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SOLVABILITY OF DEGENERATE ANISOTROPIC ELLIPTIC
SECOND-ORDER EQUATIONS WITH L!-DATA

ALEXANDER A. KOVALEVSKY, YULIYA S. GORBAN

ABSTRACT. In this article, we study the Dirichlet problem for degenerate
anisotropic elliptic second-order equations with L!-right-hand sides on a bounded
open set of R™ (n > 2). These equations are described with a set of exponents
and of a set of weighted functions. The exponents characterize the rates of
growth of the coefficients of the equations with respect to the corresponding
derivatives of the unknown function, and the weighted functions characterize
degeneration or singularity of the coefficients of the equations with respect to
the spatial variable. We prove theorems on the existence of entropy solutions,
T-solutions, W-solutions, and weighted weak solutions of the problem under
consideration.

1. INTRODUCTION

In the previous twenty years, the investigations on the existence and properties
of solutions to nonlinear equations and variational inequalities with L!-data, or
measures as data, have been developed intensively. As is generally known, an
effective approach to the solvability of second-order equations in divergence form
with L!-right-hand sides was proposed in [6]. Then closely related research has
been developed for nondegenerate isotropic nonlinear second-order equations with
L'-data, and measures as data, involving entropy and renormalized solutions [2} [7,
8, [9, [10}, 12, 16, 18, 19].

As for the solvability of nonlinear elliptic second-order equations with anisotropy
and degeneracy (with respect to the spatial variable), we note the following works.
The existence of a weak (distributional) solution to the Dirichlet problem for a
model nondegenerate anisotropic equation with right-hand side measure was es-
tablished in [II]. The existence of weak solutions for a class of nondegenerate
anisotropic equations with locally integrable data in R™ (n > 2) was proved in [4].
An analogous existence result concerning the Dirichlet problem for a system of non-
degenerate anisotropic equations with measure data was obtained in [5]. Moreover,
in [27], the existence of weak solutions to the Dirichlet problem for nondegenerate
anisotropic equations with right-hand sides from Lebesgues spaces close to L! was
established. Solvability of the Dirichlet problem for degenerate isotropic equations
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with L!-data and measures as data was studied in [I, B} 13} 15, 28]. We remark
that in I}, [13], the existence of entropy solutions to the given problem was proved in
the case of L'-data. In [3], the existence of a renormalized solution of the problem
for the same case was established. In [3| [15] 28], the existence of distributional
solutions of the problem was obtained in the case of right-hand side measures.

In this article, we study the Dirichlet problem for a class of degenerate anisotropic
elliptic second-order equations with L!-right-hand sides in a bounded open set
of R™ (n > 2). This class is described by a set of exponents ¢i,...,q, and of
a set of weighted functions vq,...,v,. The exponents ¢; characterize the rates
of growth of the coefficients of the equations with respect to the corresponding
derivatives of unknown function. The functions v; characterize degeneration or
singularity of the coefficients of the equations with respect to the spatial variable.
This is the most general situation in comparison with the above-mentioned works:

the nondegenerate isotropic case means that v;, =1 and ¢; = ¢q1, 7 = 1,...,n, the
nondegenerate anisotropic case means that v; = 1,1 =1,...,n,and ¢;, 1 = 1,...,n,
are generally different, and the degenerate isotropic case means that v; = vy, i =
1,...,n, as in [3 I3 O5, 28] or v;, i = 1,...,n, are generally different as in [I] but

G =q,1=1,...,n.

Our initial assumptions on the exponents ¢; and the functions v; are as fol-
lows: ¢; € (1,n), v; : 2 =R, 1, >0in Q, 1, > 0 ae. inQ, v € L] (Q) and
(1/v;)V/@=1 ¢ LY(Q). Considering such kinds of solutions to the given problem as
entropy solutions, T-solutions, W-solutions and weighted weak solutions, we prove
the corresponding existence results. In so doing, the theorem on the existence and
uniqueness of an entropy solution does not require additional conditions on ¢; and
v;, while the existence of other kinds of solutions is established under additional
conditions on the numbers ¢; and the exponents of increased summability (that
should be assumed) of functions 1/v; and v;.

In this connection, we observe that in the nondegenerate anisotropic case our
additional conditions for the existence of W-solutions are equivalent to a two-sided
bound for ¢; which coincides with that given in [4l [5]. Moreover, we note that,
unlike the present article, in [I3], the existence of entropy solutions was proved
under the assumption that the involved weighted function belongs to an appropriate
Muckenhoupt class. We also remark that in the case where ¢; = g1 and v; = v,
i = 1,...,n, our conditions for the existence of T-solutions are reduced to such
requirements on the summability of the functions 1/, and vy as in [28]. At last,
we observe that in [I], in the case where the functions v;, i = 1,...,n, are generally
different and ¢; = ¢1,7 = 1,...,n, the existence of entropy solutions was established
under some implicit hypotheses on vy, ..., v,.

This article is organized as follows. In Section 2, we describe a weighted anisotro-
pic Sobolev space and a set of functions which are used in the sequel. In Section 3,
we formulate the problem in question, consider different kinds of its solutions and
give the statements of the main results. Section 4 is devoted to the proofs of these
results. Observe that the proofs are based on the use of some results of [20, 21, 22]
on the existence and properties of solutions of second-order variational inequalities
with L'-right-hand sides and sufficiently general constraints. Finally, in Section 5,
we consider particular cases concerning the exponents ¢; and the weighted functions
v;, and give examples where conditions of the main theorems are satisfied.
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For completeness we note that an extensive bibliography on the existence and
properties of solutions of second-order variational inequalities with L!-data and
measure data one can find in [22].

As far as the solvability of nonlinear elliptic high-order equations with anisotropy,
degeneracy and L!-data is concerned, we refer the reader for instance to [23], 24} 25,
26] where classes of elliptic equations of fourth and higher order with coefficients,
satisfying appropriate strengthened coercivity conditions, were considered.

In [14], a class of nondegenerate anisotropic nonlinear elliptic equations of arbi-
trary even order with L'-data was considered, and the solvability of the Dirichlet
problem in the corresponding energy space was established. However, this was
made under a condition on the involved parameters which provides the imbedding
of the energy space into the space of bounded functions.

2. PRELIMINARIES

Let n € N, n > 2, Q be a bounded open set of R™, and let for every ¢ € {1,...,n}
we have ¢; € (1,n). Weset ¢ ={¢; :i=1,...,n}.

For i € {1,...,n}, let v; be nonnegative functions on € such that v; > 0 a.e. in
Q,
1\ 1/(ai—=1)
vi € Loe(@), (=) e LY(Q). (2.1)

We set v = {v; :i =1,...,n}. We denote by W14(v, ) the set of all functions
u € LY(Q) such that for every i € {1,...,n} there exists the weak derivative D;u
and v;|D;ul? € LY(Q).

Let || - ||1,4.» be the mapping from W4(v, Q) into R such that for every function
ue Whi(y,Q),

4 dx) qu.

n
g = [ fuldo+ 3~ ([ miDa
Q — ‘o

The mapping || - [|1,4,» is a norm in Wh4(r, Q), and, in view of the second inclusion
of (2.1), the set W14(1, () is a Banach space with respect to the norm || - [|1,q.,.
Moreover, by the first inclusion of (2.I]), we have C§°(€2) € W4 (v, ().

We denote by W4(1, Q) the closure of the set Cs°(Q) in the space Wh4(v, Q).
Obviously, the set Wl’q(u, ) is a Banach space with respect to the norm induced
by the norm || - ||1,4..- We observe that CA(Q) ¢ Wi (v, Q).

Further, for every k > 0, let Ty, : R — R be the function such that

s if |s| <k,

ksigns if |s| > k.

By analogy with known results for nonweighted Sobolev spaces (see for instance
[17, Chapter 2]) we have: if u € W9(,Q) and k > 0, then Tj(u) € Wh4(v, Q)
and for every i € {1,...,n}, DiTy(u) = Diu - 1{ <k} a.e. in Q.

We denote by 74(v, Q) the set of all functions u : @ — R such that for every
k>0, Ti(u) € W9(v,Q). Clearly, Wh4(v, Q) € T44(v,Q). For every u: Q — R
and for every x €  we set

k(u,z) = min{l € N : |u(z)| < }.
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Definition 2.1. Let u € 7%, Q) and i € {1,...,n}. Then &u: Q@ — R is the
function such that for every x € Q, d;u(x) = DiTj(u,z)(w)(T).

Definition 2.2. If u € 714 (v, ), then du : Q@ — R™ is the mapping such that for
every « € Q and for every i € {1,...,n}, (du(z)); = du(x).
Now we give several propositions which will be used in the next sections.

Proposition 2.3. Let u € ’fl’q(u, Q) andi € {1,...,n}. Then for every k > 0 we
have D;Ty(u) = 0ju - 1<k} a.e. in §2.

The proof of this proposition is analogous to the proof of the corresponding result
given in [I§] for the nonweighted case.

Proposition 2.4. Let u € T5(v,Q) and w € W4(v, Q) N L®(Q). Then u—w €
TY9(v,Q), and for every i € {1,...,n} and for every k > 0 we have

DTi(u—w) =6u—Diw ae. in{|lu—w|l <k}

Proposition 2.5. Let u € T9(v,Q) and |0u| € LY(Q). Then u € WHL(Q) and
for every i € {1,...,n} we have D;u = d;u a.e. in Q.

The proofs of the two propositions above can be found in [20].

3. STATEMENT OF MAIN RESULTS

Let c1,¢c2 > 0, g1,92 € LY (), 91,92 = 0 in Q, and for every i € {1,...,n}, let
a; : 2 X R™ — R be a Carathéodory functions. We suppose that for almost every
x € Q and for every £ € R”,

3 (@)D @l O < 03 n@lel + o), (G
i=1 i=1
Y ai(@, )& = 0y vil@)[&]" — ga(w). (3.2)
=1 =1

Moreover, we assume that for almost every z €  and for every £, € R™, £ # ¢/,

n

> lai(z,€) — ai(z, ))& — &) > 0. (33)

i=1
Note that the following assertions hold: if u,w € Wh9(»,Q) and i € {1,...,n},
then

ai(x, Vu)Dyw € LY(Q); (3.4)
ifue TH (), w e Wh(p,Q)NL®(Q), k> 0,1 > k+ |w|| g () and i €
{1,...,n}, then

a;(z,0u) DTy (u — w) = a;(x, VI (w))D; Ty, (u —w) a.e. in € (3.5)
ifue T, Q), we W (v, Q) NL®(Q), k>0and i€ {1,...,n}, then
ai(x,0u) DTy, (u — w) € L*(Q). (3.6)

Assertion (3.4) is established with the use of (3.1). Assertion (3.5)) is proved by
means of Propositions and Assertion (3.6)) is derived from Proposition

and assertions (3.4) and (3.5).
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Let f € L'(Q), and consider the Dirichlet problem

- ; % a;(x,Vu)=f inQ, (3.7)
u=0 on 9. (3.8)

Definition 3.1. An entropy solution of problem (3.7), (3.8) is a function u €
T19(v,Q) such that for every function w € Wh4(y,Q) N L>(Q) and for every
k>1,

/Q { 2": ai(x, du) DTy, (u — w)}dx < /Qka(u — w)dz.

i=1
Theorem 3.2. There exists a unique entropy solution of problem (3.7), (3.8]).

Definition 3.3. A T-solution of problem (3.7)), is a function u € T49(v, Q)
such that:

(i) for every i € {1,...,n}, a;(x,du) € L*();

(ii) for every function w € C}(€),

n
/ {Z ai(x,éu)Diw}dx = / fwdz.
Qi Q
The next theorem shows that under additional conditions on ¢ and v the en-

tropy solution of problem , is a T-solution of the same problem. For the
statement of this and further results we need the following numbers depending on
the set gq. We define

n

= Xa)

@

i=1
and for every m € R™ such that m; > 0,7=1,...,n, we set
n
14+ m; -1
P zn( —1) .
" ; migi

Observe that if m € R™ and for every ¢ € {1,...,n}, m; > 1/(¢; — 1), then
Pm > 1. Moreover, if m € R"™ and for every ¢ € {1,...,n} we have m; > 1/(q; — 1)
and 1/v; € L™ (Q), then the space W4(1, () is continuously imbedded into the
space LPm (). This fact follows from [22 Proposition 2.8]. In turn, the mentioned
proposition was established with the use of an imbedding result for the non-weighted
anisotropic case [29].

Theorem 3.4. Suppose that there exist m,o € R™ such that the following condi-
tions are satisfied:

m; >1/(¢i—1), 1/v;e L™ (Q) Vie{l,...,n} (3.9)

1 (s — 1)g ) .
o, >0, —<1-— — , vy eL%(Q) Vie{l,...,n}. 3.10
0; pm(q_l) ( ) { } ( )

Let u be the entropy solution of problem (3.7)), (3.8). Then u is a T-solution of
problem (3.7)), (3.8]).

From Theorems and we deduce the following result.
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Corollary 3.5. Suppose that there exist m,o € R™ such that conditions (3.9)) and
(3.10) are satisfied. Then there exists a T-solution of problem (3.7)), (3.8).

As we see, T-solutions of the given problem belong to function set 70’1"1(1/, Q),
and in general such solutions do not have weak derivatives. Now let us consider a
kind of solutions having weak derivatives.

Definition 3.6. A W-solution of problem (3.7), (3.8) is a function u € W1(Q)
such that:

(i) for every i € {1,...,n}, a;i(z, Vu) € L*(Q);

(ii) for every function w € C}(€),

n
/ {Z ai(x,Vu)Diw}da: = / fwdz.
Qi Q

Proposition 3.7. Let u € ’]O’l’q(u, Q). Then u is a W-solution of problem ({3.7)),
(3-8)) if and only if u is a T-solution of problem (3.7), (3.8) and |6u| € L*(Q).

For the proof of this result it suffices to use Propositions 2.3 and [2.5] along with
the fact that D;T(w) = Diw - 1<k} ae. in Qif w € WH(Q), k > 0 and
ie{l,...,n}.

Theorem 3.8. Suppose that there exist m,o € R™ with positive coordinates such
that the following conditions are satisfied:

q 1 . .
4 g 1-—, YumeL™(Q) Vie{l,... n); 3.11
@) q - / Q) { } (3.11)
1 (¢ —1)q v )
S 1M i) Vie{l,....n). 3.12
o (@ —1) Q) { } (3.12)

Let u be the entropy solution of problem (3.7), (3.8). Then u is a W-solution of
problem (3.7)), (3.8]).
From Theorems and we infer the following result.

Corollary 3.9. Suppose that there exist m,o € R™ with positive coordinates such
that conditions (3.11)) and (3.12)) are satisfied. Then there exists a W -solution of
problem (3.7)), (3.8]).

Now we consider another kind of solutions (in the sense of an integral identity)
whose existence requires less additional conditions as compared with W-solutions.
We denote by V14(1, Q) the set of all functions w € W4(v, Q) N L>(€2) such
that for every i € {1,...,n}, Vil/qiDiw € L>=(Q). Obviously, the set V14(v, Q)
is nonempty. Moreover, if for every i € {1,...,n} we have v; € L (Q), then
CH(Q) C V(v Q).
DeﬁPition 3.10. A weighted weak solution of problem , is a function
u € TH49(v,Q) such that:
(i) for every i € {1,...,n}, l/il/‘“ci-u € LY(Q);
(ii) for every i € {1,...,n}, (1/v;)"%a;(z,6u) € L*(Q);
(iii) for every function w € V14(v, Q),

n

/Q{Z ai(x,du)Diw}dx - /wa de.

i=1



EJDE-2013/167 SOLVABILITY OF ELLIPTIC EQUATIONS 7

Observe that if for every ¢ € {1,...,n}, 1/v; € L*>®(), and u is a weighted
weak solution of problem , , then u € W“(Q) Moreover, if for every
i€ {l,...,n}, v, = 1, and u is a weighted weak solution of problem , ,
then u is a W-solution of the same problem. These facts are easily established with
the use of Proposition [2.5

Theorem 3.11. Suppose that there exists m € R™ such that the following condi-
tions are satisfied:

m; =2 1/(g;—1), 1/v; € L™(Q) Vie{l,...,n}k (3.13)

1
P > %max{ﬁ, qi — 1} Vie{l,...,n}. (3.14)

Let u be the entropy solution of problem (3.7), (3.8). Then u is a weighted weak
solution of problem (3.7)), (3.8]).
From Theorems [3.2] and we obtain the following result.

Corollary 3.12. Suppose that there exists m € R™ such that conditions (3.13) and
3.14) are satisfied. Then there exists a weighted weak solution of problem (3.7)),
3 8;

From Theorems and we deduce the following result.

Corollary 3.13. Suppose that there exist m,o € R™ with positive coordinates such
that conditions and are satisfied. Then the entropy solution of problem
, 1s also a T-solution, a W -solution and a weighted weak solution of the
same problem.

4. PROOFS

4.1. Basis for the proofs. Here we give two results which were established in
[20, 21], 22]. They form a basis for the proof of the theorems stated in the previous
section.

Theorem 4.1. Let V be a closed convex set in Wl’q(u, Q) satisfying the conditions:
VN L*(Q) # 0, (4.1)
ifu,weV and k>0, then u — Ty (u —w) € V. (4.2)
Then there exists a unique function u € ’Zo'l"z(u, Q) such that the following assertions
hold:
(i) for every w € VN L>(Q) and for every k > 1 we have w — Tx(w —u) € V;
(i) ifw e VNL®Q), k=1 andl =k + ||w|| L), then

n

/Q { Z ai(x, VI (u)) DTy (u — w)}dx < / f Ti(u — w)dz.

i=1 Q
We note that conditions (3.2)) and (3.3]) are essential in the proof of the given
theorem.
Proposition 4.2. Let m € R", and let condition (3.9) be satisfied. Let V be

a closed convex set in Wl’q(u, Q) satisfying conditions (4.1) and (4.2). Let u €
TY9(v,Q), and let assertions (i) and (ii) of Theorem hold. Then for every

i€{l,...,n} and for every X\, 0 < X\ < %, we have Vil/qiéiu € LMNQ).
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4.2. Proof of Theorem [3.2] Applying Theorem [£1] for the case where V =
Wh4(1,Q), we obtain that there exists a unique function u € 7%4(v, Q) such that
the following assertion holds: if w € W1(v,Q) N L®(Q), k > 1 and | = k +
||'U)||Loo(Q), then
/ { 3" ai(e, VTi(u) DiTi(u — w)}d:c < / FTio(u — w)dz.
Qi Q

This and assertion (3.5) imply that u is the unique entropy solution of problem
(3.7), (3.8). The proof is complete.

4.3. Proof of Theorem First of all, taking into account Proposition [2.4] and
assertion (3.5)), from Proposition we deduce the following result.

Proposition 4.3. Let m € R"™, and let condition (3.9)) be satisfied. Let u be the
entropy solution of problem (3.7)), (3.8). Then for every i € {1,...,n} and for

every A, 0 < A < %, we have uil/qiéiu € LMN9).

Now, suppose that there exist m,o € R™ such that conditions (3.9) and -

are satisfied, and let u be the entropy solution of problem (3.7] , (13.8))-
Let us show that for every i € {1,...,n}, a;(x,du) € L' (). In fact, let i €

{1,...,n}. By (3.1), we have

|a;(z, du)| < (e1+1) Z ul/q’ 1/%6 jul% ‘11_1)/‘1l+u1/q’ (@=D/ai 4 e in Q. (4.3)
j=1

Using Young’s inequality with the exponents ¢; and ¢;/(g; — 1), we obtain that

l/ql ( ~/a < v; + g1. Hence, taking into account that g; € L'(Q) and, by
condltlon (B:10), v; € L*(£2), we infer that

A N A (1)) (4.4)
Next, we fix j € {1,...,n} and set
N oi(qi — 1)g;

Y oigi—1
Using Young’s inequality with the exponents o;¢; and 0;¢;/(0;q; — 1), we obtain

1/%‘
v

1/q; i(qi— i gi 1/q; i
A P R A (4.5)
Observe that, by condition (3.10]), we have

v; € L7(Q), (4.6)

4;pm(q@—1)
Pm (g - 1) +q
Since condition (3.9) is satisfied, from the latter inequality and Proposition [£.3] it
follows that V; /9 §ju € L (). This inclusion along with (4.6) and (4.5) implies
that for every j € {1,...,n},

1/%
Vi

>\ij <

V;/‘]j&jul%‘(%’_l)/%‘ e LY(Q). (4.7)

From (4.3), (4.4) and (4.7) we deduce that for every i € {1,...,n}, a;(z,du) €
LY(Q).
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Further, we fix w € C}(Q) and for every h € N we set wy, = Tj,(u) — w. Now let
us fix k > ||w||p(q) + 1, and let h € N. Since v is the entropy solution of problem

B-7), B8) and wy € Wha(v,Q) N L°(R), by Definition 3.1 we have

/Q { Z a;(z, ou)D; Ty (u — wh)}dm < /Qka(U — wp,)dx. (4.8)

i=1
From Propositions and it follows that for every i € {1,...,n},
DTy (u —wn) = (6w L{juzny + Diw) - Lju—w,|<ky a-e. in Q.
Using this fact and (3.2)), we obtain

n

/Q { Z: a;(z, 6u)D; Ty (u — wh)}daz

=
/{u—w;b|<k} {;

This and (4.8) imply that for every h € N,

ai(x,éu)Diw}dx —/ gad.

{lul=h}

n

/{ {Z (=, 5qu dz < /ka U_wh)d33+/ godz.  (4.9)

lu—wn|<k} ~ ;24 {lulzh}

Observe that for every h € N, meas(2\ {Ju — wn| < k}) < meas{|u| > h}. Then,
taking into account that meas{|u| > h} — 0 as h — 400 and the functions go and

ai(x,0u)D;w, i = 1,...,n, are summable in ), we obtain
/ {Z ai(x,du)Diw}dx — / {Z ai(x,éu)Diw}dx, (4.10)
{lu—wn|<k} >34 Qi
/ godx — 0. (4.11)
{lulzh}

Finally, since v — wy, — w in Q and k > ||wl| (), we have Tj(u — wp,) — w in Q.
Hence, applying Dominated Convergence Theorem, we obtain

/ fTie(u—wp)de — / fwdz. (4.12)
Q Q
From f we infer that
/{Zaz(x 6qu /fwdx
Q

i=1
Therefore, for every w € C} (1),

n

/Q{Z ai(xvéu)Diw}dI = /wa dz.

i=1

This completes the proof of Theorem [3.4]
We remark that the idea of using the functions wj, = Ty (u) — w in the above
proof is taken from [6, Corollary 4.3].
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4.4. Proof of Theorem Suppose that there exist m,o € R" with positive
coordinates such that conditions (3.11]) and are satisfied, and let u be the
entropy solution of problem (3.7), (3.8). Let us show that |su| € L*(€2). In fact,
let i € {1,...,n}. Clearly,

6:u) = (1/v) Y% | %5u]  ace. in Q. (4.13)
Using Young’s inequality with the exponents m;q; and m;q;/(m;q; — 1), we obtain
(L/vi) 94w} T ] < (1w) ™+ v} @ | i/ (miai =) (4.14)

By condition (3.11]), we have 1/v; € L™:(€2) and

mig; 2ipm(q — 1)
migi =1  pm(@—1)+7q"
This along with Proposition and and implies that |6;u| € L'(€),
i=1,...,n. Hence, |6u| € L*(2). Then, taking into account that conditions
and are satisfied and using Theorem [3.4] and Proposition we obtain that
u is a W-solution of problem , . The proof is complete.

4.5. An integral identity for the entropy solution. According to Theorem

under conditions (3.9) and (3.10)) the entropy solution of problem (3.7), (3.8)

is a solution in the sense of an integral identity for functions in C(Q). In this
subsection, for every function u € 7%4(v, Q) we introduce a function set M (u) and
show that if w is the entropy solution of the problem under consideration, then
u satisfies the corresponding integral identity for functions in M (u). This result,
having a self-contained interest, will be used in the proof of Theorem

For every function u € '20'1"1(1/, Q) we set

M(u) = {w e WH (v, Q) N L=®(Q) : a;(x, 6u)Dyw € LY(Q), i =1,...,n}.
Clearly, if u € T7%9(v, ), then the set M (u) is non-empty.

Proposition 4.4. Let u be the entropy solution of problem (3.7), (3.8). Then for
every w € M(u),

/ {Z ai(m,(Su)Diw}dx = / fwdz.

Qi Q

Proof. We fix w € M(u) and for every h € N we set w, = Tp(u) — w. Then
we fix k > |lw|[p=) + 1, and let h € N. Since u is the entropy solution of
problem , and wy € Wl’q(u, Q) N L>(Q), by Definition inequality
holds. Then, arguing as in the proof of Theorem for every h € N we
obtain inequality (4.9). At the same time limit relations (4.10)—([£.12) hold. We
only note that now the convergence in is justified by the fact that for every
i€ {l,...,n}, ai(x,du)D;w € L(Q), which holds due to the inclusion w € M (u).
From (£.9)-(£.12) we derive the required result. The proposition is proved. O

Corollary 4.5. Let u be the entropy solution of problem (3.7), (3.8). Then for
every function w € Wh4(v,Q) N L>(Q) and for every k > 0,

n

/Q { Z ai(z, 0u)D; T (u — w)}dm = /Q fTip(u —w)dz.

i=1
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Proof. Let w € Wh4(y, Q) N L*°() and k > 0. By Propositio and assertion
([3:6), we have Tj,(u — w) € M(u). Then from Proposition we deduce the
required equality. O
4.6. Proof of Theorem Suppose that there exists m € R™ such that con-
ditions and are satisfied, and let u be the entropy solution of problem
B7). B3

Let i € {1,...,n}. By condition (3.14), we have p,,(g — 1) > g/(¢; — 1) and
Pm(q — 1) > G(q; — 1). Hence,

apm(@—1) -1 _ pm(@—1)

pm(q_l)—i_q’ 4i pm(ﬁ—l)-i'?
Since condition coincides with condition , in view of Proposition and
inequalities (4.15]), we have Vil/qi S;u € LY(Q) and

)/ 6 u|9s (6= D/5 e LYQ) Ve {1,...,n}.
Therefore, taking into account that, by (3.1)),

1< (4.15)

n
ai(z,0u)| < (c1 +1) Z |V;/qj6ju|q-7(qi_l)/qi 4l e inQ,
j=1
we obtain the inclusion (1/v;)'/%a;(x,0u) € L*(Q).

Thus, u € ’j’l’q(u, ) and properties (i) and (ii) of Definition hold. At the
same time, property (i) of this definition implies that V1%(r, Q) C M(u). Then,
by Proposition property (iii) of Definition holds. Hence, u is a weighted
weak solution of problem , (13.8]). This completes the proof.

(1)t

5. PARTICULAR CASES AND EXAMPLES

First of all we note that Definitions [3.1} [3.3] and [3.6| have the same form with the
definitions of the corresponding kinds of solutions studied in [6, [8, 9] in the case
of nondegenerate isotropic elliptic second-order equations with L!'-data. It is easy
to see that in this case (¢; = ¢1 and v; = 1 for every i € {1,...,n}) there exist
m,o € R™ satisfying conditions and , and the existence of m,o € R"
with positive coordinates, satisfying conditions and , is equivalent to
the requirement g; > 2—1/n. Thus, the results of Section 3 on entropy, T- and W-
solutions of problem , generalize the known results concerning solutions
of nondegenerate isotropic elliptic second-order equations with L!-right-hand sides.

In regard to the nondegenerate anisotropic case we state the following proposi-
tion.

Proposition 5.1. Let v; =1 for alli € {1,...,n}. Then
(i) the existence of m,o € R™ satisfying conditions (3.9) and (3.10)) is equiva-
lent to the requirement

(n—1g .
(ii) the existence of m,o € R™ with positive coordinates satisfying conditions

(3.11) and (3.12) is equivalent to the requirement

m<q1<(7:1_1q)(1 Vie{l,...,n}; (5.2)
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(iii) the existence of m € R™ satisfying conditions (3.13)) and (3.14) is equivalent
to requirement (5.2)).

We omit the proof of the proposition because of its simplicity. Observe that
requirement ([5.2)) coincides with the condition imposed on the corresponding expo-
nents in [4, 5] where only the nondegenerate case was considered.

Example 5.2. Letn >3, 1 <a<n/2,a<f<n,andletq; = aifi=1,... ,n—1,
and g, = 8. We have
-2
com=2)
n—1—-a«

It is easy to verify that requirement (5.1 is equivalent to the condition

a(n — 2)
n—1—a’

8 < (5.3)

and if n > 4 and @ > 2—1/n, then requirement ([5.2)) is also equivalent to condition

B3).

As far as the degenerate isotropic case is concerned, the following proposition
holds.

Proposition 5.3. For everyi € {1,...,n}, let ¢; = q1 and v; = v1. Then

(i) the existence of m,o € R™ satisfying conditions and 18 equiv-
alent to the existence of t,s € R such that t > 1/(¢n — 1), t > n/q,
s >nt/(tq —n), 1/v; € LY(Q) and vy € L(Q);

(i) the existence of m,o € R™ with positive coordinates satisfying conditions
and is equivalent to the existence of t, s € R such thatt > n/q,
1/t<q —2+1/n, s>nt/(tqg —n), 1/vy € LYQ) and vy € L*(Q);

(iii) the existence of m € R™ satisfying conditions and is equivalent
to the existence of t € R such thatt > 1/(q1 — 1), t > n/q1, 1/t < q1(q1 —
2+ 1/n) and 1/, € L*(Q).

Proof. Let m,o € R™, and let conditions (3.9)) and (3.10) be satisfied. Setting
t=max{m;:i=1,...,n}, s=o1, (5.4)

by conditions and (3.10), we immediately have t > 1/(q1 — 1), 1/1, € L*()
and vy € L*(Q). Moreover, since ¢ = ¢ and ¢1/pm > 1—q1/n+1/t, from condition
we derive that ¢ > n/q; and s > nt/(tq1 — n). Conversely, let ¢, s € R, and
let t >1/(qg1—1),t >n/q, s >nt/(tqx —n), 1/vy € LY(Q) and vy € L*(Q). Then,
taking m, o € R™ such that for every i € {1,...,n}, m; = t and o; = s, without any
difficulties we obtain that conditions and are satisfied. Thus, assertion
(i) is valid.

Next, let m,0c € R"™, for every i € {1,...,n}, m; > 0 and o; > 0, and let
conditions and be satisfied. Using these conditions, for ¢, s € R defined
by we easily establish that ¢t > n/q1, 1/t < ¢1 — 24 1/n, s > nt/(tqn — n),
/vy € LY(Q) and vy € L%(Q). Conversely, if we have t,s € R with the given
properties, then, taking m,c € R™ such that for every i € {1,...,n}, m; =t and
o; = s, we easily get that conditions and are satisfied. Thus, assertion
(ii) is valid.
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Finally, let m € R™, and let conditions (3.13) and (3.14]) be satisfied. Setting
t =max{m;:1=1,...,n}, we have

a 1 _a
1l——4+-< —. 5.5
s (5.5)

Pm
At the same time, from condition we infer that ¢t > 1/(¢g1 — 1) and 1/ €
L¥(£2), and from condition we obtain that ¢; /p, < min{(¢; — 1)?, 1}. This
and imply that ¢t > n/q; and 1/t < ¢1(¢1 —2+1/n). Conversely, if t € R, and
t>1/(qn—1),t >n/q, 1/t < q1(q1 — 2+ 1/n) and 1/, € LY(Q), then, taking

m € R™ such that for every i € {1,...,n}, m; = t, we easily get that conditions
(3.13) and (3.14) are satisfied. Thus, assertion (iii) is valid. This completes the
proof of the proposition. (I

We remark that the conditions on ¢, s and v in assertion (i) of Proposition
are of the same kind as in [28]. The following two examples concern the degenerate
anisotropic case.

Example 5.4. Let n >3 and 1 <a<n—1. Wehave a < a(n—2)/(n—1—«a).
Let

a<ﬂ<min{%,n}. (5.6)
Since, by (B.6), B(n —1—a) < a(n—2), we have (3 —a)/(8—1) < a/(n—1). Let
0<’y<nmin{%—%,a—l}. (5.7)
Since, by (5.7),
7, B« a
ﬁ+ﬂ—1<n—1’
we have
n—1/v -«
 « (ﬁ+ﬂ—1)>0
Let
0<T<nmin{ﬁ[1—n;l(%—i—gii)],ﬂ—l}. (5.8)

Next, assume that Q = {x € R” : |z| < 1}. Moreover, let ¢; = « and for every
x € Q, y(x) =|z[Yifi =1,...,n—1, and let ¢, = [ and for every z € Q,
vn(x) = |z|".

It is easy to see that for every i € {1,...,n}, ¢; € (1,n) and v; € L'(Q).
Besides, since in view of and (5.8), v < n(a —1) and 7 < n(3 — 1), for every
i€{l,...,n} we have (1/v;)"/(@=Y ¢ L1(Q).

Taking into account and , we fix a positive number 1 such that

g1 < min{n(a_ D _ 1, ﬂ(ﬁT— D_ 1}, (5.9)
1 _
%[(n—l)%+%]<l—%—na (%+g_i‘) (5.10)

Now, define ¢ =1 + €1, and let m € R™ be such that m; = %ifz‘:l,...,nfl,
and m,, = &

TE"
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Using (5.9) and the inequality € > 1, we establish that condition (3.9)) is satisfied.
Moreover, using (5.10)), we obtain

n

n m;q;

Pm —
_lyn—1 1 (m-1)y 7 ea(n-1Dy 7
B R R e e e [
1l (n—1D(@-1)y _ g-1
St R v Sk
Hence ( )
,M
1 pm(a—1)>0' (5.11)
Then, fixing Gy > 0 such that
1 _,_B-1g
ﬁ0<1 pm(ﬁ—l)

and taking o € R™ such that for every i € {1,...,n}, 0; = By, due to the inequality
a < (3, we establish that condition (3.10) is satisfied.
Next, suppose additionally that n > 3 and o > 2. Obviously, « — 1 > 1/(8 — 1),

and from ({5.11)) it follows that condition (3.14]) is satisfied. Moreover, if additionally
we have

ol 1 T 1
0% 1 y T 1 T
E51<a*1*ﬁfﬁ, ﬁ€1<a71—ﬁfﬁ,
then for every i € {1,...,n},
1 1
ﬁ<a—1—ﬁi,

and from (5.11)) it follows that condition (3.11)) is satisfied.
Example 5.5. Let n > 3 and (2n—3)/(n—1) < o <n—1. We have an > 2(n—1)

and ( 2
max{ﬁ(n_l), a} < min{:_nﬁ ) n}
Let
max{om_;m_l),a}<ﬁ<min{m7n}. (5.12)
We set

n—1  1\-1
rzn( —1—7) .

Since, by (5.12)),

! a(n —2)
an —2(n—1) <5<n—1—oz7
we have
1 1 r . 1
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Consequently, taking into account that o < 3, we obtain

(Ll)@d

r n/ r—1
We define o, by
1 1 1 1y(ae—=1Dr
or _<r_n> r—1
and fix v and 7 such that n/o, <y <nand 0 <7 <n.

Next, assume that Q@ = {& € R™ : |2| < 1}. Moreover, let ¢; = « and for
every x € Q\ {0}, vi(z) = |z|7Yif i =1,...,n — 1, and let g, = § and for every
x € Q\{0}, vp(z) = |z|~". Tt is easy to see that for every i € {1,...,n}, ¢; € (1,n),
v; € LY(Q) and (1/1;)Y(@=1) € L1(Q). Besides, we have

q=r (5.14)
Taking into account , we fix a number r; such that
1—1<7~1<T_1min{ L ,a—1} (5.15)
roon r 6—1
and then we fix a number ¢ such that ¢ > 1/(av — 1) and
i&<r;1mm{ﬁil,af1}fm. (5.16)

Now let b € R™ be such that b; =¢,i=1,...,n. For every ¢ € {1,...,n} we have
b; > 1/(q; — 1) and 1/v; € L% (). Moreover,
1 1 1 1

w o on tr
This equality along with (5.14)—(5.16) implies that
1 q—1 . { 1
— < —— min , O — 1}.
Py q p—-1
Hence it follows that for every i € {1,...,n},
q

1
pb>q_1max{qi_1,qifl}.

Thus, we conclude that there exists m € R”™ such that conditions and
are satisfied. At the same time, since yo, > n, we have vy ¢ L7+(£2). This
and imply that there are no m,o € R" such that both conditions and
(3.10) are satisfied, and there are no m, o € R™ with positive coordinates such that

both conditions (3.11)) and (3.12)) are satisfied.
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