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EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS TO
A FOURTH-ORDER TWO-POINT BOUNDARY-VALUE
PROBLEM

MOHAMED JLELI, BESSEM SAMET

ABSTRACT. In this article, we study the existence and uniqueness of positive
solutions for a class of semi-linear, fourth order two point boundary value
problems. Some examples are presented to illustrate our main results.

1. INTRODUCTION
In this article, we consider the fourth-order two-point boundary-value problem
u® () = flt,u(t),ut)) +g(t,ut), 0<t<1,
u(0) = u'(0) =0, (1.1)
(1) =0, u®(1) =,

where f: C([0,1] x R x R), g € C([0,1] x R) are real functions, and ¢ > 0.

The existence of solutions for fourth-order boundary-value problems have been
studied extensively; see for example [T}, 2} [4L [5] [6] [7], [8], 111, 12}, 13] and the references
therein. Note that in practice, only positive solutions are significant. These results
are obtained by the use of the Leray-Schauder method, the topological degree the-
ory, the critical point theory, or the lower and upper solution method. But in the
existing literature, there are few papers concerned with the uniqueness of positive
solutions. Different from the above works mentioned, in this paper we will use some
recent tools on fixed point theory to establish under some hypotheses existence and
uniqueness results of positive solutions to . We present also some examples to
illustrate our main results.

2. PRELIMINARIES

Before stating and proving our main theorems, we need some preliminary results.

Lemma 2.1 ([3]). Problem has an integral formulation given by
1
) = [ Gle3)(F ). ) + s, u(s))] s+ CO(1).
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where G : [0,1] x [0,1] — R is the corresponding Green’s function

2 _ . <
Glt,s) =+ |53 9) s =t
6 |t2(3s—1t) ift<s,
and@(t)z%—%.

Lemma 2.2 ([I0]). For anyt,s € [0,1], we have
L oo Lo 1o Lo
—s“t* < G(t < —st —t° < P(t) < =t
P <) < s P B < LF
1, _ 0G(ts) 1 ,
—st < ———= < st —t < P(t) < 2t.
itS T Ssh gt=P0s
Suppose that (E,| - ||) is a real Banach space which is partially ordered by a
cone P C Ejie.,
z,yel, z3ysy—xe P
If z X y and = # y, then we denote x < y or y > z. By 6 we denote the zero

element of E. Recall that a nonempty closed convex set P C FE is a cone if it
satisfies

(1) = € P, A > 0 implies \x € P;

(2) —x, x € P implies © = 0.
Putting int(P) = {x € P : z is an interior point of P}, a cone P is said to be solid
if its interior int(P) is nonempty. Moreover, P is called normal if there exists a
constant N > 0 such that, for all z,y € E, 05 < z <y implies ||z|| < N||y||. in this
case, the best constant satisfying this inequality is called the normality constant of
P.

For all z,y € E, the notation x ~ y means that there exist A > 0 and p > 0

such that

Ay 2z = py.

Clearly, the relation ~ is an equivalence relation. Given h > 6g, we denote by P},
the set

P,={zx € E:x~h}.
It is easy to see that P, C P.

Definition 2.3. An operator A : E — F is said to be increasing (resp. decreasing)
if for all z,y € E, z <y implies Az < Ay (resp. Az = Ay).

Definition 2.4. An operator A : P x P — P is said to be a mixed monotone
operator if A(z,y) is increasing in = and decreasing in y; i.e.,

(@,9), (u,v) € PX P, x=Zu,y=v=Az,y) 2 Alu,v).
An element z* € P is called a fixed point of A if A(z™*,2*) = x*.

Definition 2.5. An operator A : P — P is said to be sub-homogeneous if it
satisfies

Atz) = tAz, Vte(0,1),z € P.

Recently, Zhai and Hao [14] established the following fixed point result.
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Lemma 2.6 ([I4]). Let § € (0,1). Let A: P x P — P be a mized monotone
operator that satisfies

Atz t~ty) = tPA(z,y), te(0,1), z,y € P. (2.1)

Let B : P — P be an increasing sub-homogeneous operator. Assume that

(i) there is hg € Py such that A(hg, ho) € P, and Bhg € Py;

(ii) there exists a constant dg > 0 such that A(x,y) = 0Bz, for all x,y € P.
Then

(I) AZPhXPhHPh,BIPh—)Ph,'

(IT) there exist ug,vg € P and r € (0,1) such that

rvg = ug < vo, ug = A(ug,vo) + Bug = A(vo, uo) + By = vo;

(IIT) there exists a unique =* € Py, such that x* = A(z*,z*) + Bx*;
(IV) for any initial values xg,yo € Ppn, constructing successively the sequences

Tp = A(mn—lyyn—l) + an—lv Yn = A(yn—laxn—l) + Byn—la n = 1, 2, ce
we have x, — x* and y, — ¥ as n — 00.

Let (X, <) be a partially ordered set endowed with a metricd and F' : X x X — X
be a given mapping.

Definition 2.7. We say that (X, <) is directed if for every (z,y) € X?, there exist
(z,w)€X2 such that x <z, y < zand x > w, y =~ w.

Definition 2.8. We say that (X, <, d) is regular if the following conditions hold:
(C1) if {z,} is a nondecreasing sequence in X such that x,, — x € X, then
z, = x for all n;

(C2) if {y,} is a decreasing sequence in X such that y, — y € X, then y, = y
for all n.

Example 2.9. Let X = C([0,T]), T > 0, be the set of real continuous functions
on [0,T]. We endow X with the standard metric d given by

d(u,v) = Jmax lu(t) —v(t)], u,veX.

We define the partial order < on X by
uveX, u=veu(t) <uv(t)foralltel0T].

Let z,y € X. For z = max{z,y}, that is, z(t) = max{z(t),y(¢t)} for all t € [0,T],
and w = min{x, y}, that is, w(t) = min{x(¢), y(¢)} for all ¢t € [0,T], we have z = w
and y > w. This implies that (X, <) is directed. Now, let {x,,} be a nondecreasing
sequence in X such that d(x,,z) — 0 as n — oo, for some z € X. Then, for all
t € 10,77, {z,(t)} is a nondecreasing sequence of real numbers converging to x(t).
Thus we have z,,(t) < x(t) for all n; that is, x,, < x for all n. Similarly, if {y,} is
a decreasing sequence in X such that d(y,,y) — 0 as n — oo, for some y € X, we
get that y, > y for all n. Then we proved that (X, <, d) is regular.

Denote by ¥ the set of functions ¢ : [0, +00) — [0, +00) satisfying:
e (p is continuous;

e ¢ is nondecreasing;

o o '({0}) = {0}.
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Recently, Harjani, Lépez and Sadarangani [9] established the following fixed
point theorem.

Lemma 2.10 (see [9]). Let (X, =) be a partially ordered set and suppose that
there exists a metric d on X such that (X,d) is a complete metric space. Let
F: X xX — X be a mapping having the mized monotone property on X such that

Y(d(F (2,y), F(u,v))) < p(max{d(z,u),d(y,v)}) — p(max{d(z,u),d(y,v)}) (2:2)
for all xz,y,u,v € X with x = u and y = v, where ¥, € X. Suppose also that
(X, =,d) is reqular, (X, =) is directed, and there exist xo,yo € X such that

zo 2 F(20,%0), Yo = F(yo, o).

Then F has a unique fixed point x* € X, that is, there is a unique x* € X such
that * = F(x*,x*). Moreover, if {x,} and {y,} are the sequences in X defined by
Tn+1 :F(xnayn)v Yn+1 :F(yn7xn)7 nzovlv"'v

then
lim d(x,,z*) = lim d(y,,z") =0. (2.3)
n—oo

n—oo

Now, we are ready to state and prove our main results.

3. MAIN RESULTS

Let E = C([0,1]) be the Banach space of continuous functions on [0, 1] with the
norm

[yl = max{[y(t)| : ¢ € [0,1]}. (3.1)
Let P C E be the cone defined by
P ={y e C([0,1]) [y(t) 2 0, t € [0,1]}.
Our first main result uses the following assumptions:
(H1) the functions f : [0,1] x [0,+00) X [0,+00) — [0,400) and g : [0,1] x
[0,4+00) — [0, +00) are continuous with

1
/ s%g(s,0)ds > 0;
0

(H2) f(t,z,y) is increasing in x € [0,+00) for fixed ¢t € [0,1] and y € [0, 400),
decreasing in y € [0, +00) for fixed ¢ € [0,1] and = € [0, +00), and g(t, ) is
increasing in x € [0, +o00) for fixed t € [0, 1];

(H3) g(t,Az) > Ag(t,z) for all A € (0,1), t € [0,1], z € [0,+00), and there
exists a constant 3 € (0,1) such that f(t, Az, \"1y) > N0 f(t,z,y) for all
A e (0,1),te€0,1], z,y € [0, +00);

(H4) there exists a constant dp > 0 such that f(¢,x,y) > dog(¢, z) for all ¢ € [0, 1],
z,y € [0, +00).

Theorem 3.1. Assumptions (H1)—(H4) hold. Then
(1) there exist ug,vo € Py and r € (0,1) such that rvyg = ug < vg and

uO(t)S/ G(t,5)[f (s, uo(s),v0(s)) + g(s,uo(s))] ds + (), t€[0,1],

0
vo(lf)Z/0 G(t,8)[f(s,v0(s), uo(s)) + g(s,v0(s))] ds + C(¢), ¢ €[0,1],

where h(t) =2, t € [0,1];
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(2) Problem (L.1) has a unique positive solution z* € Py;
(3) for any xo,yo € Py, constructing successively the sequences

n(t) :/0 G(t,8)[f (s, 2n-1(5),yn-1(5)) + g(8, 2n—1(s))] ds + (O (2),

1
yn(t) = / G(ta S)[f(sa yn—1(5)7ﬂ?n—1(8)) + 9(&%—1(8))] ds + C(I)(t)a
0
forn=1,2,..., we have ||z, —z*|| — 0 and ||y, —z*|| = 0 as n — oco.

Proof. Consider the operators A: P x P — E and B : P — FE defined by
1
A(u,v)(t) = / G(t,s)f(s,u(s),v(s))ds + (P(t),
0

(Bu)(t) = /O G(t, 5)g(s, u(s)) ds.

From Lemma u is a solution to if and only if A(u,u) + Bu = u. From
(H1), we show that A : P x P — P and B : P — P. Further, it follows from
(H2) that A is mixed monotone and B is increasing. On the other hand, for any
A€ (0,1), u,v € P, we have from (H3) that

A()\u,/\_lv)(t)z/o G(t,8)f(s,  u(s), \"Tu(s)) ds + CD(2)
>N [ Glts)f(s.uls), vl ds + (D)
0

1
(] G, ,u(s), ds + (P
>3 ( [ Gl ute).v(e)) s+ can)
= N A(u,v)(t).
Thus we have for all A € (0,1), u,v € P,
Au, X)) = M A(u,v).

Then condition (2.1)) of Lemma [2.6)is satisfied.
From (H3), it follows that for all A € (0,1), u € P,

BOW)(t) = /O G(t, 5)g(s, hu(s)) ds

> )\/1 G(t,s)g(s,u(s))ds
— ABu().
Thus, for all A € (0,1) and u € P, we have
B(\u) = ABu.

Then B is a sub-homogeneous operator.
Next, we shall prove that A(h,h) € P, and Bh € P,. Using Lemma and
(H2), for all ¢ € [0, 1], we have

A(h, B)(t) = /O G(t,s)f(s, h(s), h(s)) ds + CD(t)
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1
> / G(t, 5)f (5, h(s), h(s)) ds
0
t2 1 )
Z§ ; s°f(s,0,1)ds

_ (% /Olszf(s,o,l)ds)h(t).

Again, using Lemma and (H2), we have
1
AL )0 = [ Glt5)(5,h(5),h(s)) ds -+ G
0
2 1 2
< %/ sf(s,l,O)ds+C%
0

Thus, for all ¢ € [0, 1], we have

¢ /Olst(s,O,l)ds)h(t) < Alh, b)) < ;(/;sf(s’lam ds +CJhlt)

On the other hand, from (H4) and (H1),we have

1 1
/ s2f(s,0,1)ds > 50/ s2g(s,0)ds > 0.
0 0

Thus we proved that A(h,h) € Py. Similarly, for all ¢ € [0, 1], we have

(% /01 g(5.0)ds ) h(t) < Bh(t) < (% /0159(3,1)ds)h(t),

which implies that Bh € Py,.
In the following we show the condition (ii) of Lemma[2.6]is satisfied. Let u,v € P.
From (H4), we have

1
A(u,v)(t) :/O G(t,s8)f(s,u(s),v(s))ds + CP(t)
> /0 G(t, 5)f (s, uls), v(s)) ds

1
> 6 / G(t, 5)g(s, u(s)) ds

= (SoBu(t).
Hence, for all u,v € P, we have A(u,v) > JoBu. So the conclusion of Theorem
follows from Lemma 2.6 (]

Example 3.2. Consider the fourth-order two-point boundary-value problem

WD) = 2(£2 + /u 1
() =2+ Vol0) + s

u(0) = u/(0) = 0,
u’(1) =0, u®(1) =

, 0<t<l,
(3.2)
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where ¢ > 0. Consider the functions f : [0, 1] x [0,400) X [0,4+00) — [0, 4+00) and
g :[0,1] x [0, +00) — [0, 400) defined by

1
f(t,z,y) =t"+x+ \/ﬁ7 g(t,x) =z + 17,

for all t € [0,1], z,y € [0,+00). Then is equivalent to
u® (1) = f(t,ut), u(t)) + g(t,u(t)), 0<t<1,
u(0) = u'(0) =0,
u(1) = 0,u®(1) = —C.

Clearly, f :[0,1] x [0, 4+00) X [0,400) — [0,4+00) and g : [0, 1] x [0, +00) — [0, +00)
are continuous functions. Moreover, we have

1 1 1
/ s2g(s,0)ds = / stds= - >0.
0 0 5

Condition (H1) of Theorem is satisfied, and Condition (H2) can be checked
immediately. Now, let A € (0,1), ¢ € [0,1] and = > 0. We have

g(t,  x) = VAz + 12 = VI\z + 12 > A\Vz + 12) = \g(t, z).
Let A € (0,1), ¢ € [0,1] and x,y > 0. We have

1
AL Y) = 12 4+ VAz + ————
i y) se;

2

=t +VAir + ————

SRV

1

> 2

_VK@<+¢E+ EIT)

= A2t 2,y).
Then condition (H3) of Theorem is satisfied with 5 = 1/2. Let t € [0,1] and
z,y € [0,+00). We have
1
fltay) =12+ Vo + >+ Vo =1-g(t,x).
NoES

Then condition (H4) is also satisfied with g = 1.
Finally, it follows from Theorem that Problem (3.2)) has a unique positive
solution z* € Py, where h(t) =2, t € [0,1].

Our second main result uses the following assumptions: is the following.

(H5) the functions f : [0,1] x [0,+00) X [0,+00) — [0,400) and g : [0,1] x
[0,4+00) — [0, +00) are continuous;

(H6) there exist two positive constants ky and k, with k¢ +k, € (0,4) such that
for all x > w, y <w, t €10,1],

0< f(t,z,y) — f(t,u,v) < kfmax{z —u,v — y}, (3.3)
0<g(t,z)—g(tu) <kylx—u);
(H7) there exist zg,yo € P such that

xo(t)g/o Gt 5)F (5, 20(5), 50(5)) + (5, 20(5))] ds + CBE), ¢ € [0,1],
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yo(t)Z/O G(t, 8)[f (s,90(s), x0(s)) + 9(s, 0(s))] ds + CO(t), t€[0,1].

Theorem 3.3. Assume (H5)—(HT7) ar satisfied. Then

(1) Problem (L.1) has a unique positive solution x* € P;
(2) the sequences {x,,} and {y,} defined by

n(t) =/0 G(t,8)[f (s, 2n-1(s), yn—1(5)) + g(s, n-1(5))] ds + (D(2),

1
i(®) = [ G5, 31m1(5) 0001 (9) + a5, 11 (5))] ds -+ CR(0),
forn=1,2,..., converge uniformly to x*.

Proof. Define the mapping F' : P x P — P by

F(u,0)(t) :/0 G(t,5)[f (s, u(s),v(s)) + g(s,u(s))] ds + C(t).

Clearly, from (H5), the mapping F is well defined. We endow P with the metric
d(u,v) = |lu—v|, (u,v)€PxP,
where || - || is given by (3.I)). We consider the partial order < on P given by
u,veEP, uxv<=v—ue€eP”P

In Example we proved that (P, <) is directed and (P, =, d) is regular.

From (H6), we show easily that the mapping F has the mixed monotone property
(with respect to <).

Now, let (z,y), (u,v) € P x P such that > v and y < v. Again, from (H6), for
all ¢t € [0, 1], we have

[P, y)(t) — F(u, 0)(0)
1
= | G 50(6).(5) = Fs. (o), v(51) + o) s, u(s))] ds
< [ Gts) (ks + g max{a(s) — uls). o) ~ y(s) ds
0

1
< (ks + k) max{d(z, u), d(y, v)} / G(t, ) ds

ki +k
< ] max{d(z,u),d(y,v)}.
The above inequality follows from Lemma Thus, for all (x,v), (u,v) € P x P
such that x > v and y < v, we have

A(F(z,y), Flu,0)) < & : %0 max{d(z, u), d(y, v)}.

Taking ¢(r) = r and ¢(r) = (1 — %)r for all r > 0, since ky + kg4 € (0,4), we
have 9, ¢ € 3. Moreover, from the above inequality, we have

Y(d(F (z,y), F(u,v))) < p(max{d(z, u),d(y,v)}) — p(max{d(z, u),d(y,v)}),
for all x = u and y < v.

On the other hand, from (H7), we have ¢ = F(zg, yo) and yo = F(yo, zo). Now,
the desired result follows immediately from Lemma [2.10] (]



EJDE-2013/173 EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS 9

We end this article we the following example.

Example 3.4. Consider the fourth-order two-point boundary-value problem
1

—_— t

MOES I
w(0) = u/(0) = 0, (3.5)

W"(1) =0, u®(1) =~

where ¢ > 0 and ¢ : [0,1] — [0,4+00) is a continuous function. Consider the

functions f : [0,1] x [0, +00) X [0, +00) — [0,400) and g : [0, 1] x [0, +00) — [0, +00)

defined by

u™® (t) = u(t) + 0<t<l,

[ty =+ — +a(0). glta) =0,
for all t € [0,1], =,y € [0, +00). Then is equivalent to
u® () = flt,u(t), ut)) + gt ut)), 0<t<1,
u(0) = u'(0) =0,
u"(1) =0, u®(1)=—¢

Clearly, f is a continuous function. Let ¢ € [0,1], z,y,u,v € [0,400) such that
x > u and y < v. We have

v—y
0 ft,z,y) — ft,u,v) =(r —u) + ———————
< flta) = f(tu) = (o =) + s
<(zx—u)+ (v—y) <2max{r —u,v —y}.
Then condition (H6) is satisfied with ky = 2 and k4 = 0. Now, we shall prove that
condition (H7) is satisfied with

1
29 =0, y05§+1+/ q(s) ds.
0
Clearly, we have
1
x2o(t) =0 < / G(t,8)f(s,0,y0(s))ds + ¢®(t), forallte[0,1].
0

Now, using Lemma [2.2] for all ¢ € [0,1], we have

/ Gt 0 (s).0) ds + Co(1) < 1 / 55,0, 0)ds +.)

IA

2
;(/01 f(s,90(s),0) ds+()
= 1(/01(yo+1+(J(3))ds+C)

2
=y°+1+1(/01q(s)ds+c) = Yo

2 2
Thus, for all ¢ € [0, 1], we have

yo(t)Z/O G(t,s)f(s,y0(s),0)ds + (P(¢).
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Finally, all the hypotheses of Theorem [3.3] are satisfied. Then, we deduce that
Problem (3.5)) has a unique positive solution.
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