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EXISTENCE OF POSITIVE ALMOST PERIODIC SOLUTIONS
FOR DELAY LOTKA-VOLTERRA COOPERATIVE SYSTEMS

KAIHONG ZHAO, JUQING LIU

ABSTRACT. In this article, we study a Lotka-Volterra cooperative system of
equations with time-varying delays and distributed delays. By using Mawhin’s
continuation theorem of coincidence degree theory, we obtain sufficient condi-
tions for the existence of positive almost periodic solutions. Also we present
an example to illustrate our results.

1. INTRODUCTION

The well-known Lotka-Volterra model for ecological population modeling was
proposed by Lotka [IT] and Volterra [25], and have been extensively investigated.
In recent years, it has found applications in epidemiology, physics, chemistry, eco-
nomics, biological science, and other areas (see [Il [0 [7]). Due to their theoretical
and practical significance, Lotka-Volterra systems have an extensive literature; see
for example the references in this article.

Since biological and environmental parameters are naturally subject to fluctu-
ation in time, periodically and almost periodically varying effects are important
selective forces for biological systems. Models should take into account the season-
ality or periodic changing conditions [9, 10} 13| 14}, 15 20l 23]. However, models are
more realistic when considering almost periodic conditions. In both cases, models
should include the effects of time delays.

There are many works on the study of the Lotka-Volterra type periodic systems
[12, 13| 4], 15 27), 28]. However, there are only a few articles on the existence of
almost periodic solutions. Recently, by using: almost periodic functions, contrac-
tion mappings, fixed point theory, appropriate Lyapunov functionals, and almost
periodic functional hull theory, some authors have published works in the theory
on almost periodic systems [2, 3, 16, 17, 18, 19, 20, 22| 26| [30].

Motivated by this, in this article, we apply the coincidence theory to study the
existence of positive almost periodic solutions for the delay Lotka-Volterra type
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system
() = ui(t) (Ti(t) = Fi(t,ui () — fi(t us(t — 735(2)))
0 n
— / pii (t, s)ui(t + s)ds + Z Gij(t,u (1))

— i =15 (1.1)

n n 0
+ Y gt —7i5(1)) +Z/ Mz‘j(t»S)uj(t+8)d8>7
j=iiti j=1777
where i = 1,2,...,n, u;(t) stands for the ith species population density at time
t € R, r;(t) is the natural reproduction rate, F;, f; and p;; represent the inner-
specific competition, G;;, ¢;; and p;;(i # j) stand for the interspecific cooperation,
7;;(t) > 0 are all continuous almost periodic functions on R, p;;(¢,s) are positive
almost periodic functions on R X [—0;;,0] and continuous with respect to ¢t € R
and integrable with respect to s € [—0;5,0], where 0;; are nonnegative constants,

moreover fi)a_, wij(t,s)ds =1,4,5 = 1,2,...,n. Throughout this paper, we always
ij

assume that r;, Fj, f;, Gi; and g;; are nonnegative almost periodic functions with

respect to t € R and satisfy the following conditions for each 7,7 =1,2,....n

Oz >0, oz >0, Oz Oz

and for each ¢t € R, there exist positive constants o, 3;, vij, 0;; such that
Fi(t,a;) =0, fi(t, i) =0, Gij(t,7i;) =0, gi;(¢,055) = 0. (1.3)
The initial condition of (1.1)) is of the form
ui(s):¢i(5)7i:1727"'7na (14)

where ¢;(s) is positive bounded continuous function on [—7,0] and 7 = maxi<; j<n
{supser : 7i; ()], 05}

The organization of the rest of this paper is as follows. In Section 2, we intro-
duce some preliminary results which are needed in later sections. In Section 3, we
establish our main results for the existence of almost-periodic solutions of .
Finally, an example is given to illustrate the effectiveness of our results in Section
4.

> 0, > 0, (1.2)

2. PRELIMINARIES

To obtain the existence of an almost periodic solution of system (1.1]), we first
make the following preparations:

Definition 2.1 ([5]). Let u(t) : R — R be continuous in t. w(t) is said to be
almost periodic on R, if, for any € > 0, the set K(u,e) = {¢ : |u(t +9) — u(t)] <
e, for any t € R} is relatively dense, that is for any € > 0, it is possible to find a real
number [(e) > 0, for any interval with length I(e), there exists a number § = 6(e)
in this interval such that |u(t 4+ &) — u(t)| < e, for any t € R.

Definition 2.2. A solution u(t) = (uy(t),uz(t),...,un(t))T of (L.1)) is called an
almost periodic solution if and only if for each i = 1,2,...,n,u;(¢) is almost peri-
odic.
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For convenience, we denote AP(R) is the set of all real valued, almost periodic

functions on R. For each j =1,2,...,n, let
A(fj) ={reR: Th_rgo T/ fi(s *“\Sds #0},
N
mod(f;) = { > niXi :n; € ZN € NT, X € A(f)}
=1

be the set of Fourier exponents and the module of f;, respectively, where f;(-) is
almost periodic. Suppose f;(t,¢;) is almost periodic in ¢, uniformly with respect
to ¢; € C([-7,0],R). Let K;(f;,€ ¢;) denote the set of e-almost periods for f;
uniformly with respect to ¢; € C([—7,0],R). I;(e) denote the length of inclusion

interval. m(f;) = & fo fj(s)ds be the mean value of f; on interval [0,7T], where

T > 0 is a constant. clearly, m(f;) depends on T. m[f;] = limr_ o 7 T fo fi(s

Lemma 2.3 ([5]). Suppose that f and g are almost periodic. Then the followmg
statements are equivalent

(i) mod(f) > mod(g),

(ii) for any sequence {t%}, if lim, o f(t +t5) = f(t) for each t € R, then
there exists a subsequence {t,} C {t}} such that im, o g(t +t,) = f(t)
for each t € R.

Lemma 2.4 ([4]). Let u € AP(R). Then ft s)ds is almost periodic.

Let X and Z be Banach spaces. A linear mapping L : dom(L) C X — Z
is called Fredholm if its kernel, denoted by ker(L) = {X € dom(L) : Lz = 0},
has finite dimension and its range, denoted by Im(L) = {Lz : z € dom(L)},
is closed and has finite codimension. The index of L is defined by the integer
dim K (L) — codimdom(L). If L is a Fredholm mapping with index zero, then there
exists continuous projections P : X — X and @ : Z — Z such that Im(P) = ker(L)
and ker(Q) = Im(L). Then L|qom(r)nker(p) : Im(L) Nker(P) — Im(L) is bijective,
and its inverse mapping is denoted by Kp : Im(L) — dom(L)Nker(P). Since ker(L)
is isomorphic to Im(Q), there exists a bijection J : ker(L) — Im(Q). Let 2 be a
bounded open subset of X and let N : X — Z be a continuous mapping. If QN (£2)
is bounded and Kp(I — Q)N : Q — X is compact, then N is called L-compact on
Q, where I is the identity.

Let L be a Fredholm linear mapping with index zero and let N be a L-compact
mapping on €. Define mapping F : dom(L)NQ — Z by F =L~ N. If Lv # Nx
for all x € dom(L) N 99, then by using P,Q, Kp, J defined above, the coincidence
degree of F' in 2 with respect to L is defined by

deg,(F,Q) = deg(I — P — (J7'Q + Kp(I — Q))N,9,0)

where deg(g,I', p) is the Leray-Schauder degree of g at p relative to I'.
Then the Mawhin’s continuous theorem is reads as follows.

Lemma 2.5 ([8]). Let Q@ C X be an open bounded set and let N : X — Z be a
continuous operator which is L-compact on Q. Assume

(a) for each X\ € (0,1),x € 02 Ndom(L), Lz # ANz;

(b) for each x € QN L, QNx # 0;

(c¢) deg(JNQ,QNker(L),0) # 0.
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Then Lz = Nz has at least one solution in Q N dom(L).

3. EXISTENCE OF POSITIVE ALMOST-PERIODIC SOLUTIONS

In this section, we state and prove our main results of our this paper. By making
the substitution
ui(t) = e M, i=1,2,...n,
Equation can be reformulated as

0
Gi(t) = ri(t) — Fy(t, ¥ M) — fy(t, e (t=multD)) — / pii(t, s)e¥ t+9ds
+ > Gi(tent) + Z g” (t, evs (=T (0) 51)
=1 =L
n 0
- Z uij(t,S)eyf(“rs)ds, i=1,2,...,n.

=LA o
The initial condition (|1.4]) can be rewritten as
yl(s) :ln¢1(8) = ¢Z(8)7 1= 1,2,,TL (32)
Set X = Z =V, & Vs, where
i = {y(t) = (y1(t),y2(t), ...,y ()T € C(R,R™) : y5(t) € AP(R),

mod(y(t)) € mod(H; (1)), ¥A; € Awi(t)), INi| > 8, i =1,2,....n},

Vy = {y(t) = (hy,ha, ... hy)T € R”}

0
Hi(t) = ri(t) — Fi(t,e¥"®) — f;(t, e =m0y — / pii(t, s)e¥i®ds

+ Z ” t e%(t)) +g (t edm( Tij 0)) Z/ M” t S "l’J(S)dS
j=1j# i

and 9(-) is defined as , i=1,2,...,n,0 > 0 is a given constant. For y =
(yla Ya,... 7y’n)T € Z’ deﬁne HyH = MaXj<i<n SuptER |yl(t)|

Lemma 3.1. Z is a Banach space equipped with the norm || - ||.

Proof. Let y{k} = (yi{k},yék}7...,y7{lk})T C Vi, and let yt*} converge to 7 =
(U1, Ugy -+, Up)L; that is, y}k} —7;,as k —o00,j=1,2,...,n. Then it is easy to
show that §; € AP(R) and mod(y,) € mod(H;). For any \)\ | <3, we have that

I X
lim —/ yj‘-{k}(t)eﬂ)‘jtdt =0, j=12,...,n;
0
therefore,
1 7 X
: — —1 5t _ -
le_rgof/(J y;(t)e dt=0, j=1,2,....,n,
which implies § € V;. Then it is not difficult to see that V; is a Banach space

equipped with the norm || - ||. Thus, we can easily verify that X and Z are Banach
spaces equipped with the norm || - ||. The proof is complete. O
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Lemma 3.2. Let L: X — Z, Ly =y, then L is a Fredholm mapping of indez zero.

Proof. Clearly, L is a linear operator and ker(L) = V5. We claim that Im(L) = V.
Firstly, we suppose that z(t) = (21(t), 22(t), ..., 2,(t))T € Im(L) C Z. Then there

exist ziH(t) = (zi{l}(t),zé{l}(t),...,zy{Ll}(t))T € V; and constant vector z{?} =
(zf}, zf}, ey zéz})T € V5 such that
2(t) = 24 (1) + 213,
that is,
zi(t):zf{l}() -{2}, i=1,2,...,n
From the definition of z;(t) and z{ }( t), we can easily see that ftt z;(s)ds and

ft . 1{1}( )ds are almost periodic function. So we have z{ b = 0,7 =1,2,...

then 212} = (0,0,...,0)7, which implies z(t) € V3, that is Im(L) C V;.
On the other hand, if u(t) = (u1(t),ua(t),...,un(t))T € V1\{0}, then we have
fo uj(s)ds € AP(R),j =1,2,...,n. If \; # 0, then we obtain

T pt - T ~
lim —/ (/ uj(s)ds)e itdt = hm fraclT/ uj(t)e Mtdt,
o Jo z)\ 0

for j =1,2,...,n. It follows that

/\[/O uj(s)ds—m(/o w(s)ds)] = Aluy (1)), G =1,2,....m;
hence . .
/0 u(s)ds — m(/0 u(s)ds) e Vi ¢ X

Note that fo s)ds — fo s)ds) is the primitive of u(t) in X, we have u(t) €
Im(L), that is V1 C Im(L). Therefore, Im(L) = V.
Furthermore, one can easily show that Im(L) is closed in Z and

dimker(L) = n = codim Im(L);
therefore, L is a Fredholm mapping of index zero. The proof is complete. O
Lemma 3.3. Let N: X — Z, Ny = (GY,GY,...,GY)T, where
Gy =ri(t) — Fi(t, exp{yi(t)}) — fi(t,exp{yi(t — 7:i())})

<[ s explutt s D0 Giltexp{us (1)

i =1, j;éi

+ Z i (¢, exp{y; (t — 7, (t Z / uu (t,s) exp{y;(t + s)}ds,

J=1i#j j=1,j#iY

P:X —Z, Py=(m(y),m(ya),...,my.))7,
Q:Z—2Z, Qz=(m[z],mlz],...,m[z.])T.

Then N is L-compact on ), where 2 is an open bounded subset of X .
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Proof. Obviously, P and @ are continuous projectors such that
Im P =ker(L), Im(L)= ker(Q).
It is clear that (I — Q)Vz = {(0,0,...,0)}, (I Q)V1 = V;. Hence
Im(I — Q) =V, =Im(L).
Then in view of
Im(P) =ker(L), Im(L)=ker(Q)=Im(I - Q),

we obtain that the inverse Kp : Im(L) — ker(P)Ndom(L) of Lp exists and is given
by
t t
Kp(z) = / z(s)ds — m[/ z(s)ds].
0 0

QNy = (m[GY],m[G],...,mGA])",
Kp(I = Q)Ny = (f(y1) = Q(f(y1)), f(y2) = Q(f (y2)) -+ f(yn) — QU ()T,

where

Thus,

t
Fls) = /0 (GY —m[GY)ds, i=12...n

Clearly, QN and (I — Q)N are continuous. Now we will show that Kp is also con-
tinuous. By assumptions, for any 0 < ¢ < 1 and any compact set ¢; C C([—7,0],R),
let I;(¢;) be the length of the inclusion interval of K;(H;, €;, ¢;), ¢ =1,2,...,n. Sup-
pose that {2*(t)} € Im(L) = V; and 2F(t) = (2¥(t),25(t),..., 2k (¢))T uniformly
converges to Z(t) = (El(t),fg(t),...,En(t))T; that is, zf — 2z, as k — o0, i =
1,2,...,n. Because of fot (s)Yds € Z, k =1,2,...,n, there exists 0;(0 < 0; < €;)
such that K;(H;, 0, ¢i) C Ki( fo ¥(s)ds, Uz,@) i=1,2,...,n. Let l[;(0;) be the
length of the inclusion interval of K (Hl, 0i, ¢;) and

li = max{li(ei), li(O'i)}, 1= 1, 2, ..

)

It is easy to see that [; is the length of the inclusion interval of K;(H;,o;, ¢;)
and K;(H; €, ;), i = 1 2 ,n. Hence, for any ¢ ¢ [0,l;], there exists & €
K;(H; 04, 0;) C K fo g ds Ul,q/)i) such that ¢t + & € [0,;], i = 1,2,...,n
Hence, by the definition of almost periodic function we have

|| / (s)ds|

= max 5up|/ s)ds|
1<i<n ¢eR

t
< max sup |/ 2F(s)ds| + max sup | [ zF(s)ds
0

1<i<n te[0,1;] 1<i<n t¢[0,1;] Jo
t+& t+& (3.3)
—/ zf(s)ds—i—/ 2F(s)ds|
0 0
t ¢ e
<2 max sup z; (s)ds| + max sup 5)ds —/ z; (s)ds
i s | [ 2f)asl+ mas s | [ et [k

§2max|/ ds|—|— max e;.

1<i<n
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From this inequality, we can conclude that fo s)ds is continuous, where z(t) =
(z1(¢), z2(2), . zn( NT € Im(L). Consequently, Kp and Kp(I —Q)Ny are contin-
uous. From , we also have fo s)ds and Kp(I —Q)Ny are uniformly bounded
in Q. Further, it is not difficult to Verlfy that QN (Q) is bounded and Kp(I —Q)Ny
is equicontinuous in 2. By the Arzela-Ascoli theorm, we have immediately conclude

that Kp(I — Q)N(Q) is compact. Thus N is L-compact on . The proof is com-
plete. ([

By (1.2 ., ), fi(t,x), Gi;(t,z) and g;;(t,x) can be represented expansion
into power-series at oy, Bi,vij and 6;5 of x in form of

oF; .
Fi(ta .’E) = Fi(taai) + 7‘(15 ;)T + O($2), 1=1,2,...,n;
fl(ta‘r):fz( ﬁz) |(tﬂz)m+0( ) i:1727"'7n;
BG” 9 C
Gij(t,x) = Gij(t,viz) + Whtmj)w +o(z®), i#74, 4,5j=12,...,n
99i; L,
9i(t,x) = gi;(t,045) + 87;|(t75”)m +o(z?), i#j, i,j=12,...,n;
respectively, where o(2?) is a higher-order infinitely small quantity of 22. By (1.3),

we can conclude that F(t,a;) = 0, f; (¢, 8;) = 0,Gy;(t,7:5) = 0,95(t,8;5) = 0. For
convenience, we denote

8Fi 8fz
7|(t,ai) = byi(1), |(t ;) = cii(t),
0Gi; 891
oz =L (tyi) = big (1), 2 | (t,5,;) = Cij(t),
fori=#j,14,j = S 1. By. bij(t) > 0,¢;(t) >0fori,j=1,2,...,n

Theorem 3.4. Assume the following conditions hold:

(H1) e; :=m[r;(t)] > 0, m[b;;(t)] > 0, m[c;;(t))] >0, 4,7 =1,2,...,n;
(H2) dii > 30745 ;=1 dij, where dii = m[by;(t)] + mleii(t)] + 1,dij = m[bi;(t)] +
mle;; (O] +1,i#4,4,j=12,...,n

Then (1.1) has at least one positive almost periodic solution.

Proof. To use the continuation theorem of coincidence degree theorem to establish
the existence of a solution of , we set Banach space X and Z the same as those
in Lemma [3.I] and set mappings L, N, P,Q the same as those in Lemma [3:2] and
Lemma respectively. Then we can obtain that L is a Fredholm mapping of
index zero and N is a continuous operator which is L-compact on .

Now, we are in the position of searching for an appropriate open, bounded subset
Q for the application of the continuation theorem. Corresponding to the operator
equation

Ly =ANy, Xe(0,1),
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we obtain

Ui(t) = )\[Ti(t) — by (t)e¥i D — ¢ (t)eyi () 4 Z bij (t)e¥s®)

=1
n 0

+ cij(t)ew =i (t) —/ pii(t, s)e? () ds

G=1,i%] oii

a0 (3.4)

+ / 1hij (t, S)eyj(t-i-s)ds _ O(eri(t)) _ 0(62?!71(t—7'7171(t)))

j:l Tij
+ Z (vt +0(€29.7(t—7ij(t))))]’ 1=1,2,...,n

Jj=1g#i

Assume that y(t) = (y1(t),y2(t), ..., yn(t))T € X is a solution of (3.4) for some
A € (0,1). Denote

7 = fy;(t).
’= ﬁmgﬂg%(t) £= 2w

On the both sides of , integrating from 0 to 7" and applying the mean value
theorem of integral calculus, we have

0< A {m(ri(t)) - m(bii(t))eyi(g“) - m(cii(t))eyi(”“*m("“))

+ Z eya(€7J)+ z”: m(cij(t))eyg‘(mj—ﬂj(mj))
Jj=1,j#i Jj=1,i#j
0
‘/% m(juig (£, 5)) e () ds+2/m, (g ) T 0ds
—m(0(62y1(t))) —m(0(62yl(t Tn(t)))) + Z m(o(e 2y.7(t)))
Jj=Lj#i
+Y mlo@ O] bm(lg@), i= 120

Jj=1,5#i
where &;; € [0,T], n;; € [0,T], ¢;; € [0,T], 4,5 =1,2,...,n. In the light of (3.5),

we have

A [m (bii (t))eyi(gli) + m(cii(t))ey"'(""’i_“"'("""‘)) + m(o(eri(t)))

0
—i-/ m(,u“-(t, 5))6yj(Cu+s)ds+m(0(62yi(t7ﬂi(t))))}

—0ii

< )\[m(m(t)) T Z m(bij (t))eyj(§ij) + Z m(cij (t))eyj("]ijf’rij('r]ij))
j=1,j#i j:Li#j (3.6)
> / (e )6 S Y (o)
—0ij j=1,j#i
n Z (e2vilt= mm)))} +m(lg@)), i=1,2,...,n

Jj=1j#i
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On both sides of (3.6]), taking the supremum with respect to &;;, 75, (;; and letting
T — 400, we obtain
p— n p—
(m (635 ()] + m[cii(t)] + 1)60 < mlri(t)] + Z (m [bi;(£)] + m[ci;(t)] + 1)69;
j=1.4#i
that is,

n
diiee— Z dijeggei, i:1,2,...,n,
J=Lj#i
which imply

where B = maxi<i<,{Bi},

Bi = o .
di; — Zj:l,j;éi dij
On both sides of , taking the infimum with respect to &;;,7;;,(;; and letting
T — +o00, we obtain

6 <IlnB. (3.8)

On the other hand, according to (3.4]), we derive

Ari(t) — gi(t) < A [b (£)e¥ ® 4 ¢y (t)evit-Ti(®)
0 (3.9)
+ / pii(t, 8)e¥ 9 ds 4 o(e2vi®) 4 o(e2vi (=T ||

for i = 1,2,...,n. Integrating on both sides of (3.9)), from 0 to 7', and using the
mean value theorem, we obtain

X (ri(6)) < m(§i(t)) + A [m(bia (£)) €€+ g (1)) et e 7))

0
+ / m(pii(t, s))e’ St ds + m(o(e? (1)) (3.10)

—0ii

+ m(o(ezw(t*m(t»))], i=1,2,....n,

where & € [0,7], m; € [0,T], ¢ € [0,T], for i = 1,2,...,n. On both sides of
(3.10]), take the supremum and infimum with respect to &;, n;, (;, respectively, and
let T'— +oo, then for ¢ = 1,2,...,n, we have

m[ri(t)] < (m[b”(t)] +mleu(t)] + 1)e§,

m[ri(t)] < (m[b”(t)] +m[ei(t)] + 1)627

namely,
7o m[r;(t)] _ &
m [b“ (f)] +m [C“‘ (t)] +1 du '
s mr;(t)] _ &

which imply that
0>InC, 0>InC, (3.11)
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where C' = mini<i<, {€;/d;; }. Combing with (3.7), (3.8) and (3.11), we derive that
forallt e R;i=1,2,...,n,

nC<0<y(#)<f<InB+1. (3.12)
Denote M = max{|InC|,|In B + 1|}. Clearly, M is independent of A. Take

Q= {y: (y17y27"'7yn)T €X: Hy” <M}

It is clear that () satisfies the requirement (a) in Lemma When y € 90N
ker(L),y = (y1,Y2,---,yn)’ is a constant vector in R™ with [|y|| = M. Then

QNy = (m[G1],m[Gs], ..., m[Gn])T, yeX

where
0
G; =1i(t) — Fi(t,e¥") — fi(t,e¥) — / wii(t, s)evids
n n -
+ Y Gulten)+ Y gilte)
=171 J=11#]
n 0
+ Z / pij(t,s)e¥ds, 1=1,2,...,n,
j=lgi? ~Ci
and

m|Gi] = mlri(t)] = (m[bis(8)] + m[ci(t)] + 1)e”

+ 3 (mlby )]+ mley ()] + e
=L
:6i_d”‘6yi+ Z dijeyf, 1=1,2,...,n.
J=1g#
There exist positive integers I,k € {1,2,...,n} such that z; = y = minj<;<n{y:}
and z, =¥ = maxi<;<p{¥i}. If QNy = (0,0,...,0)T, then we have

n
dyet = dye¥ = e + E dljeyj > e,

=171
n n
dpe” = dye?™ = e+ Y dige¥ <ep+ Y dye?,
J=Lj#k i=Lj#k
namely,
€1
el > —>(C,
du
€k

ev < <B

du — Z?:l,j;ék dj — 7
which imply that InC <y <y; <y <InB,i=1,2,...,n. Thus, y = (y1,¥2,.. .
yn)T € €, this contradicts the fact that y € 92 Nker(L). Therefore, QNy #
(0,0,...,0)7, which implies that the requirement (b) in Lemma is satisfied.
When y € 9Q Nker(L),y = (y1,y2,---,yn)’ is a constant vector in R™ with ||y| =
M. Then

QNy = (m[G1],m[G2], ... 7m[GnDT #(0,0,..., O)Ta
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which implies that the requirement (b) in Lemma is satisfied. If necessary, we
can let M be greater such that y" QNy < 0, for any y € 9QNker(L). Furthermore,
take the isomorphism J : Im(Q) — ker(L),Jz = z and let ®(y;y) = —yy + (1 —
7)JQNy, then for any y € 9Q Nker(L),y? ®(v;y) < 0, we have

deg{JQN,Q Nker(L),0} = deg{—y, Q2 Nker(L),0} # 0.

So, the requirement (c¢) in Lemma is satisfied. Hence, (3.1) has at least one
almost periodic solution in €, that is ([1.1)) has at least one positive almost periodic
solution. The proof is complete. O

4. EXAMPLES

Consider the following two species Lotka-Volterra type cooperative system with
time-varying delays and distributed delays:

(t) = z(t) (ﬁ(t) — Fi(t, x(t)) = fu(t, =(t — 7 (1))

0
— / pi(t, s)x(t + s)ds + Gia(t, y(t))

—0o11
0

+ g12(t, y(t — 112(1))) + / paz(t, s)y(t + S)ds),
o (4.1)
§(8) = () (ra(t) = Falt, y(8)) = falt, y(t = m22(1)))

- / iaa(t, 8)y(t + 8)ds + Gon (£, (1))

—022
0

+ggl(t,m(t77'21(t)))+/ ugl(t,s)z(t+s)ds>,

—021

where 71 (t) = 2+sin v2t+sin V/3t, Fi (t,2) = (2+sin V3t +sin/5t) sinz, fi(t,z) =
(2+cos V3t +cos V/5t) sinz, Gra(t,z) = 1(2+ cos V2t + cos V/3t) sin 2z, g1a(t, ) =
24sin \/ié-‘rsin \/gt sin 31,7 Tll(t) — esin \/§t+sin \/gt’ Tlg(t) — 6sin t+cos \/§t’ Tz(t) =92
sin /2t — sin V/3t, Fo(t,y) = (2 + sin /3t — sin \/gt) siny, fa(t,y) = (2 + cos /3t —
cos V/5t) siny, Gai(t,y) = M sindy, go1(t,y) = %ﬁm‘@t sin 5y,
Too(t) = edinV2iteos VBt (1) = esint—cosV2E (4 ) are positive almost peri-
odic functions on R x [—0;;,0] and continuous with respect to ¢ € R and inte-
grable with respect to s € [—o;;,0], where 0;; are nonnegative constants, moreover
fEa,;j wij(t,8)ds =1,4,5 =1,2,...,n. Obviously, a; = 3; = v; = 2m. By a simple
calculation, we have

bi1(t) = 24 sin V3t +sinV5t,  ¢11(t) = 2 + cos V3t + cos V5,

2 + cos /2t + cos /3t 2 + sin V2t + sin v/3t
bio(t) = »oc(t) = 5 ,

2
baa(t) = 2+ sin V3t — sin V/5t, coa(t) = 2 + cos V3t — cos V/5t,
2 — cos /2t + cos /3t _2—sin\/§t+sin\/§t
2

bo1(t) =

er =mlr(t)] =

, calt) = 5 )

2, d11 = m[bu(t)] + m[cu(t)] + 1= 5,
dig = m[blz(t)} + m[Clg(t>] +1=3, ey = m[rl (t>] =2,
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dag = m[b11(t)] + mleaa(t)] +1 =05, do1 = m[ba1(t)] +mlca1(t)] +1 =3,
then, in the matrix di; =5 > 3 = dio, dog =5 > 3 = do; and
M =max{|InC|,|lnB+ 1|} =1,
Q={y=(y1,y2..-..y)" € X :|lyll <1}.

Therefore, all conditions of Theorem are satisfied, and system (4.1)) has at least
one positive almost periodic solution.
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