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ASYMPTOTIC BEHAVIOR OF STOCHASTIC GILPIN-AYALA
MUTUALISM MODEL WITH JUMPS

XINHONG ZHANG, KE WANG

ABSTRACT. This article concerns the study of stochastic Gilpin-Ayala mutu-
alism models with white noise and Poisson jumps. Firstly, an explicit solution
for one-dimensional Gilpin-Ayala mutualism model with jumps is obtained and
the asymptotic pathwise behavior is analyzed. Then, sufficient conditions for
the existence of global positive solutions, stochastically ultimate boundedness
and stochastic permanence are established for the n-dimensional model. As-
ymptotic pathwise behavior of n-dimensional Gilpin-Ayala mutualism model
with jumps is also discussed. Finally numerical examples are introduced to
illustrate the results developed.

1. INTRODUCTION

In nature, mutualism is a usual phenomena. Rhinos and tick birds are an example
of a mutualism relationship. Tick birds eat the ticks on a rhino while the rhino
loses annoying parasites, the relationship is positive for both the rhino and the tick
birds because they both get what they want. Therefore it is important to study
the mutualism models for multi-species. As is well known now, the most important
model among several cooperative models is the following Lotka-Volterra mutualism
system:

d
d(EZ(t) = {I?Z(t) |:T‘Z' — Zaijxj(t)} dt, 1 S 7 é n,
j=1

where z;(t) is the population size of species 4, 7; is the intrinsic growth rate of species
i, a;; (i # j) represents the effect of species j upon the growth rate of species i,
ai; stands for the intraspecies interaction, a;; > 0, a;; < 0, 4 # j. There is an
extensive literature concerned this model, for example, [11, @ 10} 13| (211 24] 26| 28§].
However, in the practical case, population systems are often subject to various
stochastic small perturbation. The growth rates, interaction coefficients and so on
may be influenced by environmental noise. In recent years, stochastic differential
equations have received much attention, many results have been derived to reveal
how environmental noise affects the population systems. In particular, Mao, Marion
and Renshaw [22] revealed that the environmental noise can suppress a potential
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population explo&ion Suppose the growth rates are perturbed by white noise 7; —
ri + i, 04 Bj(t), here B;(t) is a white noise, i.e., (Bi(t),..., Bn(t)) is an m-
dimensional Brownian motion defined on a complete probablhty space (Q,F,P), o ]
stands for the intensity of the noise. Then the stochastic Lotka-Volterra mutualism
system becomes

d m
dl’z(t) = l’i(t) |:<Tl — Z aijxj(t))dt + Z Uidej (t):|, 1<y <n.

Jj=1

Various forms of cooperative Lotka-Volterra system have been extensively studied
and we here mention Hung [I1], Cheng[6], Liu and Wang [19] 20] and the references
cited therein. The key method used in our paper is motivated by them.

Unfortunately, in the Lotka-Volterra model, the rate of change of the size of
each species is linear function of sizes of the interacting species [16} [7]. However
in complex ecosystem this is almost impossible. Therefore, to meet the practical
situations, in 1973, Gilpin and Ayala [8] provided a modification for Lotka-Volterra
model, called Gilpin-Ayala model. For various forms about the Gilpin-Ayala system
readers can see [5l, 17 29, B0] and references therein for details. But here are few
works about stochastic Gilpin-Ayala mutualism model.

On the other hand, the population systems may suffer sudden environmental
perturbations, that is, some jump type stochastic perturbations; e.g., earthquakes,
hurricanes, epidemics and so on [3| 4]. These phenomena can not be described by
stochastic integrals driven only by Brownian motion. So it is feasible to introduce
a jump process into the underlying population system. SDEs with jumps have
received considerable attention in the past few years. We here mention Applebaum
[2], Situ [27], Bao et al [3, []. Particularly, the books by Applebaum [2] and Situ
[27] are good references in this area. To the best of the authors knowledge, to
this day, n-dimensional Gilpin-Ayala mutualism model with jumps has not been
studied. Motivated by these, the following n-dimensional Gilpin-Ayala mutualism
model with jumps is considered in this article:

dx;(t) = :ci(t_){ [r aid ; a;j;(t )} dt + jil 0i;dB;(t) -

+ /Y ~i(u) N (dt, du)},

for 1 <4 < n, where z(¢t7) is the left limit of 2:(¢), §; > 1 is the parameter to modify
the classical Lotka-Volterra model, v;(u) > —1 is a bounded function, i = 1,...,n,
N is a Poisson counting measure with characteristic measure v on a measurable
subset Y of (0,00) with v(Y) < oo, and N(dt,du) := N(dt,du) — v(du)dt. We
assume Brownian motion and N are independent.

Throughout this article R? :={z € R" :z; >0 fori =1,...,n}, A= (aw) AT

n

denotes the transpose of A. If z € R", its norm is denoted by |z| = (3.}, 2 )z, If
Q is a matrix, |Q] = /trace(QT'Q) represents its trace norm. If Q = (gij)nxn is a

symmetric matrix, then A} (Q) = SUDgeRrn |z=1 2TQux. K is a positive constant
and may be different at different places. We impose the following assumptions:
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(A1) There is a positive constant x such that

/Y (1In(1 + (@) V | (1 + () 2)u(dy) < &.

(A2) There are positive constants p1,. .., p, such that

—27 =\

max

(-PA—-ATP) <o,
where P = diag(p1, - .., Pn)-

From Assumption (A2), it is easy to see that 7 < a;p; for i =1,...,n.

The aim of our work is to study the properties of n-dimensional stochastic Gilpin-
Ayala mutualism model with jumps. The significance of this paper is mainly: (1)
Gilpin-Ayala system is more suitable for the real situations than Lotka-Volterra
system, but more complicated; (2) The white noise and Poisson jumps are taken
into account. The remaining part of this paper is organized as follows. In section 2,
we provide an explicit solution for one-dimensional Gilpin-Ayala model with jumps
and study its asymptotic pathwise behavior. In section 3, we show that will
have a unique global positive solution under certain conditions. Section 4 and 5
deal with the asymptotic moment properties and asymptotic pathwise behavior of
the solution, respectively. In section 6, we show that the system is stochastically
permanent if the white noise and Poisson jumps satisfy our conditions. Finally we
introduce some simulation figures to illustrate our main results.

2. ONE-DIMENSIONAL GILPIN-AYALA MODEL

As the single population is the basic unit of the whole ecological system, the
establishment and theoretical analysis of the single population model can help us
to understand the overall structure of the complex model. So we firstly analyze
one-dimensional Gilpin-Ayala model with jumps.

Lemma 2.1 ([3]). Consider the following system of equations with jumps:

Y
where a; > 0, by; > 0, ¢;(u) > —1, B(t) is a one-dimensional Brownian motion.
Then for any initial value Y;(0) € R}, this equation admits a unique positive solu-
tion Y;(t), t > 0, which is global and admits the explicit formula

pilt
Yi(t) = — t( ) 7
vio fo biipi(s)ds

where

©i(t) :==exp (/Ot [ai - 10? + /Y(ln(l +ci(u)) — cl(u))u(du)] ds + /0’5 0;dB(s)
+/0 /Yln(l + ci(u))ﬁ(dt,du))

Remark 2.2. In general, the intrinsic growth rate a; is positive, but the above
explicit solution holds for a; < 0.
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The one-dimensional Gilpin-Ayala model with jumps is

dy;(t) = yi(t) (ri — agy (¢7))dt + i Z 0i;dB; (1)

(2.1)
+ / () ()Nt du), 0 > 1,
Y
y:(0) = 2;(0).
Set z; = yf"', by It6’s formula, we have
dz;(t) = 2z (¢ )[0 r + Z o3 / (T + i (u — Dv(du)
_ Hiail-zz( ):| dt+Z»L Zal]dB (22)

+/ 2 () (1 + y3(w) — 1)N(dt,du), 0; > 1,
Y
2:(0) = 2%(0).
From Lemma and Remark it follows that (2.2]) has an explicit solution
D,(t)
t )
%(0) + fO aiﬂi@i(s)ds

where

D, () ::exp{/ [ -—fZJU—I-/ln 14 7;(u))v (du)]ds
/9 Za”dB //91n1+% (u))N(dt, du)}

Combining [3| Lemma 4.4 and Theorem 4.4], we can deduce the following lemma.

Lemma 2.3. Assume (A1) holds. If ¢; :=ri—3 Y00 oF+ [, In(1+i(u))v(du) >
0, then fori=1,...,n, we have

In 2
lim LA, 4i(t)

t—oo

=0 a.s. (2.3)

Remark 2.4. Based on the above analysis, (2.1) has a unique positive solution
y;(t) for any value y;(0) = x;(0) > 0 which is global and represented by

wilt) = ( 2i(t) )"
1@%(0) + fot G,MGZ(I)Z(S)dS ’

where ®;(t) is defined as above. Under the conditions of Lemma we obtain

. In v, (¢
limy— o0 %() =0 a.s.

Theorem 2.5. Suppose that y;(t) is a positive solution of (2.1). If ¢; > 0, then

lim 1 tyei (s)ds = Ty — %Z;nzl of; + Jy In(1 +;(u)v(du)

t—oo t 0 (0773
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Proof. Applying It6’s formula to Iny;(t) results in

dlny,(t) = ~Z%+/In1+m< () — agy?)dt

+ Z 03;dB;(t) + / In(1 + ~; (w)) N (dt, du).
j=1 Y
Integrating from 0 to t yields

Iny;(t) — Iny; (0 7( ffZJ,]Jr/ln 14 7;(u))v (du))t

t
— aii/ yfi(s)ds + M (t) + Ma(t),
0

where M (t fo Ly 0i7dBj(s), Ma(t fo Sy In(1 + ;(u))N N(ds, du) are real
valued local martingales vanishing at ¢t = O Hence

lnyti(t) B lnytz‘(()) = (ri — ;jzlafj + /Yln(l +’yi(u))1/(du)>

it b M (t Mo (t
w (s + 200 | 2RE),

(2.4)

Then by [14], Proposition 2.4],
/ z%ds—z%,

/ / in(1 + 95 Po(du)ds = [ [ia(1 + 35 ) P(du),
Y
where (M)(t) := (M, M) is Meyer’s angle bracket process. We have

/t 1 ds = t < 0
o (T+s)27  t+1

by the strong law of large numbers for local martingales [I8], we then obtain

M M.
tlim ﬂ:om., tlim ﬂanb
Taking limits on both sides of (2.4]) and combining Remark lead to
1/t ri— % "oz 4+ [oIn(1 + v (w))v(du
lim = yfi(s)ds: 2 225=194j fy ( ’7( )) ( )
t—o0 t 0 Qi
This completes the proof. ([l

3. GLOBAL POSITIVE SOLUTIONS OF (|L.1))

As z;(t) in . denotes the size of species i, it should be nonnegative. To
guarantee that the stochastic differential equations (SDEs) have a unique global
solution for any given initial value, the coefficients of the equation are generally
required to satisfy both the linear growth condition and the local Lipschitz condition
(see e.g.[23} [12]). But we can find that the coeflicients of are locally Lipschitz
continuous, and they do not satisfy the linear growth condition. So the solution of
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(1.1) may explode in a finite time. The following theorem gives sufficient condition
for global positive solutions.

Theorem 3.1. Let (Al), (A2) hold and 0; > 1, i =1,...,n. Then for any initial
value o € R'}, Equation (L.1) has a unique global solution x(t) € R’ for allt >0
almost surely.

Proof. Our proof is motivated by Mao, Marion and Renshaw [22]. Clearly, the
coeflicients of are locally Lipschitz continuous, so for any initial value zg € R’}
Equation has a unique maximal local solution z(t) on ¢ € [0,7.), where 7. is
the explosion time. If we show that 7. = co a.s., then the solution is global. Now
let ko be big enough for every component of xg lying within the interval [1/ko, kol.
For any integer k > ko, define the stopping time

T, = inf{t € [0,7.) : 2;(t) ¢ (1/k, k) for some i =1,...,n},

where we set inf ) = co. Obviously, 73 is increasing as k — 00. Set Too = limg_ o0 Tk,
whence 7o, < 7. a.s. Now all we need to show is 7o = 0o a.s. If this assertion is
false, then there is a pair of constants T' > 0 and € € (0, 1) such that P{7o, < T} > e.
Therefore, there is an integer k1 > ko such that

P{r, <T}>e€ for all k> k. (3.1)
Define a C?-function V : R? — Ry by

= Zpi(l'i —1- lnmi).
i=1

If 2(t) € R"}, 1to’s formula shows that

av (z(t))
= Z {Pz‘ {(mz — 1)(r; — gz}’ Za”wj +0. 52 ’Lji| }dt

i=1 j#i

£l - Z%w +Z/mwz — In(1 -+ ()N (dt. du)
= z": {pi {(avZ —1)(ry a”x Za”xj + 0. 5ZUU

i=1 i

m

+ /Y (27 (1) — In(1 + %(u)))y(du)} }dt + ; pilzi — 1) ; o1 dB; (1)

+ ; /Ypi [iyi (1) — (1 + ~; ()N (dt, du),

where we drop ¢~ from z(t~). Using (Al) and (A2), we get that there exists a
positive constant K such that

Zpi [(»Tz —1)(r; — aual Za”xj )+ 0. 520”
=1 J#i

+Auwmn—mu+%w»www}
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n
< Zpi [(ri + / ~i(wv(du))x; + a“xg — a”m9+ + amﬂﬁ —7r;+0.5 Z 0j
Y

=1

(1 + 7i(w))v (du)} +0.52T(—PA— ATP)z

\
S~

m

+ pi —Ti+0.5ZO'” /ln(l—l—’yl( v (du))} < K.

j=1

< Z { - am‘Pﬂ?f o+ (T - ampz)x +pzamz +pz< r; + / Vl(u)y(du))xl
: Y

Therefore,

T NT T NT TeNT N m
/ dv (z(t)) g/ Kdt+/ va vi(t) = 1) 0y;dB;(t)
0 =1

/TMT/ /pz wiyi(u) — (1 + 3 (w))| N (dt, du).

Taking expectations on both sides results in
EV(JJ(Tk A T)) < V(Io) + KE(Tk A T) < V(l‘o) + KT. (32)

Set Qi = {1 < T} for k > kq, from (3.1]) we have P(2;) > €. Note that for every
w € Q, there is some 4 such that z;(7;,w) equals either k or 1/k, hence

V(z(rg,w)) > pilk — 1 —In(k)] Ap;[1/k — 1 —1In(1/k)].
Using , yields
V(zg) + KT > E (I, V(x(mk,w))) > € (pilk — 1 —In(k)] Ap;[1/k — 1 — In(1/k)]),
where I, is the indicator function of €. When k — oo we obtain

oo > V(xg) + KT = o0,

it results in 7o, = 0o a.s. The proof is complete. (Il

4. ULTIMATE BOUNDEDNESS

In the previous section, we saw that has a unique global solution z(t) €
R? for any ¢ > 0 almost surely. Based on this fundamental theorem, we discuss
the ultimate boundedness and asymptotic boundedness in any pth moment of the
solutions.

Theorem 4.1. Under the assumptions of Theorem[3.1] for any initial value zo €
R, the solution of (L.1)) satisfies

limsup E|z(t)| < K.

t—oo

Proof. Define the Lyapunov function

n
)= Zpixi, r € RY.
i=1
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Applying [t6’s formula, we obtain

szxz T azzx Z a”L]'I:_] dt + szdfz Z O'lde

J#i

/szxl'yz N(dt,du) (4.1)
x)dt'i‘ZpixiZUz‘dej /sz v (w) N (dt, du),
i=1 j=1

where we write x(t~) = z, and

z) = zn:pi (Tz az )’ Z“w% / u)u(du))xz
i=1 J# Y
= ipi (Ti — ayal + aiw; + / ’yi(u)u(du))xi + 2T (-PA)x
i=1 ¥
= ipi (n — aux? + agxi + / ’Mu)y(du))xi +0.507 (~PA - ATP)x
i=1 ¥

< Zn: {— aupix? T — (1 — aupi)a? + p; (m + /Y%(u)'/(duoﬂii].
=1

For arbitrary « > 0, making use of the conditions of this Theorem, applying It6’s
formula once again yields

d(e™V (x(t)))
= eV (z(t))dt + e dV (z(t))

<e Z[ aupirt T — (1 — ayp;)r? + pila+ i+ / vi(w)v(du))x;)dt

i=1

+eat2pixi20ijd3j(t) /sz xivi(u dt ,du)
i=1 j=1

< Koe®tdt 4 e zn:pimi Zm: 0:;dB;(t) + e / sz zivi(w) N (dt, du),

i=1 j=1

where K is a positive constant. Therefore,
K
E( 1V (2(0))) < V(o) + -2 (e — 1)

that is to say

limsup EV (z(t)) < % (4.2)

t—oo

Noting that |z(t)] < >, 2;(t) < < VM) we obtain

- m1n1<z<n pi’

K
limsup E|z(t)] < ——%——
t—o0 Q1IN <i<n Pi

= K.

This completes the proof. (I
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Definition 4.2 ([I5]). The solution of is said to be stochastically ultimately
bounded if for any € € (0,1), there is a constant H = H(e) such that for any
Xo € Ri,
limsupP{|z(t)] > H} < e.
t—oo

As an application of Theorem together with the Chebyshev inequality, we
have the following corollary.

Corollary 4.3. Under the conditions of Theorem the solution of (L.1)) s
stochastically ultimately bounded.

Furthermore, we can get the following property.

Theorem 4.4. Assume (Al), (A2) hold and 6; > 1,i=1,...,n. Then for p >0,
there exists a positive constant K = K(p), for any initial value xo € R, the

solution of (L.1)) has the property
limsupEa?(t) < K(p), t>0,i=1,...,n.

t—oo
Proof. Define the Lyapunov function
n
V(z,t) = Zetxf, z € RY.
i=1
Applying It0’s formula, we obtain

vV (z(t),t) = LV (z(t))dt + e'p z”: z? i 0i;dB;(t)

+6t;$?/y[(1+w(u))f7— 1IN (dt, du),

where we write z(¢t~) = z, and

n

LV(x) = ¢ Zp{ E? +7ri 4 % iafj + % /Y[(l +7vi(u))? — l]u(du)]xf

i=1
n
— aiil‘f-‘rgi’ — Z Gijl‘fﬂ?j}
j#i
- 1 p—1 — 1
<e S p{ [T Yook [ [y - vldo!
i=1 p 2 j=1 P Jy
n p+1 s
— aii{E?Jrei — (73] |:pxl + ? :| }
¢ ; Tlp+1  p+1

< pf[Hn+ o NG + / (1 +7:(w))? = 1 (du) |7

i=1 =1

+0; - p 1 +1

met ™ = [ (T o)+ ) [
<e'y Kilp),
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where K;(p) is a positive constant. Hence

tE[fo(t)]gfo(0)+E/ "> Ki(p)ds = Z +ZK (ef —1).

i=1 i=1 0 i=1 i=1
It is not difficult to derive that

The required assertion follows 1mmed1ately. ([

5. PATHWISE ESTIMATION

In this section we consider the asymptotic pathwise estimation of the solution
to (L.1).

Theorem 5.1. For 6; > 1, i =1,...,n, under Assumptions (A1), (A2), for any
initial value xo € RY}, the solution of (1.1) has the property
In z; (¢
limsupm <1l as,i=1,...,n.
Int

t—o0o

Proof. Here we adopt the same notation as in the proof of Theorem From
(4.1), by simple manipulation, one has

]E( sup V(x(u)))

t<u<t+1

<E(V(x(t))) + sup / Z — aipir] T (s) = (7 — aipi)ai (s)

t<u<t+1
—H%(r / (du)) i(s )}ds) t<ili1t)+1/ szxz ZUZJdB )
+E<t<u<t+1/ /Zplxz $)vi(u (ds du))

<E(V(z(t))) + sup /Z AP

t<u<t+1

(. / ) () ) (s) s )
+]E( sup /sz% )iaidej(SD
(

+pi(r

t<u<t+1

s | [ gpim(s)m() (ds, du))

+E
t<u<t+1

t+1 t+1
<EWV(z®))+a /t E|z(s)|ds + qz/t E|z(s)|?ds

T IE:( sup /u g:lpixi(&‘) i:l Uidej(5)>

t<u<t+1
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vE( swp | / I Zm ()N (ds,du)] ). (5.1)
t<’u.<t+1

where 1 = v/nmaxi<i<n{pi(ri + [y |7i(w)|v(du))}, g2 = maxi<i<n{aip;}. By the
Burkholder-Davis-Gundy inequality for local martingale (see, e.g., [23] 2]) and the
Holder inequality, we obtain that

m t41 - 1/
sup / mems)Z%dBj(s))g?)E( [t Popas)
=1 =1 t

t<u<t+1
B t+1 1/2
§3|Pa|<E/ |x(s)|2ds) :
t

2

where 0 = (0y;), and

B( sup | / /: ZM $)%(w)N (ds, du) )

t<u<t+1

< ZleE /Hl/ N(ds, du)>1/2

t+1 1/2
<Y on(e [ [ entnisan)”
=3 [ e [ T aes)
<o [ptamtan) (5 [ epas) ",

where J is a positive constant. Moreover, we can derive from Theorem [£.4] that
there exists positive constants K;, K5 such that limsup,_, Efttﬂ |z(s)|ds < K3

and lim suptéooEf:H |z(s)|?ds < K,. Substituting the above inequalities into

(5.1) and combining (4.2), we can see that
lim sup ]E( sup V(x(u)))

t—o0 t<u<t+1

K n 1/2
<22k + ke + (3ol + 7 3 pi( [ Ptdn) ) K3
(0% Y

=1

Hence there is a positive constant M such that

IE( sup \x(t)|)§M, n=12....

n<t<n+1

Let € > 0 be arbitrary, by the Chebyshev inequality, we have

P{ sup |z(t)]>n'""
n<t<n+1

n=12,....

Since the series Y- | -4 converges, then from the Borel-Cantella lemma [23] that
there exists a ng := ng(w) such that for almost all w € Q, whenever n > ng and
n<t<n-+1, we have

sup [2(t)] < n'**.
n<t<n+1
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So
1 t
lim sup nlz(®)] <1l+e.
t—o0o 1Ht
Letting € — 0 leads to the desired assertion. (I

Remark 5.2. Noting that the limit lim; . "*f = 0, under the conditions of The-

orem we obtain lim sup,_, % <0,as.,i=1,...,n.

On the other hand, by the positivity of solution of (1.1) and the comparison
theorem [25, Theorem 3.1], we obtain that
l‘i(t)zyi(t), i:l,...,n,

where y;(t) is the solution of (2.1). According to the analysis for (2.1) in section 2,
we obtain the following results.

Theorem 5.3. Let (Al), (A2) hold and 0; >1,i=1,...,n. Ifr; — %Z;nzl ol +
Jy In(1 4 ~;(w))v(du) > 0, then for any initial value xo € R, the solution of (1.1
satisfies

t t

1
liminf = [ 2% (s)ds > lim = [ y%(s)ds
t—00 0 t—oo t 0
r; — % Z;nzl Ufj + [y In(1 + 7;(u))v(du)
B Qg 7
Inx;(t .
litrninfwzo a.s.,i=1...,n.

Now combining Remark [5.2] and Theorem [5.3] leads to the following theorem.

Theorem 5.4. Under the conditions of Theorem for eachi=1,...,n,

Inz;
lim 7nx,(t)

t—oo

=0 a.s.

6. STOCHASTIC PERMANENCE

Stochastic permanence is one of the most interesting and important topics. In
this section, stochastic permanence is studied based on the results in Section 4. We
firstly introduce the definition of stochastic permanence.

Definition 6.1 ([20]). If for arbitrary ¢ € (0, 1), there are two positive constants
B and (3 such that for any initial data zq € R”;, the solution x(t) of Eq.(1.1) has
the property that

litmianP’{mi(t) > 01} >1—¢, litminf]P’{gci(t) <P} >1-e, 1<i<n,
—00 — 00
then (|1.1)) is said to be stochastically permanent.

Theorem 6.2. Under the conditions of Theorem if there exists a positive
constant «, such that

3+ ax~ o 1 1
" ZOij_Af[(2+a)(l+vi(u))2+“_2+a}y(du)>0’

j=1
then, for the case 1 < 0; < 2+ a, Equation (1.1} is stochastically permanent.
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Proof. Define y; = 1/x; for z; > 0, applying Itd’s formula, we obtain

1
dyt* = d(—)**t"

T
1 oc+3
—(2+ oz)(x ) —ayz? Z a;jx;)d
! i
2+a o 1., i
+ 2 (OZ+3 +4 ZZUZ]dt )(;) +3$¢ZO’¢dej
7 =1

1 1
" /Y[(:Ez + .%‘i’yi(u))Q-i-a - x?+a}N(dt, du)

1. 1 a+3 ¢ !
§(2+a)(m—i) {_E[Ti_ 5 ;U?j_‘é((2+a)(1+7i(u))2+a

)V(dU)} + —xﬁ_g }d (2+ a)(—)o+2 Za”dB

%

2+«
+/Y[(:Ei+xﬂli(u))2+a - ;Jra}]\Nf(dt,du)
a oz+3
:(2—|—O<)yi{ [ - Z Tij / 2—|—a 1+’7( ))2+a

)V(du)} + aiuy?” }dt — (24 a)ypt? Z 0;;dB;

2+«
24« 1 o ”
I e — I

Choose a sufficiently small positive ¢ such that

a+3 < 1 1 ¢
Ty — B ;U?j_/y((QJra)(lJr%(u))sz - 2+a)l/(du)> St

Define V = ectnyra, using It6’s formula results in

dV§(2+a)e<tyl{ ZQ[ a—|—3zm /Z—I—a 1+ 7i(w))2e

)Z/(du)] + a,-z-yi% g }dt + Cegty?+adt

2+a

m
— (24 a)eStyot? Z 0i;dB; + ¢! / Y2t

j=1

1

@ 1IN (dt, du)

=: S F(y;)dt — (2 + a)eStyZ T Z 0i;dB;
j=1

1 ~
e(t 24« o "
+ /y [—(1+%(u))2+a 1IN (dt, du),
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where

N a+3 1
F(y:) = 2+ a)y; { ~y; [m* 5 2 & /Y((Ha)uﬂi(u))““

J=1

. i —)u(du) - —a} n aiiyz_zfei}

has an upper positive bound, say K. Integrating from 0 to ¢ and taking expecta-
tions, we obtain

K

E[egyi%a] < yi2+oz(0) + z(eqt —1).
Therefore %
limsupE[x;(aH)(t)] < 3 =: K.
t—oo
For any given € > 0, set 1 = 51/(2*‘“)/[(3/(%0‘), by the Chebyshev inequality, we
obtain
lim sup P{z;(t) < 1} = limsup P{x;(2+a)(t) > ﬂf(%a)}
t—oo t—oo
< limsup B2 T°E[z; *T (1) = .
t—oo
Hence liminf; oo P{z;(t) > f1} >1—¢,i=1,...,n.

On the other hand, as an application of Theorem [{.1] and the Chebyshev inequal-
ity, we can easily show that for arbitrary e € (0, 1), there is a positive constant (o
such that for any initial data xg € R, liminf; o P{z;(t) < G2} > 1—¢,1 <i < n.
Therefore, is stochastically permanent. O

7. EXAMPLE AND NUMERICAL SIMULATIONS

Consider the two-species stochastic Gilpin-Ayala mutualism system with jumps

dl‘l = xl(rl — allxﬁl — algl‘g)dt + O’lldBl (t) + O'lgdBQ(t) + / ’}/1 (U)l‘lN(dt, du),
Y

d(ZZQ = 502(7’2 — a22$g2 — aglilfl)dt + O'QldBl (t) + UQQdBQ(t) + / ’}/Q(U)I'QN(dt, du)
Y

(7.1)

In Figure we choose 71 = 0.06, 7o = 0.05, a11 = 0.08, ase = 0.04, a12 = ao; =

—0005, 91 = 92 = ]..0]., 011 — 0.2, 022 — 005, 012 = 0921 = 0, 'yl(u) = 0.27 ’72(16) =

0.24, 1'1(0) = 1.1, .’L‘Q(O) = 1.57 Y = (O,OO)7 )\(Y) = 1. Since a11a92 — Q120921 > 0,

then (Al) and (A2) hold, so (7.1) has a unique global positive solution for any

positive initial value by Theor and pth moment of the solution of is
asymptotic bounded, see Figure [I} Moreover,

2 2
o Tt / (1 + 71 (w))w(du) = 0.2 > 0,
Y
2 2
rp- Tt / (1 + o (w))w(du) = 0.26 > 0.
Y

Then in view of Theorem H we obtain % — 0, i = 1,2, Figure [1| confirms
these.

In Figure [2] we choose 71 = 0.5, 72 = 0.2, a11 = a2 = 0.9, ajz = az; = —0.05,
91 = 92 = 101, 011 = 005, 0922 = 01, 012 = 0921 = O, ’71(’&) = 02, ’}/Q(U) = 012,
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X, (0
3.5 Xz(t)
—— (1/(t+1))log Xl(t)
(1/(t+1))log x,(t)

2,
251 EX((®)

| 0

35

Time t

FIGURE 1. Solutions of for r1 = 0.06, ro = 0.05, a11 = 0.08,
a2 — 0.04, a1 = a1 = —0.005, 91 = 92 = 1.01, Jg11 = 0.27
099 = 005, 019 = 021 = 0 s ’yl(u) = 0.2, ’)/Q(U) = 0.24, 3;‘1(0) = 1.1,
22(0) = 1.5, Y = (0,00), A(Y) = 1

21(0) = 0.1, 22(0) = 0.8, Y = (0,00), A(Y) = 1. Since ajjass — ajzaz; > 0, then
(A1) and (A2) hold. In Theorem [6.2] choose a = 1, by simple calculation, we have

3tass / 1 1
- — L — — du) =0.64 > 0,
n e eraaramrs — mval

3+tas~ / 1 1
_ ol - — du) = 0.2 .
R ;% | araa e~ 7a) = 08>0

Theorem tells us that (|7.1) is stochastically permanent, and Figure [2| confirms
this.

Conclusions. An stochastic Gilpin-Ayala mutualism model with jumps has been
studied in this article. The high nonlinearity of Gilpin-Ayala model and Poisson
jumps make the problem difficult. Sufficient criteria for the existence of global
positive solution, stochastically ultimate boundedness and stochastic permanence
are derived for the n-dimensional model by analysis of Lyapunov functions which has
been used by many authors. We also investigate asymptotic pathwise estimation.
The simulation results verify the effectiveness of the proposed results.
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08t x,0 1
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FIGURE 2. Solutions of for r1 = 0.5, ro = 0.2, a11 = age =
0.97 a1 = a1 = —0.05, 91 = 92 = 1.01, g11 — 0.05, 0922 — 0.17
012 = 021 = 07 PYI(U’) = 027 72(“’) = 012) .731(0) = 017 1‘2(0) = 087
Y = (0,00), A(Y) = 1
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