1.3)
with

ul U2 ug
Qu) = (/0 H(S,UQ,U?,)CZS,/() H(ul,s,ug)ds,/o H(ul,ug,s)ds).

From the view of geometrical significance, the system (1.2) can be regarded to
be the minimization problem of the standard energy E(u,() := [, |Vo[* with a

constraint of the prescribed volume V' (v) := % fQ v - vy A vy, = Constant; that is,

vEW1,2(Q, R?)

min {/Q\VUP tv=¢on dQ,V(v) :C}, (1.4)

for any given ¢ € W12(€Q), and here H is so-called Lagrangian multiplier.

Wente [20] and Hildebrandt [T1] made fundamental contributions on the exis-
tence of solutions to the planar Plateau problem or surfaces with constant mean
curvature, respectively (see also Helein’s monograph [10]). Later, Brezis-Coron
[3] and Struwe [19] showed existence of multiple solutions of H-surface maps in a
bounded domain of R? for given boundary data. As we knew, for variable H there
were many significant works by Rey [18], Bethuel-Rey [4], Caldiroli-Musina [7] and
Chen-Levine [6]. Meanwhile, the regularity and bubbling phenomena analysis to
so-called H-surface flows in W12(Q,R?) has been shown in various cases such as
H is a constant, H depends only on two variables, or H(u) is uniformly Lipschizt
continuous (see Brezis-Coron[2] and Hong-Hsu [12]). In addition, for the high di-
mensional case (n > 2), Mou-Yang [16] introduced H-systems in a bounded domain
of R™ and established the existence of multiple solutions of H-system for a constant
H and given boundary data. Furthermore, Duzaar-Grotowski [§] studied the exis-
tence of solutions of the H-system with a variable function H from a domain into
a higher dimensional compact Riemannian manifold. All in all, it is an important
observation that H-surface maps are invariant under the dilation transformations
in R2. Such a property leads to non-compactness of sequences of H-surfaces in R2,
which prompts studies by Brezis-Coron [3] concerning the failure of strong conver-
gence for weakly convergent H-surfaces. Roughly speaking, the results in [3] assert
that the failure of strong convergence occurs at finitely many concentration points
of its energy, where finitely many bubbles (i. e. any nontrivial solutions in R?) are
generated, and the total energies from these bubbles account for the total loss of
its energies during the process of convergence.

Based on the above observation, our main purpose is to extend the results from
[3L 18, 12] to the context of suitable approximate H-surface maps due to its more
flexible applications. More precisely, we have

Theorem 1.2. Let Q C R? be a bounded smooth domain. Suppose that {u¥}2e | C
WE2(Q,R?) N L*°(,R?) is a sequence of approzvimate H-surface satisfying

AuF = 2H (u®)uk A u§ + fk (1.5)
with H(-) € L™®(R3) and f*(z) € LP(Q) with p > 4/3. Let

sup ([ ey + 1) ey + ¥ 1y ) <M < 00 (16)
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Then there exist finite points {x1,2a,...,x1} and an approzimate H-surface u €
Wh2(Q,R?) so that
Au =2H (u)ug Nuy + f, in €, (1.7)
where uF — w in W52 and f* — f in LP. Moreover, we have:
(1) u* — u strongly in W20 C2(Q\ {z1,20,..., 21}, R?).

loc

(2) There exist Ly € N and bubbles {wij}]@l, which are nontrivial H-surface
systems from R? to S?, such that

L;
lim \Vuk|2dx:/ |Vu|2dx+2/ |Vw;; 2 (1.8)
By, () j=17/R?

where

1 min  {|z; — x|, d(x;, 00)}.

r, = <
2 1<5<L,j#i

Similar to initially Lin-Wang’s argument to deal with harmonic maps [I5], our
main idea is to show no concentration of energy in the neck. More precisely, that
is done while establishing there is no concentration of angular energy in the neck
region; then controlling the radial energy in the neck region by angular energy and
LP-norm of its tension field with p > 4/3 through so called Pohozaev argument [15]
[21]. During using control the radial energy by the angular hessian energy and LP-
norm of its tension fields by Pohozaev argument in the neck region, the assumption
p > 4/3 seems to be necessary to validate the Pohozaev argument, since we need
AuF - (z-VuF) € LY and f* - (z - Vub) € L1

A typical application of Theorem [1.2] is to study asymptotic behavior at finite
time for H-surface flows in the plane. We can directly obtain identity energy at
finite time to H-surface flows with initial data ug as follows.

w = Au — 2H (w)ug Ay, (2,t) € Q x (0,400)
uli—o = uo, x € (1.9)
ula = uolaa, t >0,z € 0N

where ug € WH2(Q) and H € L*(R?). In particular, note that any t-independent
solution u : Q — R3 of is a H-surface system.

We are inspired by Hong-Hsu’s energy inequality in [I2 Theorem 3.7]: for ar-
bitrary ug € C?(Q, R3) satisfying |uo||r=||H||L=~ < 1, there exists a time Ty > 0
such that

luellz2(@x 0,10)) < T [uol, (1.10)
where Jpg is represented by . Then we also consider that, for a finite singular
time Ty < 400, energy identity accounting for the § mass by finite many bubbles.
This observation can be proved by applying the rescaled maps to conformal in-
variance of H-surface flows. Then, from the energy inequality there exists a
sequence tj, T Tp such that v := u(-, ;) € WH2(Q, R3) satisfies

(i) 72(uk) := |Jug(ty)|| L2 — 0; and
(ii) u* satisfies in the distribution sense
AuF :2H(uk)u§/\u5+7'2(uk). (1.11)

Therefore, from Theorem we derive that an energy identity of the weak limit
of H-surface flows are connected together without any neck region. In particular,
the image of u, converges pointwise to the image of the limit bubble tree maps,
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which is similar to harmonic map flows ( [9] [T7] [15]). More precisely, we have the
following theorem.

Theorem 1.3. For some Ty < 400, let u € Cﬁ;a’Ha(Q x (0,Tp)) be a solution to
(L.9) with |[ug|Les ()|l H ||L() < 1, where Ty is a singular time. Then there exist
a finite many bubbles w;,i =1,..., L such that
L
1 . = . : 2
Jim B(u(-,),9) = B(u(, To), ) + ;Ewws ), (1.12)
where E(-,S?) is the energy of finite many bubbles on the unit sphere S.

The article is organized as follows. In §2, we establish a locally Héler continuity
of weak solutions and the higher integrability of their first and second order deriva-
tives, strong convergence and blow-up analysis to any approximate H-surface maps
with the smallness energy condition and its tension field in L? for some p > 1. In
83, we prove main Theorem by establishing that there is no concentration of
angular energy in the neck region; and then controlling the radial energy in the
neck region by angular energy and LP-norm of its tension field with p > 4/3 by the
Pohozaev argument. In §4, As a consequence of the main Theorem, we set up the
energy identity at finite singular time Ty < +o0o to sequences of H-surface flows.

2. A PRIORI ESTIMATES OF APPROXIMATE H-SURFACES

This section is mainly devoted to a locally Holder continuity of weak solutions
and the higher integrality of the first and second-order derivatives under the small-
ness energy. To this end, we need to use Riesz potential estimates in the Morrey
spaces due to Adams [I]. For an open set U C R, 1 < p < 400, 0 < A < n, the
Morrey space MPA(U) is defined by

MP)‘(U) = {f S LP(U) : ||f||;10\4p7)\ = BSTuCpUTA—n /BT |f|P < +OO} (21)

Note that the weak LP space is denote by LP*(Q2): for any ¢ > 0, which satisfies
11y = sup 7l € U1 )] > 1) < oc.

Therefore, the weak Morrey space MY )‘(Q) is defined to be the set of functions
[ € LE(Q) satisfying

— A—n
||f||§\)/[f‘x(9) = IEQS,BlEde{P ||f”1£§:(9m3,,(z))} <0 (2.2)
with 0 < A < n and d = diam(Q). Let Ig(f) be the Riesz potential of order
(0 < B < n) defined by

Is(f)(x) == /R Ixf(;Il—ﬁ dy, x€R" (2.3)

Then we have the following Riesz potential estimates between Morrey spaces due
to Adams [I].
Lemma 2.1. (1) Forany 3>0,0<A<n,1<p< %, if f € MPMNR™), then

I5(f) € MPA(R™), where p = )\i’;ﬁ. Moreover,

16 (N)lazzr@ny < ClFllaze @y (2.4)
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o

2) For0< B < \<mn,iffe MY R"), then I5(f) € M**_[”A R™). Moreover,
B

By < Ol ey 29

I

In terms of conformal invariance of the H-surface maps, we can do it in the unit
disc B; in order to obtain so called gg-strong convergence for uniformly bounded
sequences. First, we establish the higher integrability of the first and second-order
derivatives to approximate H-surface maps (1.5)).

Lemma 2.2. Suppose u¥ € W12(By,R?) is a sequence of approzimate H-surface
maps; i.e.,

AuP = 2H (u®)ul A u]; + % xeB, (2.6)
where H € L¥(R®) and f¥ € LP(By,R®) with any 1 < p < 2. If, for some
sufficiently small constant €y, such that

/B |V |?de < €2 (2.7)
1
Then:
(1) we have u € C*(By/3,R®) for a € (0,1~ 1) and
[WMon(eym < C 20+ 141 oen))- 28)
(2) For anyp' € (2, ;fpp), we have u € Wl’p/(Bl/z) and
V" | ot (5, 10y < C (€0 + 1 o)) - (2.9)
(3) Furthermore, uk e W2’p(Bl/2) and
V26 |15, < C (5 + 17 iy (2.10)

Proof. (1) Observe that
AGY = 2H (uF)uk A u’;, in By

2.11
GY =0, ondB. 211)
and . .
AGs = f% in B
L / ' (2.12)
G5 =0, on 0B;.
Set h* = u*F — G¥ — G%, we obtain
AR =0, in B
(2.13)

hE =¥, on 0B;.

To estimate G¥, noting that uf A uf € H'(By) (Hardy spaces), by [10, Theorem
3.2.9], for 0 < 6 < 1, we have

IVGY[lz2(5y) < ClI2H (u)ul Auyllpe (,)- (2.14)
Due to the boundedness of H(u*) and Wente’s inequality (see [10, Theorem 3.1.2]),
IVGT 225 < ClIVU*[IZ2(5,) < Ceoll V|l L2(sy)- (2.15)

For G%, by LP-theory of Laplace operator A we get
HV2G12€HLP(BQ) < CkaHLP(Bl)a
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it follows, from the Sobolev’s theorem, that
VG|l L2(8y) < ClIV2GE | 1(Bo)
< 092(17%)||V2G§”LP(B9) < 002(17%)||fk”1/1’(31)~

Moreover, in accordance with the standard estimates of harmonic functions, one
obtains

(2.16)

||th||L2(Bg) < C||VukHLz(Bl) < 080. (217)
Now, we put all estimates (2.15]),(2.16]) and (2.17)) together. It yields
1
||VU1€HL2(BG) < CEO||VUkHL2(Bl) + C(eo + 6> p))”fk”LP(Bl)' (2.18)

By iterating [I3, Lemma 3.4], we obtain u* € C%(By) with 0 < a < 1—%70 < <1,
and

/ |V |?de < C9%e. (2.19)
By

(2) To get a higher integrability, we assume that u* and fk defined in R? are ex-
tensions of u* and f* from By respectively, such that || V@"| 2 (z2) < C||[VT*||12(5,)

and \|fk\|LP(R2) < C’||fk||Lp(Bl). Let T'(z) be the fundamental solution of Laplacian
operator A in R?, then

it (z) = T — i .
(@ = [ T nai )y

Therefore, for x € By /3, we have
V(@) = | VG —y) (2H@)aE AT+ F) ()dy
R2
<c(| [ Ve yvata|+| [ Ve@-ypiFlaf) 220
]RZ RQ
= L(V@* ) + L(If*).
Note that [Va|? € M12-2%(R?) and f* € LP(R?), by Lemmal|2.4]it implies Vu* €
LPo*(By j5) with 2 < pg = min{3=2, %} for any 1 < p < 2; and
IVUF || Loo= (8, ,0) < (VT ) oo (B, ) + 1T (DIl Lro= (5, ,2)
< C(IVa* | L2@2) + ¥ | o @2) (2:21)
< CUIVUF |20y + 15 e my)

Thanks to LP*(B;) C L” (By) with 2 < p' < po, we obtain that Vu* € L¥ (B, ),
and

VUl 2ot B, oy < CUNVE L2y + 15 o ay)- (2.22)

According to the assumption of smallness energy, it clearly yields (2.9).
(3) On the basis of Calderon-Zygmund’s LP-theory and (2.6), we have

V0¥ Lo, ) < CHAukHLP(B%)
k|2 k
< C(IVu Pllrsg) + 11 sy)) (2.23)

< O IV a2y IV0 Ly + 17 o)

3
4
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with 2 < p’ < pg. Thanks to the smallness assumption (2.7) and the higher
integrability of derivative (2.9), we obtain u* € W*?(B /5) and

IV2u¥(| Lo (5, ) < C<50||V“k||LP’(B;) + kaHLp(Bl))
4

<O(S+ 17 v ).

This completes the proof. ([

(2.24)

It is well known that the energy concentration leads to both the failure of strong
convergence and the formation of singularity for sequences of approximate H-surface
maps. With the help of the higher integrability of the first and second derivatives for
weak solutions, we further consider the blow-up analysis and £g-strong convergence
to a sequence of approximate H-surface maps .

Proof of Theorem (1). Since u* — u weakly in W12(Q, R?), we have
that p, = |Vu¥|?dr is a family of nonnegative Radon measures such that N =
sup, 1k () < oo. Therefore, after taking possible subsequences, we may assume
that there is a nonnegative Radon measure p such that ur — p as convergence of
Radon measures. Moreover, by Fatou’s Lemma, we have that there is a nonnegative
Radon measure v, called as the defect measure, such that 4 = |Vu|?dx +v. Denote
by ¥ the support of v. Then we have

Y= ﬂr>0{x eN: limirﬁf/

|V 2dy > 53}. (2.25)
B, (x)

Let 1 = {x1,29,...,} be any discrete points of X, and {Bjs,(z;)}$2; be mutually
disjoint balls for small dg. Then we have

liminf/ |VuFPdy > €2, V1<i<oo.
k Br('E'L)
Therefore, there exists a natural number K such that for £ > K we have

/ |Vuk2dy > €2, V1<i<oo.
Br(z7)

Let Hy denote the 0-dimensional Hausdorff measure, then

EOEDY / [Py
i=0 7B

r(x4)

= HO(Z)/ IVuk2dy (2.26)
UfioBT(xi)
S/ |VuF|?dy < N < oo;
Q

this implies Ho(2) < L := &. By a compact embedding: W'*'(B;,R3) —

o
W12(B1,R3)(p’ > 2) due to Lemma therefore, for any compact subset K C
Q\X it follows from a simple covering argument that v(K) = 0 and u* — w strongly
in Wh2(K,R3). Moreover, for any xo € K there is a 1o > 0 such that

lim [VuP|? < €.
k' JB,,(x0)
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By the standard diagonal process we can extract a subsequence of u*, still denoted
as itself, such that u* — w in WH2(Q\ {z1,...,2.},RHNCY(Q\{z1,...,2.}),R?).
Hence, it is easy to see that the expression holds with “=” replaced by “>".

To prove “<” of 7 we need to show that the L?-norm of Vu* over any neck
region is arbitrarily small. This will mainly be done in the next sections. Therefore,
we will return to the proof of Theorem (2) in the next section.

3. NO CONCENTRATION OF ENERGY IN THE NECK REGION

In this section, we show that there is no concentration of |Vu¥||z> in the neck
region. This will be done in two steps: the first step is to show that there is no
angular energy concentration in the neck region by comparing with radial harmonic
functions over dyadic annulus. The second step is to control the radial component
of energy by the angular component of energy by way of the Pohozaev argument.

Proof of Theorem (2). Without loss of generality, we suppose that {u*} C
W12(By,R3) is a sequence of approximate H-surface maps with

sup (Vo) + 1H O lmn + 1P vy <M. (B1)

which satisfy u* — win W2(By), f¥ — fin LP(By), and uF — win W,"%(B;\{0})

loc

but not in W12(By). In according of Ding and Tian [9], we may assume that the
total number of bubbles generated at 0 is L = 1. Then, for any ¢ > 0, there is
ri | 0, R > 1 large enough and 0 < § < € such that for &k sufficiently large there
holds

/ \Vuk|2 < e, Verk < p < 20.
B2P\BP 2
Let us consider it in two steps.

Step 1. Angular energy estimate in the neck region: From and Lemma
it follows that for any a € (0,1 — %) and p’ € (2,%) with 1 < p < 2,
ub € C*NWP (By, \ B,) and

1
[u*) 0o (By,\B,) + ||Vuk\|Lp,(sz\Bp) < Ce, ngrk < p < 20.

In the sequel, to deal with the boundary terms we need the following property by

Fubini’s theorem:
r/ |VuF|? < SSup/ |Vuk |2 < Cé?,
OB, k J By, \B,

which holds for r = Rry, 0. For convenience’s sake, we assume the above inequality
holds for all £ > 1.
For simplicity, we may assume Rirk is a positive integer. We make a dyadic

decomposition to the annulus %Rrk < |z| < 26. Let Ny € N be such that 2V =
[P%k], and set

7]"6 = BZ"Jrerk \BQiRrk, BZ = BQi+2RTk \BQ’Ferkv 1 < ) < Nk — 1. (32)

Then, Bs \ Bry, = uﬁ&o‘lA;; and Bag \B%Rrk = Uf\i“o_lB,i. We now introduce a

radial harmonic function v* on the annulus Bss\Bry,, as follows. For 0 < ¢ < Nj—1,
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vk (x) = v*(|z|) satisfies

Av* =0 in A%,
o®(r) :][ uf, if r =2 Rey,
T (33)
o (r) 2][ u®, if r = 2'Rry;
8B2iR7'k

where  denotes the average integral. By the standard estimate of harmonic func-
tions, we have vF € C(AL) N WP (AL) for all 0 < i < Nj, — 1; and

< Cluy] . < Ce;

[”k]CQ(A;) Co(AL)

in particular,

oscA;-c(uk —vF) < Ce, YO<i<Np—1. (3.4)
Now we perform the estimate similar to Ding-Tian’s argument by [9] or Lin-Wang
[15] on harmonic maps. Applying the Green’s identity due to uj, — vy € WP(A%)
we get that for 0 < ¢ < Ng — 1,

O(uF — k)

A —oF) (uF — o*) :—/ IV (a — o)+ (u* o). (3.5)
Al : DAL o
By summing over 0 < i < N — 1, we derive that
[ v
Bs\Brr,
Ny—1 E_ ok
A(uk —
:—Z Au —vk)(uk—vk)—i—(/ —/ )M(uk—vk)
i OBs JOBpr, v
Nk—1

:*Z/ Au(ub — oF) + (/835/%7%)%1:’“(”;@”@,
(3.6)

where we used that Av* =0 in A% and faB 9" (yk — yk) = 0 for p = & and Rry,
k

which is due to the radial form of v* and the boundary conditions: v* = fa 5 u”.
P

l/

Let us first check the estimates of the integral on the boundary in the right hand
side of (3.6). It follows from Holder inequality and Fubini’s Theorem that

k kil k k
(u —v)’ﬁ/ [Vu"||u® — v”
‘/(‘BB ov OB;

1/2
< k_ ok k|2
< Cmax|u® —v |<5/335 |Vu"| ) (3.7)
/
< C’e(/ |Vuk|2> < Cé
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Similarly,

k ‘ k k
—v")| < max |[u” —wv Vug
|/ . T (0 =) < e =0 o 7
1/2

< Ce(FRry / Vu?) (3.8)
E)

1/2

< C’e(/ |Vuk|2> < Cé.
BQRTIC\B%RT)C

Next, we estimate the first term in the right hand side of (3.6)). It yields

Brr),

Auf(uk —ok) = /i(H(uk)u’;/\u’;—i—fk)(uk — k)

Az

<C sup oscA;c(uk—Ulc)/A.(Uk|2+|fk|) (3.9)

0<i<N,—1 i

<ce [ (R 1)

Putting theses estimates of (3.7)) (3.8)) (3.9) into the inequality (3.6)), then we con-
clude that

/ |V (uk —v*)2 < C’e/ (|u®? + | f*]) + Ce* < Ce. (3.10)
Bs\Bau,

Bs\Brr,

k is radial form and |Vu*|? = aa—fﬁ + 5 %F, it follows that for rRx <

oo T S
Bs\Br,, 71 00 Bs\Br,, "1 00

< / |V (uF —oF)|2 < Ce,
Bs\Brgr,

Since v
R <9,

(3.11)

where 8—“9 and 8“ denote the tangential component and the radial component of

Vuk, respectlvely
Step 2. Radial component of energy in the neck region: Now we are in a position

8u 2 1 ou” |2
| y fB(;\BR, 2 | |
and || f¥| s 35 Observe that x - Vu* € LP (Bs), Auf € LP(B(;) and f* € LP(B(;)
with 2 < p/ < ;f’p for 1 < p < 2 we have that f* - (z - Vu ) € LY(Bs) and
Au® - (z-VuF) € L'(Bs) only if p > 3. That is due to 2—” > -5 at this point. On
the other hand, thanks to Equ.(L5) 1t implies that (Au fk) H(uP)uf nul L
Tur()S, a. e. x € Bs with § = u¥(Bs). Therefore, by multiplying (T.5) by x - Vu*
and integrating it over B,., for 0 < r < 0, yields

/BTAuk~(x~Vuk):/BTfk-(x-Vuk).

to employ the Pohozaev argument to control f Bs\Bn
Tk
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In terms of Green’s identity, we have

/Auk-(x-w’“):—/ Vuk-V(x~Vuk)+/ (- Vuf)(Vut - —
B, B, OB,

le

1/ k2 / k|2 /
== z-V(|Vu — Vu® | +r ’ ‘ (3.12)
2 /s (|Vu”[?) B,.| \ J s

1/ 12 / ouk |2
——7 Vu® | +r —_
2 OBT| | 8B, or

dur |2 1/ k|2 / k k
T — —=r Vu"|© = - (x- Vub).
= I LY AR

It follows from |Vu*|? = |8“ 2y |2 that

R

Integrating it over the interval [Rry,d], it follows from Holder inequality and the
tangential estimate of (3.11)) that for 0 < § < € there hold

k2 k2
[ 15T T 2
B(S\BRrk 87‘ Bri\BRrk T 69

< C(e+6) < Ce.
Putting (3.11)) and (3.14) together, it yields

k
/ ‘Vuk|2 = / Ou” 2 / ‘ < Ce. (3.15)
Bs\Brr, Bs\Brr, or Bs\Brr,

This implies that there is no neck formation between any two bubbles. Hence the
proof of Theorem [1.2]is complete.

Therefore,

u*|

Lr(Bs) L' (Bs) (3.14)

4. APPLICATION TO H-SURFACE FLOWS

As an application of Theorem[I.2] we will establish the energy identity at a finite
time singular point for the sequences of H-surface flows.

4.1. Proof of Theorem Without loss of generality, suppose that Q = B;
and (o, Tp) is the only singular point at t = Tp. Let u(z,t) = u(Apx;ty + A2t),
then u*(z,t) still satisfies the same equation as (I.9), and by (1.10) we have

/2 / ’8u B 22 / o
—2JB_ _1 8t te— 2)\2 B,
A

By Fubini’s theorem, there exists 7, € (=1, —1/2) such that

k(. 2 k9
/ M‘ o, / ‘5’1 o (4.2)
kal 8t B 1><( 22) at

k

as k — oc. (4.1)

Here, just similar to [12], then we have the following energy inequality: for any
0<s<7<Tand Bag(x) C Q,z € Q, there holds

E(u(7), Br(z)) < 5E(u(s), B2r(z))

(uo)- (4.3)
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With the help of the energy inequality (4.3), it is known from [I5, Lemma 4.1] that
there exists unique positive m such that, in the sense of Radon measure, we have

|Vu|?(z,t)dx — mby, + |Vul?(z, To)dz, ast — T, (4.4)

at the only singular point at ¢ = Ty, where 0, denotes Dirac §-mass at xy. Also
from (4.3)) it follows that

b

let R — oo, by (4.4) which implies

vuk(.,nk)f Z/B ‘Vu’“(-,TO)‘Z—CR’2JO,

lim Yk (-, me
Jim [ vt

‘2 —m. (4.5)

Therefore, for each R > 0, we know from ([4.5) that u*(-,nr) — v weakly in
W12(Bg,R3). We claim that v is a constant map. Indeed, let |t;| < 2A7 we
observe that

2 2 ouk |2
/ uk('ank)_uk('7_tk)\l;2)‘ §4/ / W _)07
Br —2 Bk’:l
and
2 2
/ Vut (A )| :/ Vul (,Ty) = 0.
BR B)\kR

For each R > 0, now we apply Theorem of approximate H-surfaces to u®(-,n)
on the ball By to conclude that there exist finite number bubbles {w; r}Z% such
that

k—oo

Lr
tim [ e[ ) = Y B 8. (4.6)
Br i=1

Further, we know that 1 < L < [%} because there is a g such that any bubble
w: S? — R3 satisfying E(w,S?) > ¢¢. Hence, there exists a d € [1, %} such that,
after possible a subsequence, Lr = d and

d

2
m= lim lim ‘wk‘ L) = Iim S E(ws g, S2). 47
o i [ (9t = 3 B, ) (@7

Note that {w; g}¢_; have uniformly boundedness of energies, from Brezis-Coron [3]
one concludes that there exist N; € [1, g} and NN; bubbles {wi’j };V: 1 such that

N;
Jim E(wir,S?) = ZlE(wi,j,s%. (4.8)
o
Now, putting all (4.6)),(4.7) and (4.8]) together, it follows that

d N;
m = ZZE(MJ’SQ)'

i=1 j=1

The proof of Theorem is complete.
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