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POSITIVE SOLUTIONS FOR A THIRD-ORDER THREE-POINT
BOUNDARY-VALUE PROBLEM

FRANCISCO J. TORRES

ABSTRACT. In this article, we study the existence of positive solutions to a
nonlinear third-order three point boundary value problem. The main tools are
Krasnosel’skii fixed point theorem on cones, and the fixed point index theory.

1. INTRODUCTION

In this article, we are interested in the existence of single and multiple positive
solutions to nonlinear third-order three-point boundary-value problem
o () +alt)f(tu(t) =0, 0<t<l, (1.1)
w(0) =0, u'(0)=1u'(1)=au(n), (1.2)
where n € (0,1), « € [0, %) We assume the following conditions hold in this article:
(H1) f € C([0,1] x [0,00), [0, 00)).
(H2) a € L0, 1] is nonnegative and a(t) # 0 on any subinterval of [0, 1].
Third-order differential equation arise in a variety of different areas of applied
mathematics and physics, as the deflection of a curved beam having a constant or
varying cross section, three layer beam, electromagnetic waves o gravity driven flows
and so on. Li in [4] by using Krasnosel’skii fixed point theorem on cone establish
various results on the existence of positive solutions. Sun [7] use the Krasnosel’skii
fixed point theorem and Schauder’s fixed point theorem to obtain existence and
nonexistence of positive solutions. In [5] Liu et al obtain results for the existence
of at least one, two, three and infinitely many monotone positive solutions by using
Krasnosel’skii and Leggett-Williams fixed point theorem. In [6] Luan et al obtain
existence results under conditions that the nonlinear term satisfies Carathéodory
condition, semipositone and lower unbounded by using the fixed point index theory.
In [1I], Bai the nonlinear term depends on u, u’ and ", prove the existence of at
least one solution with the use of lower and upper solutions methods and Schauder
fixed point theorem. Motivated by the above works, we obtain some sufficient
conditions for the existence of at least one and two positive solutions for and
. The organization of this article is as follows. In section 2, we present some
necessary definitions and preliminary results that will be used to prove our results.
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In section 3, we discuss the existence of at least one positive solution for (1.1]) and
(1.2). In section 4, we discuss the existence of multiple positive solutions for (|1.1))
and (1.2]). Finally, we give some examples to illustrate our results in section 5.

2. PRELIMINARIES

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set
K C FE is called cone if

(1) if . € K and A > 0, then Az € K
(2) it z € K and —z € K, then z = 0.

Definition 2.2. An operator is called completely continuous if it is continuous and
maps bounded sets into precompact sets.

Remark 2.3. By the positive solution of (1.1]), (1.2) we understand a function
u(t) wich is positive on [0, 1] and satisfies the differential equation (1.1) and the
boundary conditions (|1.2)).

We shall consider the Banach space E = C[0, 1] equipped with standard norm
lull = max Ju(t)].

The proof of existence of solution is based on an applications of the following
theorems.

Theorem 2.4 ([2,[3]). Let £ be a Banach space and let K C E be a cone. Assume
Q1 and Qs are open subsets of E with 0 € Q1 C Q1 C Qy and let

T:Kn(@Q\) = K

be completely continuous such that

(1) |1Tu]| < |lu|| if we KNy and [|[Tul| > ||u|| if u € K NOQ; or
(ii) |Tull = |ul| if ve KNOQy and ||Tu|| < ||ul|l if ue KNIy .

Then T has a fized point in K N (Q2\Q)
Theorem 2.5 ([2,[3]). Let E be a Banach space and K be a cone of E. Forr >0,

define K, = {u € K : |lu]| < r} and assume that T : K, — K is a completely
continuous operator such that Tu # u for u € 0K,

(1) If |Tu|| < ||u|| for all uw € OK,., then i(T,K,,K) =1
(2) If || Tul| > ||u|| for alluw € OK,, then i(T,K,,K) =0.

Consider the three-point boundary-value problem
u" +h(t)=0, 0<t<]l, (2.1)
w(0) =0, u'(0)=1/(1) = au(n), (2.2)
where n € (0,1), @ € [0,1/7).
Lemma 2.6. Let an # 1, h € L'0,1]. Then the three-point boundary-value prob-

lem (2.1) and (2.2)) has a unique solution
1
u(t):/ G(t, s)h(s)ds,
0
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where G(t,s) = g(t,s) + 12 ang(n, s), and

e y):{%(%ﬁy)y 0<y<e<l 03

%:ﬁ(l—y) 0<z<y<l1.
Proof. From (2.1)), v = —h(t). Applying the method of variation of parameter,

we obtain

u(t) = —% /Ot(t —5)%h(s)ds + At* + Bt + C, (2.4)

where A, B,C € R. From (2.2)), C = 0. Since «'(0) = u/(1),

B _/O (1= s)h(s)ds + 24 + B.

Therefore,

11
A:§/O (1 —s)h(s)ds.

Since v’ (0) = au(n), we obtain:

B:_;‘/On(n—s) h(s )ds+a;7 (1—s)h( )ds + Bam,

(1—an)B:—%/( s)2h ds+—/ 1-s)h

__L ! — S L — S S)as
B= 2(1_0”7)/0 (n — s)%h(s)d +2(1_an)/(1 Jh(s)ds.

Replacing these expressions in ([2.4)),

u(t):—é/(t—s ds+—/ 1= s)h ds—Q(lﬁtan) /n(n—s)Qh(s)ds

at172
+ 2(1_CW])/0 (1 —s)h(s)ds

1/t 9 [, _ 1 e — s)h(s)ds
:_5/0 (t—s) h(s)d8+§/0 (1 s)h(s)ds+2/t t*(1 — s)h(s)d
2

at ! 78288 % ' — S S)as
)/m Y2h(s)ds + >/0(1 Jh(s)d

~2(1—an) J 2(1 —an
=5l [ e —gamas+ [ ea-nea)
at 1

{/01 n*(1 — s)h(s)ds — /On(n — s)zh(s)ds]

+
1 ot !
= /O g(s,t)h(s)d$+1_om /0 9(n, s)h(s)ds



4 F. J. TORRES EJDE-2013/147

Lemma 2.7. Let o € (0,1] be fized. Then
1 1
575(1 - S) < g(ta 5) < 55(1 - 5)3 V(t, 5) € [Ua 1] X [Oa 1]7

where v = o2.

Proof. 1f s < t, from (2.3)),
g(t,s) = %(% —t2 —5)s
= S —20) )5
= Sl =17 1~ 5)s
%[1 (=12 —ss
= Sl =5) — (1= 1)7]s.
Then

On the other hand,

1
g(t,s) = 5(215 —t2 —5)s

If t <s, from (2.3)),

= % 2(1 —s)
< 351 5)
< %s(l —9)
Therefore
%tz(l —s5)s < g(t,s) < %(1 —s)s ¥Y(t,s) €0,1] x[0,1]. (2.5)
For ¢ € [o,1], we have
%(72(1 —s)s <g(t,s) < %(1 —s)s Y(t,s) € [o,1] x[0,1].
O
Remark 2.8. Fort =1 in 7 we have
1(1 —s)s=g(1,s). (2.6)

2
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Lemma 2.9. Let h(t) € CT[0,1]. The unique solution u(t) of R.1), [2.2) is

nonnegative and satisfies

i t) > .
Join u(t) 2 9u

Proof. From Lemma and Lemma u(t) is nonnegative. For ¢ € [0, 1], from

Lemma [2.6] and Lemma [2.7] we have that

ut) = [ att.s)ns)ds +

/QWAW@WS
0

1—an

< %/0 s(1 —s)h(s)ds + /0 g(n, s)h(s)ds.

1—oan
Then

1t 1
lul| < 5/0 s(1 = )h(s)ds + © f‘om /0 g(n, s)h(s)ds
On the other hand, Lemma imply that, for any t € [0, 1],

u(t) = /0 ot $)h(s)ds + /0 g(n, $)h(s)ds

1—an

1 2 1

zgyésu—SM@w+l_ZWAgmﬁMQMs
1 2 1

> %7/0 s(1 — s)h(s)ds + 1oiga,7/o g(n, s)h(s)ds

:7[% /015(1—3)h<s)ds+ lf‘m] /019(77, $)h(s)ds]

> yllull -
Therefore
i t) > .
0?321“( ) >l
We introduce the notation
t t
fo :=liminf min N ,u)’ f? :=limsup max N ,u)’
u—a 0<t<1 u u—b 0<tL1 u

where a,b = 0T, oo,

N:/U %s(l—s)a(s)ds—i— limom/a g(n, s)a(s)ds,

1 1
M:/0 %s(l—s)a(s)ds—k /0 g(n, s)a(s)ds.

Define the cone

1—an

K ={ueC[0,1] : u(t) >0, 0?521““) > vllull}

and the operator T': K — E by
1
Tult) = [ g(t.s)als)f(s,u)ds +
0

at
1—an

1
Z;Mmﬁdﬁﬂ&mw

(2.8)

Remark 2.10. By Lemma [2.6] problem (1.1)), (I.2) has a positive solution wu(t) if

and only if u is a fixed point of T
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Lemma 2.11. The operator defined in (2.8]), is completely continuous and satisfies
T(K)CK.

Proof. By Lemma T(K) C K. T is completely continuous by an application
of Arzela-Ascoli theorem. a

In what follow, we will use the following conditions
(a) f°=0and fo = o0;

) fo=ocand f* = 0;

&) fo = o0 and fo, = o0

) fO=0and f> = 0;

e) 0< fO<Randr < fo < o0;

f) r< fo<ocoand 0 < f>* < R;

) Ip>0: f(t,u) <Rp,0<u<p, tel01l];

h) 3p>0: f(t,u) >rp,p<u<’ teol]

Remark 2.12. We note that (a) corresponds to the superlinear case and (b) cor-
responds to the sublinear case. In conditions (e) and (f), r = N=! and R = M 1.
It is obvious that r > R > 0.

3. EXISTENCE OF POSITIVE SOLUTIONS

Theorem 3.1. Assume that the conditions on a, [ and (a) hold. Then (1.1)), (1.2)
has at least one positive solution.

Proof. Since f° =0, 3 H; > 0 such that f(¢t,u) <eu, for allt € [0,1], 0 < u < Hy,
where € > 0. Then for u € K N 90Oy, with Q; = {u € X : ||u|| < Hy}, we have

1 1
Tu(t):/o g(t, s)a(s)f(s,u)ds + /Og(n,s)a(s)f(s,u)ds

1—an

s(1 = s)a(s)f(s,u)ds +

= [ ans)ao) (s, s

1
/ g, s)a(s)euds
0

IA
c\’i
— N =

1
< /0 55(1 — s)a(s)euds + T —aan

< 8{/01 %s(l —s)a(s)ds + /01 9(n, s)a(s)ds} [l -

If eM <1, then Tu(t) < ||lu||. Therefore,
[Tull < [luf-

On the other hand, since fo, = oo, there exists Hy > 0 such that f(t,u) > du,
for all t € [0,1] with Hy < w and 6 > 0. Then for u € K N 00y, where Qg =
{u € X : |lu|]| < H2} with Hy = max{2H7, %} Then u € K N9y implies that
miny<;<1 u(t) > y|ul| = vHz > Ha. So, by (2.6), we obtain

(Tu)(1) = / (1, s)als) £ (s, u)ds + / g, $)als) f (s, u)ds
> [ 1
> [ 1

1—oan

1—an

" / 901, 5)a(s)f (s, u)ds

s(1—s)a(s)f(s,u)ds + T

s(1 = s)a(s)du(s)ds +

N = N =

1—ar /,, g(n, s)a(s)du(s)ds
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T [ gt syatsyas] .

25{/71;3(1—3)a(8)d3+1a

If 6N > 1, then

Tu(1) = lull (3.1)
which implies that

[Tul] = flul - (3.2)
Therefore, by Theorem the operator 1" has at least one fixed point, which is a
positive solution of 7 . O

Theorem 3.2. Assume that the conditions on a, f and (b) hold. Then (1.1)), (1.2)
has at least one positive solution.

Proof. Since fy = oo, there exists Hy > 0 such that f(¢,u) > &u, for all t € [0, 1],
0 < u < Hy where & > 0; thus, for u € K N 9Q, with Oy = {u € X : ||ul| < H1},

by (2.6), we have

- / 91, 5)a(5) (5, u)ds

1—«

1) = [ o1s)a(s) (5. ds +

1
- / 9, $)a(s) (s, u)ds

1y
> / 55(1 = s)a(s)f (s, u)ds + T—

2/0 %s(l — s)a(s)du(s)ds + /g g(n, s)a(s)ou(s)ds

!
1—an

1 1
Y ay
> Ls(1— .
2| [ 3wt 12 [ gt spate)as| ul
If §EN > 1, then Tu(1) > ||u||. Therefore
Tl

On the other hand, since f* = 0, there exists Hy > 0 such that f(t,u) < Au, for
all t € [0,1] with Hy < u and A > 0.

We consider two cases:
Case 1. Suppose f is bounded. Let L such that f(¢t,u) < L and Qy = {u € X :
|ull < Ha} where Hy = max{2H;, LM}. If u € K N dQ;, then by Lemma 2.7, we
have

1 1
Tuft) = / o(t, s)a(s) f (s, u)ds + / 91, $)a(s) (5, u)ds

1—an

< [ gst= st + = [ g staf(s s

1—an
/ g(n, s)a(s)Lds
0

1
1
< /o 58(1 —s)a(s)Lds + T

«

< L{/1 %s(l — s)a(s) + /01 g(n, s)a(s)ds}

0 1—an
< Hy = ||u]|

and consequently, || Tu|| < ||ul|.
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Case 2. Suppose f is unbounded, then from (H1) there is Ho > max{2H;, H,}
such that f(t,u) < f(¢, Hy) with 0 < v < Hy and let Qs = {u € X : ||lu|]| < Hp}. If
u € KNy and AM < 1, we have

Tu(t) = / o(t, $)a(s) f (s, u)ds +

1 ftom/o g(n,s)a(s)f(s,u)ds

1 o 1
< | 3= satsts s + == [ gln.als) (s, 1)

—an

1 1
< / —s(1 — s)a(s)A\Hads + c / g(n, s)a(s)A\Hads
0o 2 1 nJo

(67

<) [ / 1= sas) + / gn, s)a(s)ds] H,

< Hy = |Jull.

Thus, ||Tu|| < |Ju.
Therefore by Theorem the operator T has at least one fixed point, which is

a positive solution of (1.1)), (1.2). O

Theorem 3.3. Assume that the conditions on a, f and (e) hold. Then (1.1]), (1.2)
has at least one positive solution.

Proof. Since 0 < f9 < R, there exists H; > 0 and 0 < e; < R such that f(t,u) <
(R—e1)u, 0<t<1,0<u<H;. Let Q3 ={ue X :|ul| < Hi}. So for any
u€ KN an,

Tu(t) :/0 g(t, 8)a(s)f(s,u)ds +

1—an

lftom/o g(n, s)a(s)f(s,u)ds

/0 g, $)a(s)(B — 1 )uds
/ 1g<n,s>a<s>ds} o

"1
< /0 55(1 —s)a(s)(R—e1)uds + 1—an

1
< (R—z) [/0 %s(l ~ S)a(s)ds +
= (R—e))Mllull < lull.

Thus || Tu|| < |Jul- B

Since r < foo < 00, there exist Hy > 0 and &5 > 0 such that f(t,u) > (r +e2)u
foru > Hy and o <t < 1. Let Hy = max{2Hj, %} and Qo = {u € X : |Ju|]| < Ha}.

Then u € K N 98y implies miny,<;<q u(t) > 7|lu|| = vHz > Ha. So, by we

obtain

Tu(l):/o g9(1,8)a(s)f(s,u)ds +

1—an

1
1 —aom/o g(n, s)a(s)f(s,u)ds

@ 77/ g(n, s)a(s)(r + e2)uds

2/0 %s(l—s)a(s)(r—i—ag)uds—&— T

1

a 1
> (e [ 3= sate)ds + 1 [ gt s)as)is]ul

[ea

= (r+ea)Nljul > [lul-

Thus, [|Tul > ||u].
Therefore, by Theorem [2:4] the operator T has at least one fixed point, which is

a positive solution of (1.1}, (1.2). O
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Theorem 3.4. Assume that the conditions on a, f and (f) hold. Then (1.1)), (1.2)
has at least one positive solution.

4. MULTIPLICITY RESULTS

Theorem 4.1. Assume that the conditions on a, f, (¢) and (g) hold. Then (1.1)),
(1.2) has at least two positive solutions.

Proof. Since fy = oo, 3H; > 0 where 0 < H; < p such that f(¢,u) > ru with
0 <u< Hjandt € [0,1]. Let Q3 = {u € X : ||u|| < H1}. Then for any
ue KN 891,

Tu(l) = / oL, )a(s) (s, u)ds + / 91, 5)a(s) f (s, u)ds

1—an

14 o 1
> / 55(1 — s)a(s)ruds + T / g(n, s)a(s)ruds
[ea "7 g

1 1
>r {/a %3(1 —s)a(s)ds + T jaan /U g(n,s)a(s)ds] [l
= rN|lul] = [[ull
Thus, || Tu|| > |u||. Therefore, by Theorem [2.5]
(T, Ky, K) = 0.

Since fo, = 00, there exists Hy > p such that f(t,u) > ru with u > Hy, t € [0,1].
Let Hy = % and Q3 = {u € X : |ju|| < Hz}. Then for u € K N 0903, we have
rgtlglu(t) > y|lu|| = vHy = H,. Hence,

Tu(t) = [ ot el s+ 7 [ gt s)als(s.upas

1 1
1 o}
>/U is(l—s)a(s)ruds—i— T 0477/0 g(n, s)a(s)ruds

1 1
> r{/ﬂ %5(1 —s)a(s)ds + . 10;77 /U g(n,s)a(s)ds} [lu|l
= Nl = [fu]-
Thus, || Tul| > |u||. Therefore, by Theorem [2.5]
(T, Ky, K) = 0.

On the other hand, let Q3 = {u € X : |ju|| < p}. For any u € K N dQ3, we get
from (e) that f(t,u) < Rp for 0 <t <1, then

Tult) = / ot 8)a(s) (s, w)ds + - “’;n / o1, $)a(s) f (5, u)ds

1 1
</0 %s(l —s)a(s)Rpds + 1 —aan/o g(n,s)a(s)Rpds

"1
< R[/ =s(1 — s)a(s)ds +
0 2
< RMp < ||ul|.

1—an /01 g(n, S)G(S)ds}p
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Thus, ||Tu| < |lul|. Therefore, by Theorem [2.5]
(T, Ky K)=1.
Hence,
(T, Kg, \E,K) =i(T, Ky, K)—i(T,K,,K)=0—-1=-1
(T, K,\ Ky, K) =i(T, K, K) —i(T, Ky, ,K) =1—0 =1
Therefore, there exist at least two positive solutions u; € K N (Q3\Q;) and uy €
KN (2:\Q3) of (L.1)),(L.2) in K, such that
0 <l < p <luzf- (4.1)
O

Theorem 4.2. Assume that the conditions on a, f, (d) and (h) hold. Then (1.1)),
(1.2) has at least two positive solutions.

5. EXAMPLES

Example 5.1 (Superlinear and Sublinear Case). (a) If f(t,u) = u®, o > 1,
the conclusions of Theorem hold.
(b) If f(t,u) =1+ u®, a € (0,1) the conclusions of Theorem [3.2] hold.

Example 5.2. Let f(t,u) = MIn (1 + u)+u?, fix A > 0, sufficiently small. Clearly
f% = X and fo = co. By Theorem (1.1) and (1.2]) have at least one positive

solution.

Example 5.3. Let f(t,u) = u?e % + psinu, fix 4 > 0 sufficiently large. Then
fo=pand f* = 0. By Theorem (1.1) and (1.2) have at least one positive

solution.

Example 5.4. Consider the boundary-value problem

u"(t) Fub +ut =0, 0<t<l, (5.1)
w(0) =0, u'(0)=4/(1)= iu(%), (5.2)

where f(t,u) = f(u) = u® +u®, a(t) =1, b € (0,1) and ¢ > 1. Then fy = oo and
foo = 00. By a simple calculation, M = 2/21 then R = 21/2.
On the other hand, we could choose p = 1, then f(t,u) < 2 < 21 = Rp for

(t,u) € [0,1] x [0, p]. By Theorem u (5.1) and (5.2) have at least two positive
solutions.
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