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ULAM-HYERS-RASSIAS STABILITY OF SEMILINEAR
DIFFERENTIAL EQUATIONS WITH IMPULSES

XUEZHU LI, JINRONG WANG

ABSTRACT. In this article, we present Ulam-Hyers-Rassias and Ulam-Hyers
stability results for semilinear differential equations with impulses on a com-
pact interval. An example is also provided to illustrate our results.

1. INTRODUCTION

Many researchers paid attention to the stability properties of all kinds of equa-
tions since Ulam [23] raised the famous stability problem of functional equations
(Ulam problem) in 1940. Such problems have been taken up by Hyers []], Rassias
[I7] and other mathematicians. Recently, the study of this area has the grown
to be one of the most important subjects in the mathematical analysis area. For
the advanced contribution on Ulam problem, we refer the reader to Andras and
Kolumban [1], Andras and Mészéros [2], Burger et al [4], Cadariu [5], Cimpean and
Popa [6], Hyers [9], Hegyi and Jung [7], Jung [I0] 1I], Lungu and Popa [12], Miura
et al [I3] [14], Obloza [15, [16], Rassias [I8], 19], Rus [20} 21], Takahasi et al [22] and
Wang et al [24].

However, Ulam-Hyers-Rassias stability of semilinear differential equations with
impulses have not been studied. Motivated by recent works [21] [24], we investigate
Ulam-Hyers-Rassias stability of the following semilinear differential equations with
impulses

'(t) = xx(t) + f(t,z(t), teJ :=J\{tr,...,tm}, J:=10,T],
Ax(ty) = In(z(ty)), k=1,2,...,m,
where 0 < T < 400, A > 0, f: J xR — R is continuous, I : R — R and ¢
satisfy 0 = tg < t1 < -+ <ty < timp1 = T, Az(ty) = x(t]) — z(ty), z(t)) =
lim_,o+ z(tx + €) and z(t; ) = lim._o- (ty + €) represent the right and left limits
of x(t) at t = ty.

We will adopt the concepts in Wang et al [24] and introduce four types of Ulam
stabilities (see Definitions : Ulam-Hyers stability, generalized Ulam-Hyers
stability, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias stabil-
ity for the equation . Next, we present the Ulam-Hyers-Rassias stability results
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for the equation (|1.1)) on a compact interval by virtue of an integral inequality of
Gronwall type for piecewise continuous functions (see Lemma [2.2)).

2. PRELIMINARIES

In this section, we introduce some notation, and preliminary facts. Throughout
this paper, let C(J,R) be the Banach space of all continuous functions from J into
R with the norm ||z||¢ := sup{|z(¢)| : t € J} for x € C(J,R). We also introduce the
Banach space PC(J,R) :={z: J = R:xz € C((tk, tk+1),R), k =0,...,m and there

exist z(t, ) and x(tﬁ), kE=1,...,m, with z(t, ) = z(tx)} with the norm ||z| pc :=
sup{|z(t)| : t € J}. Denote PC!(J,R) := {x € PC(J,R) : 2’ € PC(J,R)}. Set
lz]lpcr = max{||z||pc, ||*’||pc}. It can be seen that endowed with the norm

|- [lpct, PCY(J,R) is also a Banach space.

Definition 2.1. By a PC'-solution of the impulsive Cauchy problem
() = \x(t) + f(t,z(t)), teJ,
Ax(ty) = I(z(ty)), k=1,2,...,m, (2.1)
z(0) = xzp, =z €R,
we mean the function € PC'(J,R) that satisfies

t
z(t) = eMro + / A f(s,a(s))ds + Y ATWL(a(ty)), te
0 0<tp<t

Bainov and Hristova [3] studied the following integral inequality of Gronwall
type for piecewise continuous functions which can be used in the sequel.

Lemma 2.2. Let fort >ty > 0 the following inequality hold

t
z(t) < alt) + / glt,s)z(s)ds + > Br(t)x(ty), (2.2)
to to<tp<t
where Bi(t)(k € N) are nondecreasing functions for t > tog, a € PC([tg,),R.), a
is nondecreasing and g(t, s) is a continuous nonnegative function for t,s > to and
nondecreasing with respect to t for any fized s > tg. Then, for t > tqy, the following
inequality is valid:

s <a) T o+ e ( [ ott9as).

to<tr<t
3. BASIC CONCEPTS AND REMARKS

Here, we adopt the concepts in Wang et al [24] and introduce Ulam’s type sta-
bility concepts for the equation .
Let ¢ > 0, ¢ > 0 and ¢ € PC(J,R.) is nondecreasing. We consider the set of
inequalities
' (8) = My(t) — f(tyt)| <e, teT,

|Ay(te) — In(y(ty )| <€ k=1,2,...,m; (3-1)
the set of inequalities

ly'(t) = Ay(t) — f(ty()] < p(t), te T, (32)

|Ay(te) — Iyt ) <, k=1,2,....m;
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and the set of inequalities
ly'(t) = My(t) = [t y(®)] < eplt), te T,
|Ay(te) — I(y(tp)| < ep, k=1,2,...,m.
Definition 3.1. Equation is Ulam-Hyers stable if there exists a real number

cfm > 0 such that for each € > 0 and for each solution y € PC'(J,R) of the
inequality (3.1)) there exists a solution 2 € PC'(J, R) of the equation (1.1)) with

ly(t) — z(t)] < cpme, te
Definition 3.2. Equation (|1.1) is generalized Ulam-Hyers stable if there exists
Ofm € C(Ry,Ry), 0f,,(0) = 0 such that for each solution y € PC'(J,R) of the
inequality (3.1)) there exists a solution 2 € PC!(J,R) of the equation (1.1} with
y(t) —x(t)] < bfmle), te

Definition 3.3. Equation is Ulam-Hyers-Rassias stable with respect to (¢, 1)
if there exists cjf.,,, > 0 such that for each ¢ > 0 and for each solution y €
PCY(J,R) of the inequality there exists a solution * € PC(J,R) of the
equation with

(3.3)

ly(t) — 2(t)] < cpmpe(p(t) +10), te

Definition 3.4. The equation (I.1]) is generalized Ulam-Hyers-Rassias stable with
respect to (i, 1) if there exists cf,, ., > 0 such that for each solution y € PC*(J,R)
of the inequality (3.2)) there exists a solution x € PC!(J,R) of the equation (1.1
with

ly(t) — z(t)] < crmp(p(t) +1), t € J

Remark 3.5. It is clear that: (i) Definition[3.T]implies Definition[3.2} (ii) Definition
implies Definition (iii) Definition for p(t) = ¢ = 1 implies Definition
B.1

Remark 3.6. A function y € PC*(J,R) is a solution of the inequality if and
only if there is g € PC(J,R) and a sequence gi, k = 1,2,...,m (which depend on
y) such that
(i) lg(t)] <ep(t), t € J and |gx| < e, k=1,2,...,m;
(i) ¥'(t) = f(t,y(t) + g(t), t € J";
(iti) Ay(te) = Ie(y(ty)) + gx, k=1,2,...,m.
One can have similar remarks for inequalities and .

Remark 3.7. If y € PC'(J,R) is a solution of the inequality (3.3) then y is a
solution of the integral inequality

k t
) = 0) = S NI ) — [N (s

(3.4)
t
< eMmey + 6/ M= p(s)ds, te
0
In fact, by Remark [3.6] we have
/ !
y(t) = ft,y@) +9@), telJ,
(t) = f(t,y(t)) + g(t) (3.5)

Ay(t) = Lyt + g0 k=12,....m.
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Clearly, the solution of ([3.5]) is given by
k
y(t) = eAty(O) + Zex(tfti)fi(y(t;)) + Ze)\(tfti)gi
i=1 "

t t
+/ e“t‘s)f(&y(S))der/ Ag(s)ds, t € (tr tra]-
0 0

From this it follows that
k t
u(6) = My(0) = Y- XL ) - [ I fs.yl)ds
i=1 0
< Z eA(tfti)
i=1

¢
< eMmey + e/ A=) p(s)ds.
0

t
gl + / A |g(s)]ds
0

Clearly, one can give similar remarks for the solutions of the inequalities (3.2) and

B1).

4. ULAM-HYERS-RASSIAS STABILITY RESULTS

We use the following assumptions:
(H1) feC(J xR,R).
(H2) There exists Ly(-) € C(J,Ry) such that
|f(t,ur) — f(t,u2)| < Lg(t)|ur —usa|, for each t € J and all uq,us € R.

(H3) There exists pr > 0 such that |[I(u1) — Ip(u2)| < pglur — usg| for each
u,ug € Rand k=1,2,...,m.

(H4) Let ¢ € C(J,R4) be a nondecreasing function. There exists ¢, > 0 such
that

t
/ (s)ds < cyp(t), for eacht e J.
0
Now, we are ready to state the following Ulam-Hyers-Rassias stable result.

Theorem 4.1. Assume that (H1)-(H4) are satisfied. Then (1.1) is Ulam-Hyers-
Rassias stable with respect to (p, ).

Proof. Let y € PC'(J,R) be a solution of the inequality (3.3). Denote by x the
unique solution of the impulsive Cauchy problem

() = \x(t) + f(t,2(t)), teJ,

Az(ty) = Ip(z(ty)), k=1,2,...,m, (4.1)
z(0) = y(0).
Then we have
eMy(0) + f(f M=) £ (s, z(s))ds, for ¢ € [0,4],
My(0) + AT (z(t]) + [7 X9 f(s,2(s))ds, for ¢ € (t1, 1],

x(t) =

eMy(0) + S, ML ((t) + fg M=) f(s,2(s))ds, for t € (tp,,T).
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By (3.4), for each ¢ € (tg, tg+1], we have

0

k t
)= X0 = SN IL () — [ X fs.y(s)ds

¢
< eMmey + e/ A= () ds
0

<eeM(m+ )Y + o(t)-
Hence for each t € (ty,tr41], it follows that

ly(t) — (t)]
k

< Jott) = () = 3N IL(E) — [ f(s,u(s)as

0
k
i Z At—ti)
i=1

< e’ (m+ c)[ + ()] + /0 ALy (s)ly(s) — a(s)lds

i=1

Li(y(t7)) — Li=(8))] +/O A f(s,(5) — f(s,2(5))|ds

k
+ M " pily(ts) — a(t)].
i=1
By Lemma, we obtain

8) (0] < 2T (m+ )+ 0] T[ (14 preels X Erom)
0<tp<t

< crmpe(p(t) +4), te

where .
Crmp = (m+cy,) H(l + pke’\T)eexT Jo" Ls()ds > .
k=1
Thus, (1.1]) is Ulam-Hyers-Rassias stable with respect to (¢, ). The proof is com-
plete. O

Next, we replace (H3) by

(H3*) There exist nondecreasing functions py € C(R4,Ry), with pg(0) = 0 such
that

[T (ur) — I (u2)| < pr(lur — ual),
for each uj,us € Rand k=1,2,...,m.

Next, we present the following Ulam-Hyers stable result.

Theorem 4.2. Assume that (H1), (H2) and (H3*) are satisfied. Then (L.1) is
generalized Ulam-Hyers stable.

Proof. From the proof in Theorem we are led to the inequality

lo(t)] < e’ (m+T) + e’\T/ Ly(s)lv(s)|ds
0

k
+ TS pilE)), € (b tisa),
=1
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where v(t) := y(t) — z(t).
Let My = supcyy, 1, {[0(¢)[} for k& = 0,...,m. Then the inequality (4.2)
implies

t k
o(t)] < (m +T)eMe+ 6AT/O Ly(s)[o(s)ds + Ty pi(M;a)

i=1

for t € (tg,tr+1]. Using the standard Gronwall inequality we obtain

k

My <M ((m +T)e+ Z pi(Mi—l))eeAT o' £s()s, (4.3)

=1
Setting
Bo(€) = (m + T)ee Jo Ls(s)ds
k
Or(€) = ((m +T)e+ Z Pi(e’\Tei—l(G)))eem WL @ds =1 m,
=1

Obviously, the inequality implies
M, < e’\THk(e), k=0,....,m
Let 0f,,(e) = max{e*T0x(e) : k =0,...,m}. Hence
[w(t)| < Ofm(e).
Clearly 6¢,,, € C(Ry,R;) and 6¢,,(0) = 0. Thus, the equation is generalized
Ulam-Hyers stable. The proof is complete. (Il

5. EXAMPLE

Let A =1, o(t) = t, ¢ = 1. We consider the linear impulsive ordinary differential

equation
d(t) =x(t), tel0,2]\{1},

O (5.1)
C 14 |z(1))
and the inequalities

ly' () —y@®)| <et, te([0,2]\{1},

ly(1
|Ay(1) - ol || <e

Let y € PCY([0,2],R) be a solution of inequality (5.2). Then there exist g €
PCY([0,2],R) and g; € R such that:

e > 0. (5:2)

lgt)| <et, te [072]7 lg1] <'e, (5.3)
y'(t) =y(t) +g(t), tel[0,2]\ {1},
Ay(l) = 1|+y|(;l(_1)|)| +g1- (5.5)

Integrating ([5.4]) from 0 to ¢ via (5.5)), we have

) =910+ xaa 0 (T o) + [ e gt

for the characteristic function x (1 2(¢) on (1, 2].
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Let us consider the solution x of (5.1)) given by

olt) = ¢9(0) + xS
We have
t—1 1~ (17 b e
(0) = 201 = [0~ (22 — Tty Hon) + [ e atos

t
< ey(17) — 2(17)] + Mg + € / 9(s)ds
0

IN

t
ely(17) —x(17)| + ele + eet/ sds
0

IN

1
ely(17) —x(17)| + ele + eet§t2
elly(17) —x(17)| + efe(1 + ), t €[0,2],

N

which gives

ly(t) — z(t)] < e2(1+eX)e(t+1), tel0,2].

Thus, (5.1)) is Ulam-Hyers-Rassias stable with respect to (¢, 1).
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