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EXISTENCE OF MULTIPLE SOLUTIONS TO ELLIPTIC
EQUATIONS SATISFYING A GLOBAL EIGENVALUE-CROSSING
CONDITION

DUONG MINH DUC, LOC HOANG NGUYEN, LUC NGUYEN

ABSTRACT. We study the multiplicity of solutions to the elliptic equation Au+
f(z,u) = 0, under the assumption that f(z,u)/u crosses globally but not
pointwise any eigenvalue for every x in a part of the domain, when u varies from
—o0 to oo. Also we relax the conditions on uniform convergence of f(z,s)/s,
which are essential in many results on multiplicity for asymptotically linear
problems.

1. INTRODUCTION

Let © be a bounded connected open subset with smooth boundary in RN (N > 3)
and H be the usual Sobolev space VVO1 = (©) with the inner product and norm

(u,v) = / Vu.Vodr Yu,ve Wy 2(9Q),
Q
5 \1/2 Lo
full = ([ 1VuPds) " v e Wi,
Q
Let f be a real-valued Caratheodory function on 2 x R such that the first order
partial derivative in second variable %(x, t) exists and is continuous at any ¢ in R

for every z in R, and f(z,0) = 0 for all z in Q. Assume that there exist measurable
functions Vp, V5, V3 and V; on Q such that

li|1;r|1i%f @ =Vi(z) V(z,t) e QxR (1.1)
|f(z,t) — f(z,s)] < Va(z)|t —s] Vrel, s,teR, (1.2)
Wg%(@ VzeQ, st eR, s #t, (1.3)

l‘itrlninf @ =Vi(z) V(z,t) e QxR (1.4)
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We consider the problem (P),
Au+ f(z,u) =0 in Q,
u=0 on Jf.

This equation has been studied when f depends only on w in [2} 8, [ 12} 211 [36].

The uniform convergence in (1.1) and (1.4)) is essential in the articles [111 10} [13]

15, 201 19, 22| 23| 25, 26, 27, 28], 29] 30} 31, 37, [38], 39]. If f(x,u)/u does not cross
uniformly any A;, problem (|1.5) may not have any solution (see [27]). In this paper

we relax conditions on uniform convergence of f(z,s)/s. In the real world we can
not estimate f(z,u)/u pointwise, we have only its average values by integration. On
the other hand we can neglect the behavior of f(x,u)/u at every x in small parts of
Q. With these motivations, we introduce the concept of global eigenvalue-crossing
defined by and , below. Using this concept, we study problem , and
illustrate our method by improving the results in [8]; see Theorem below. It is
interesting that the conditions in Theorem [1.1| are similar to the Landesman-Lazer
conditions in [3] [19].

Let Ay < Ay < ... be the eigenvalues and 1, p2,... be their corresponding
eigenfunction of the Laplacian operator —A in H. Our result on multiplicity of
solutions is stated in the following theorem.

(1.5)

Theorem 1.1. Let Y be the subspace of H spanned by {¢1, 2, ..., ¢k}, and let Z
be the orthogonal complement of Y in H. Let W = |Vi| + Vo + |V3| + |V4| and r be
in the interval (§,00). Suppose W € L"(2) and

/ (IVul’ — Vie?)de > Collul® Vu € Wi3(9), (1.6)
Q
/ (V2 — Va2)dz > Ci||z]2 V=€ 2, (1.7)
Q
/Q (IVy]* = Vay*)de < =Caly|* Vy €Y, (1.8)

Then (i) Problem (1.5)) has at least five solutions. (ii) Moreover, one of the following

Cases occurs:

(a) k is even and (1.5) has two solutions that change sign.

(b) k is even and (1.5)) has siz solutions, three of which are of the same sign.
(¢c) k is odd and (1.5)) has two solutions that change sign.

(d) k is odd and (1.5) has three solutions of the same sign.

These results have been proved in [8] under the following conditions: f is a
differentiable function from R to R, such that f(0) = 0, f/(0) < Ay, limjy oo @ €
My Adkr1), and f'(t) < v < Aggq for all ¢ in R. If f’ is continuous on R and
sup{|f'(t)] : t € R} = M < oo, we can apply Theorem to consider this case
with Vi(z) = f/(0), Va(z) = M, Va(z) = v and Vi(z) = L (g1 +limyy oo £2) for
any z in Q.

Let p and v be real numbers such that u < A\ < v. We have to cross Ag in order
to go from p to v. Arguing as in [32], p. 26|, we have

/(|Vz|2 — p)dr > (1— L)z vze z (1.9)
Q )‘kJrl

[V~ vi)o < -5 = DIyl vy Y. (1.10)
Q k
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These inequalities motivated us to introduce the global conditions (1.7]) and (1.8]).

Example 1.2. Let Q be the unit sphere in R, 4 be in the interval (\g, Ax11), €
be a positive real number, and f be a real C?-function on €2 x R such that

0 if [t <1
) = =3
fe {<v—e<1—|x2>—l/N>t i1 > 1,

and

|8fg;’t)| <y —4e(1—|z|H)~YN o< < 1.

Since (1 — |z|2)~Y/N is in L¥ (), by inequalities of Sobolev and Poincaré there is
a constant ¢o such that for any u in Wy*(2),

1 2/N 2N N]\T'Q
1—|z|? _1/Nu2dx§ / 1—|z?) " 2dx /uN—2daU
Ja=iap) {[a=tepytae} ] [ wiar)
Sco/ |Vul?dz.
Q

Let € be in the interval (0, 00_1(% —1)). We see that ¢ = 5= —1—coe is positive.
Put Vi(z) = 0, Va(z) = dy—4e(1—|z|2)~~ V3($—V4( )—gamma 5(1—|:U|2)_*

N
for any = in Q). Then f satisfies (| ., ., , , , and (|1.8).

Indeed, arguing as in [32, p. 26], we have

/ V2] — Vazlda > / (V2 —72de > (1— L )|2|® Vze 2,
Q Q Akt1

/QHVyF—VZ;yQ]dwS/Q[(HCoE)\VyP—va]dx
_Z (14 coe)A; — ]/a?tp?dl‘
Q
: g
2 2
Z[)\jlcos])\j/ﬂajgajdx

j=1

j=1

Remark 1.3. Note that the set E = {z € Q : v —e(1 — |z2)"% < A} is a
nonempty open subset of 2. Then the Lebesgue measure of F is positive, and
@ < A for any z in E and |t| > 1. Thus @ does not cross any \; at any x
in E.
2. PROOF OF MAIN RESULTS
For any (z,£) in © x R and any u in H we define
¢" =max{¢,0}, ¢ =min{¢, 0}, (2.1)
f:l:(xag) :f(I,é'i):F‘/l(ﬂj)f:F, (22)

1 1 1
Fao) = [ fseds, Fa@d = [ flase®)e5s + ZR@Ier. (3)
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1 2 _ 1 2
T = [ [519u = Ple,u@)ldz, Taw) = [ [5Vu() —Fi@,u(zmiz.@

Some operators in this sections may not be compact vector fields but of class
(S)4, which has been introduced by Browder (see [5l [6]). We have the definitions
and properties of the class (S)4 as follows.

Definition 2.1. Let X be a subset of H and h be a mapping of X into H. We
say:
(i) h is demicontinuous if the sequence {h(x,,)} converges weakly to h(x) in
H for any sequence {z,,} converging strongly to = in H.
(ii) h is of class (S)4 if h is demicontinuous and has the following property :
let {x,,} be a sequence in X such that {z,,} converges weakly to = in H.
Then {x,,} converges strongly to = in H if limsup,,_, . (A(@m), zm —x) < 0.

Denote by Bg(zg) the open ball of radius s centered at z for any z¢ in H.
Let U be a bounded open subset of H and OU and U be the boundary and the
closure of U in H respectively. Let f be a mapping of class (S)4 on U and let p
be in H \ f(0U). By [5l Theorems 4 and 5], the topological degree of f on U at p
is defined as a family of integers and is denoted by deg(f,U,p). In [34] Skrypnik
showed that this topological degree is single-valued (see also [6]). The following
result was proved in [6].

Proposition 2.2. Let f be a mapping of class (S), from U into H, and let y be
in H\ f(OU). Then we can define the degree deg(f,U,y) as an integer satisfying
the following three conditions:

(a) (Normalization) If deg(f,U,y) # 0 then there exists v € U such that f(x) =
y. If y € U then deg(Id,U,y) = 1 where Id is the identity mapping.

(b) (Additivity) If Uy and Uy are two disjoint open subsets of U and y does not
belong to f(U\(Ul U U2)) then deg(f7 Ua y) = deg(f7 U17 y) + deg(fa U27 y)

(¢) (Invariance under homotopy). If {g: : 0 < t < 1} is a homotopy of class
(S)+ and {y; : t € [0,1]} is a continuous curve in H such that y; ¢ g4(0U)
for all t € ]0,1], then deg(g:, U, y:) is constant in t on [0, 1].

Definition 2.3. If ug is an isolated zero of a map f of class (S)4, then, by the
additivity property of the degree, we can define

Z(fu UO) = 1‘1_1% deg(f7 BS (UO), 0)7
which is called the index of f at ug.

Definition 2.4. Let j be a real-valued C'-function on H. We say that j satisfies
the Palais-Smale condition if for any sequence {z,,} in H such that {j(x,,)} is
bounded and {||Dj(zm)||} converges to 0, there is a convergent subsequence {Z,, }
of {z,,}.

Definition 2.5. Let j be a real C'-function defined on an open subset U in H, and
x be a critical point of j. Then x is said to be a critical point of mountain-pass type
if there exists a neighborhood V of  contained in U such that W N j~1(—oo, j(x))
is nonempty and not path-connected whenever W is an open neighborhood of =
contained in V.
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Definition 2.6. Let j be a real-valued C?-function on H and zo € H. We say
Jj satisfies the condition (®) at zg if: Dj(zg) = 0 and 0 is a simple eigenvalue
whenever it is the smallest eigenvalue of D?j(zo).

We shall extend the results in [ [16] to operators of class (S)4 in the appendix
and use them in the present and next sections. The proof of Theorem [I.1] needs
following lemmas.

Lemma 2.7. Let W be as in Theorem [ and u be in H. We have

(F1) Wu is in LY () for any u in H.

(F2) There is a positive constant K such that

/ Wu?de < K||u|> Vu € H. (2.5)
Q

(F3) For any sequence {vy,} converging weakly to v in H, there are a measurable
function g on Q and a subsequence {vy,, } of {vm} having the following
properties: |Um, | < g a.e. on §, and for any k,

/ Wlg|* dr < . (2.6)
Q

Proof. Let g be in [, %) such that % + é = 1. By Holder’s and Sobolev’s
inequalities, there is constant ¢ such that for any v € H and s € {1,2}

/QW|U|de < (/QWTda?)l/r[</Q|u|5qdz)2r < CS(/QWT@I/THU”S. (2.7)

Therefore, (F1) and (F'2) are satisfied.

Let {v,,} be a sequence converging weakly to v in H. By [4, Theorem 4.9] and
Rellich-Kondrachov’s theorem, there exist g and v in L??()), and a subsequence
{vm, } of {vm} such that {v,,, } converges to v in L24(2), {v,,, } converges v a.e on
Q, and |vy,, | < g a.e on €. Since g2 is in L9(2), Wg? is integrable on . O

Lemma 2.8. Let v and w be in H, such that w is nonnegative and not equal to 0

and
/ [VwVep — a—f(z,v(z))ga]dx =0 VypeH.
Q ot

Then w > 0 a.e. on (.

Proof. Let W and 7 be in Theorem [1.1, B(x,t) be a ball in RY with center 2 and

radius ¢, and p be in [2, 1%5) such that %4—% =1. Put U(y) = %(y,v(y)) for any

y in Q. By (1.2) and Holder’s inequality, there are positive contants M; and M,
independing from x and ¢ such that

U (y)| / W(y)
— v Xxaly)dy < —— vz Xxa)dy
/B(m,t) |z — y[ N2 (v) B(z,t) |z —y|N =2 a(v)

< (/ W’"dy)”r(/ |z — y[PE=Ndy)t/»
Q B(z,t)

t
< Ml/ sPC—N)+N-1g4 M,yt?,
0

where § =p(2— N)+ N > 52— N)+ N =0.
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Thus U is of Kato’s class (see [33]). Let zo be in 2 and €’ be an open set such
that w(xzg) > 0, g € Q' and ' C Q. By Harnack’s inequality [33, Theorem 5.5]),
w(z) > 0 for any z in Q. Since Q is connected in RV, w(z) > 0 for any z in Q. 0O

Lemma 2.9. (i) The functional J is of class C?, the functionals J and J_ are
of class C'. For any u and v in H we have

(DJ(u),v) = /Q[VUVU — f(z,u)v]dx, (2.8)
(DJy(u),v) = /Q[Vqu — f1(z,u)v]dz. (2.9)

(i)
lmsup 2% <o (2.10)

yeY,|y||—oo llyll?

Proof. (i) It is sufficient to prove that J is of class C2. The prove for J are similar.
Let w,v be in H and z be in Q. By (1.2)), (2.3)) and the mean value theorem, there
is s in [0,1] such that

|F (2, u(z) + v(2)) = F(z,u(z)) = f(z,u)]
= [f(z,u(z) + szv(2))v = f(z, u(@))v(z)]
< V(2)v*(x).

Hence, by (2-4) and (27),

|J(u+v) — J(u) — /Q[VUVU — f(z,u)v]dzx|

= [lv]l* + / [F(z,u(x) + v(z)) = F(z, u(z)) — f(z, u)v]dx]
Q

< [olP+] [ Vaotds
Q
v \2/N
<1+ / W=2dx v||?
() wEd) el
Therefore, J is Fréchet-differentiable on H and
(DJ(u),v) = /[Vqu — f(z,u)v]dx Yu,v € H.
Q
By (2.5)and(L.2)), we have that for any u, w and v in H,
[(J(u) = J(w),v)| = /Q IV(u—w)Vv = (f(z,u) — f(z,w))v|dx
< Ju=wlol+ [ Va(u = wpelda
Q
1/2 1/2
< flu—wlo] + {/ Va(u - w)ds) {/ Vortds)
Q Q

< (1+ K)lu = wl|fjvf]

(2.11)

Thus J is of class C'. Similarly we see that D.J is Fréchet-differentiable and

D?J(u)(v,w) = /[Vva _of

(z,w)vw]dz Vu,v,w € H.
Q ot
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Let v and w be in H and {u,,} be a sequence converging to v in H. We see that

{um} converges to u in L?(Q). Since V3 is in LY/2(Q), by a result on page 30 in
[17] and (L.2), we have

lim {/Q ’%(m,um(:ﬁ)) - g—{(:ﬂ,u(m))’w?d:ﬁ}Nﬂ =0. (2.12)

m— 00

As in (2.7), we have
[D? ) D% J(uw)](v, w)|
\/ (2, ) — Z—{(m,u)]vwdx\
/ 1L (@, ) g{(x u)\u2dx|} e (2.13)
< [ 15 ) - Fiwlutaal}
< 02{/Q \E(l’vum(x)) - a(xaU(I))|N/2dx}N/2||7f||||w||-

Combining (2.12)) and (2.13]), we obtain the continuity of D?.J.
(i) Let {ym} be a sequence in Y with a,, = ||ym| — co. We shall prove that

J
lim sup (me) < 0.

m—oo an,

Put w,, = %= Since ||w,,|| = 1 and Y is of finite dimension we may assume that

{w,} converges to w in Y with ||w| = 1. When m goes to oo, by (1.2), (2.4), (2.5)
and the mean value theorem, we have

J(amwy,) — J(amw) |

- |f [%(|Vamwm| — |amVw|?) — F(z, amwn,(z)) —i—F(J;,amw(x))]dJc‘
= a2, (2.14)

< v + wllffwm — w]) + / Vol — wl?dz
Q

< (lwm + wl + Kllwm — w[)[[wm — w|| — 0.

Thus

lim sup J(ami;um) = lim sup J(amw)

2
m— oo m m— oo m

Let s be in (0, 1] and « be in Q such that w(z) # 0. Then lim,,_,« |sa,w(z)| = 0o

and by (1.4 .,

lim inf —f(x, Samw(2))
m—00 samw(x)

= Vi(2) (2.15)
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Put D = {x € Q : w(z) # 0}. By (1.3), @—i—‘fg(aﬂ) > 0 for any (x,t) in Q x R.
Therefore, by a general version of Fatou’s lemma, (1.2)) and (1.4)), we have

1
liminfa;f/ F(x,amw(;v))dleiminfa;f// f(z, sapmw(z))anw(x) ds dz
Q

= hmmf/ it samw(x)) w?(z) ds dx
m—00 0 samw(x)

2/[/ hmlnfw w?(x) ds da
m—oo  sapmw(x)

:// Va(z sw x)dsdx

3 | Vit @)is

(2.16)
Combining (2.14)), (2.16) and (L.8), we obtain
J m m . —
lim sup w = lim sup {/ |Vw|*dz — amz/ F(z, sanw(z))dx
m— o0 ap, m— oo Q Q
1
= — [ |Vw|*dz — liminf a,,’ / F(z, samw(z))dx
1
<5 [ IVulds = Vi(e)u*@)da
Q
1 2
< 3Ol <0,
which completes the proof. ([

Lemma 2.10. (i) For everyy €Y and z1,z € Z,
(DJ(y+21) — DJ(y + 2),21 — 2) > Cy||z1 — 2||>. (2.17)

Moreover, if {um} converges weakly to ug in H then: (ii)

lim sup(DJ (t,), Um — uo) > Cy limsup ||ty — ugl|?, (2.18)
(iii)
lim sup(DJ4 (U ), U, — o) > Cy limsup ||ty — uol|?, (2.19)
m—00 m—00
(iv)
lim sup(DJ_ (), Uy — ) > Cy limsup ||t — uol|?. (2.20)

Proof. (i) By (2.3), (1.3), and the orthogonality between Y and Z in H, we
have for all y € Y and z1,z € Z,

(DJ(y+ 2z1) — DJ(y + 2),21 — 2)
/|V 21 — 2)] dm—/( (x,y+21) — flx,y + 2))(z1 — 2)dx
2/Q|V(zl—Z)|2d;z:—/QV3(:17)(zl—z)zdeC’1H21—2||2.

(i1) Write wp, = Ym + 2m and ug = yo + 20, where Y, yo € Y and z,,,20 € Z.
Using the orthogonality between Y and Z in H, we obtain y,,, — yo and z,, — 2o
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in H. Since Y is finite dimensional, {y,,} converges strongly to yo in H. By (2.11]),
DJ is Lipschitz continuous on H. Thus DJ(A) is bounded for any bounded subset
A of H. (i) implies that

lim sup(DJ (), Um — o)

ZLErifsup(DJ( m)s Ym — Yo + Zm — 20)
= ISnZEp(DJ( m + Zm), Zm — 20)
= liznjzp<DJ(y + 2m) — DJ(Ym + 20), 2m — 20)
+ n}i_r)n@(DJ(y +20) — DJ(yo + 20), 2m — 20) + W}i_r)n@(DJ(yo + 20), Zm — Z0)
= limsup(DJ (Ym + 2m) — DI (Ym + 20), 2m — 20)
m—s00

> Cy limsup || 2m — 20|

m—0o0

= C1 limsup ||u,, — uol|?.

m—00

(iii) Arguing as in Lemma by (2.2) and (2.4), we have
(DJ (um), um — uo)

= / VitV (tum — uo)da — / [f (2, g (2)) = Vi (@), (2)] (um (2) — uo(x))dax
Q Q

= (DJ(wm), tm = uo) + /Q[f(w, U (%)) + Vi(@)ug, (2))(wm) — uo)dz.

(2.21)
Let ¢ be in [1, %) such that % + 2—1q = 1. By Rellich-Kondrachov’s theorem,

Hélder’s theorem, (1.2) and (2.7)), {u.,} converges strongly to ug in L??(§) and

A (@) + Vi (@)up, (2)) (i () — p(2))de|
(2.22)
< / W) s — o] 0 s m 0.

Thus by (ii) and ( -, we obtain

limsup<DJ+(um),um —ug) = limsup(DJ (um ), Um — uo) > C1||tm — uo||*.

(iv) The proof of (iv) is similar to the proof of (2.20)), and is omitted. O
Lemma 2.11. The operators DJ and DJy are of class (S)+.
The proof of the above lemma follows from Lemma and Definition

Lemma 2.12. Let P be the orthogonal projection of H onto Y. Let N(u)(z) =
f(zyu(x)) for allw in H and x in Q. Then:

(i) For any y in'Y, there exists a unique Y(y) € Z such that ¥(y)|lsq = 0,
J(y+¢¥(y)) =min,ez J(y + 2) and

(I =P)DJ(y+9¥(y)) = —A(y) — (I = P)N(y +(y)) = 0. (2.23)

(i) The mapping ¥ is continuous on Y .
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(iii) The reduction mapping J : Y — R determined by J(y) = J(y + ¥(y)) is of
class C', and )
DJ(y) = PDJ(y +¢(y)).

Moreover, y is a critical point of J if and only if y + ¥(y) is a critical point of J.
(i) If ug = yo + ¥ (yo) is an isolated critical point of mountain-pass type of J
then yo is a critical point of mountain-pass type of J.
(v) If yo € Y such that yo + ¥ (yo) is an isolated critical point of J, then

i(DJ,yo) = i(DJ,yo + ¥(yo))- (2.24)

Proof. The proofs of (i), (ii), (iii), (iv) are based on and can be found in [7,
Lemma 1] and [8, Lemma 2.1].

(v) Put ug = yo+%(yo). Because DJ and ¢ are continuous and uy is an isolated
critical point of J, we can choose M > 0 and r > 0 such that wug is the unique
critical point of J in B, (ug) and

[DJ(y +tp(y) + (1 —t)z)| <M Vu=y+2z€ Br(uo), t €[0,1].
‘We put
h(t,u) = PDJ(y + t(y) + (1= 1)z) + (L £)(I = P)DJ(y + 2)

+tz—¢(y) Vte[0,1lu=y+zeY ®Z (2.25)

First we show that ug is the unique zero of hy (¢, -) in B, (ug) for all ¢ € [0, 1]. Indeed,
let (t,u) € [0,1] x B,(up) such that u =y + 2 in Y & Z and hq(t,u) = 0. By (%)

(DJ(y +v¥(y)),w) =0 Ywe Z. (2.26)

Thus by 7 we have
0= (ha(t,u),z = (y))
= (1= t)(DJ(y +2),z = ¥(y) > +tllz — ¥ (y)|”
= (1= t){DJ(y+2) = DI(y+ (), z — v(y)) +tlz — )|
> [(1 =)0y +tllz = ()],
which implies z = v (y). Therefore, by (i) and 7
0=h(t,u) =Mty +¢(y))
=PDJ(y+4(y) + (1 =t)I = P)DJ(y +¢(y))
= DJ(y +4(y)) — tI = P)DJI(y + ¢(y))
= DJ(y +¢(y)) = DJ(w).
By the choice of r, we obtain u = ug. -

We will prove that h; is a homotopy of class (S)4+ on By (ug). Let {(tm,um)}
be a sequence in [0,1] X B,(up) such that {¢,,} converges to t in [0,1] and {u,}
converges weakly to u in B, (up) and

lim sup(hq (tm, Um), Um — w) < 0. (2.27)

m— 00

We will show that {u,,} converges strongly to v in H. We write w;, = ym + 2m
and v = y + z, where (y,2) and (ym, zm) are in Y x Z for any integer n.

Since Y is finite-dimensional, {y,, } converges strongly to y. Using the continuity
of ¢ and the boundedness of {DJ(ym, + tm¥(ym) + (1 —tm)2m) } and {u,, }, we can
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assume that {PDJ (Y +tm¥(yYm)+(1—tm)zm)} and {PDJ(u.,)} converge strongly
in H. By we have
(h1(tm, Um), Um — u)

<PDJ(ym+t Y(ym) + (L= tm)2m), um — w)

— (I = tm)(PDJ(tm)s Uy, — 1) + (1 — ) {(DJ () — DI (0), Uy, — w)

+ (L= tm)(DJ(w), um — u) + tm) Zm: Ym — V)

Ftm(zm — 2, 2m — 2) + tim (2, 2m — 2) — tn (W (Ym ), Um — ).
Hence,

lim sup(1 — ¢, ) (DJ (Up,) — DJ (), Uy, — w)

m— 00

= limsup(1 — t,)(DJ(y + 2m) — DJI(y + 2), 2m — 2).

m—00

Thus, by (2.17)), (2.27) is equivalent to

0 > limsup{(1 — t,,)(DJ(y + zm) — DI (y + 2), 2m — 2) + tm||2m — z||2}

m—00

> limsup{(1 — t)C1 |z — 2|* + tmll2m — 2II°}

> min{C1, 1} n}gnoo lzm — 2|2,
which gives the strong convergence of {u,,} to u. Hence, h; is a homotopy of class
(S); on B,(ug). Since hy(0,u) = D.J(u), by Proposition We have
i(DJ,yo + ¥(yo)) = i(ha(1,-), 50 + ¥ (yo))- (2.28)
For (t,u) in [0,1] x B, (ug), put
ho(t,u) = u+ t{[PDJ(Pu+ ¢¥(Pu)) — Pu — (Pu)]
+ (1 =8)[PDJ(Pu+ ¢ (Pu)) — Pu—v(yo)]

We write u = y+ 2z with y = P(u) and z = u — P(u), we have u = P(u) +u— P(u)
and

(2.29)

ha(t,u) = PDJ(y +¢(y)) +t(z = ¢(y)) + (1 = ) (z — ¥ (%)),
h2(0,u) = PDJ(y +1(y)) + z = 1 (yo),
ho(L,u) = PDJ(y +¢(y)) + 2 — d(y).
If ho(t,u) = 0 for some (¢,u) in [0,1] x B,(ug), then it is implied that
PDJ(y+¥(y)) = Pha(t,u) = 0.

Thus by (2.23)), we see that y + (y) is a critical point of J. Since ug is the unique
critical point of J in B,(ug), we have y = yo. Hence

0= (= P)ha(t,u) =z —t(y) — (1 = )(yo) = z — P (yo)-
Thus z = ¥(yo) and u = ug. Therefore ha(t,.) has a unique zero u = ugy in B, (up)
for all t € [0,1], and hs is a homotopy on [0,1] x B,(ug) of the compact vector

fields h2(0,.) and hso(1,.). By the product formula and the homotopy invariance of
topological degree for compact vector fields, we have

i(DJ,yo) = i(h2(0,.), 50 + ¢(yo)) = i(ha(1,.), %o + ¥ (yo))- (2.30)
Combining (2.28)), (2.30) and the fact that hi(1,-) = ha(1,-) we obtain (v). O
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Lemma 2.13. There exist positive real numbers r and C' such that
Cllul2 < min{J(u), Iy (u), I (u) ¥ € B, (0).
Proof. By 22), €3), €4) and (L), we have
1
Ty (u) = T (") + 5 / [Vu™[? = Vilu™[P)dz > J(u*) + Collu™ |,
Q

1
T = I + 5 [ [Vt P = Ykt Plde = J(0) + Collu
Q

Thus, since ||u? = |Ju™||? +|Ju~||?, it suffices to show that there exist positive con-
stants C and 7 such that J(u) > C||u||? for all v in B,.(0). Assume by contradiction
that there exist sequences {u,,} C H and {s,,} C Rsuch that 0 < a, = |Jun| — 0,
Sm — 0 and J(up) < splum|?; ie.,

1 F mUm
f/ |va|2das—/ Mdm < Sms (2.31)
2 Ja Q @
where v, = a,'t,,. Since ||v,,]| = 1 we can assume that v, — vg in H. By
Hospital’s rule,
. F(z,t) 1
%EI%) 2 = ivl(x) (2.32)

By (1.2), we have
|F(x, amvo(x))

a2
m
Since Vav? is integrable, by Lebesgue’s dominated convergence theorem, (1.6) and

(2.32),
1 F 1
lim [ (5|Vvof* - Fa amvo(@)) ;L / (IVvol? — Vivd)de > 0. (2.33)
Q Q

| = aZfI/O [ (@, tamvo(x))amvo(x)dt| < %Vz(fv)v%(w)

m—oo az, 2

Combining ([2.31)) and (2.33)), one has
1 F ~F
fimsup [ (50~ Veol) - (v (2)) = F(@, anvo(@))
Q

m— o0 a?n

Jdx < 0. (2.34)

On the other hand, by (2.3) and (1.2)), and replacing {v,,} by its subsequence
converging pointwise to vg in  as in (F3), which is also denoted by {v,,}, we have

| /Q F(z, amvm(z))

a

F(z,amvo(z

)

2
m

. 1f(xvsamvm(m)—f(x,samvo(x)) Um () — vo(x)) dsdx
*‘/Q/o (vm () = vo(x)) ds da]

am

<5 [ Vel@)wn(o) = vo(w)Pd

which converges to 0 as n — co. Thus, by (2.34) we obtain lim,, e ||[vm || = [Jvoll-

Since v, — vg in H, we see that v,, — vo in H and ||vg]| = 1. By (2.31)), (2.33)
and (|1.6|) we have
1 F 1
0 > lim sup 3 / [[Vvo|* — W]dm =3 / (|Vvo|* = Vivd)dz > Co > 0,
m— oo Q m Q

This contradiction completes the proof. (I
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Lemma 2.14. Let ug be a critical point of J in H. Then J satisfies condition (P)
at ug.

Proof. This proof is based on the ideas by Manes and Micheletti in [24] and the
regularity and strong Harnack’s inequality for Schrodinger operators in [33] (see
also [35]). Let B be the second derivative of J at ug. We have

(Bw, @) = /Q[Vngp - Z—{(z,uo(x))ww]dx Yw,p € H. (2.35)

Suppose that 0 is the smallest eigenvalue of B, we must show that it is simple. Let
F4 be its corresponding eigenspace. The proof consists of four steps.
Step 1. Firstly, we show that B is of class (S) . Let {w,,} be a sequence converging
weakly to wg in H and

limsup < B(wp,), Wy, — wo >< 0. (2.36)

m— 00

By (F3), we can suppose that {w,,} convergent pointwise to wy and there is a
measurable function g having the following properties: |w,,| < g for every integer m
and |%{(x, ug(x))|g? is integrable on Q. Thus by Lebesgue’s Dominated convergence
theorem, we have

lim g(x,uo(x))(wm — wp)?dx = 0. (2.37)
m—oo Jo at

By (2.35), we have
(B(wm) — B(wg), Wy, — wp)

= [ 19w = w0 = ZF (o, wle)) w0l (239
= ||lwpm — wol|? — /Q %(x,uo(x))(wm — wp)?dz.

Since {w;,} converges weakly to wp, By (2.35)) and (2.37)), we obtain

lim |[{(B(wo), wm — wo)|
m—00

< lim || / [VwoV (wpm, —wp)| + lim |aa—‘:(z,uo(x))wo(wm —wp) =0
Q m— 00

m— 00

Combining (2.36)), (2.37)), (2.38) and (2.39)), we see that {w,,} converges strongly

to wg. Hence B is of class (S)4. Since B is of class (S); and 0 is the smallest
eigenvalue of B, by Lemma [3.2] we have

(Bw,w) >0 Ywe H, (2.40)

(2.39)

and the equality holds if and only if Bw = 0.
Step 2. We show that wo+ and w, are in E; for any wp in E;. Indeed, let wg be

in Ey. By (2.35)), we have
0 = (Bwo, wo) = (Bw{,wd ) + (Bwy ,wg ).
Hence, implies
(Bug ,wg ) = (Bwg ,wy ) = 0. (2.41)
By and we obtain
Bwg = Buwy = 0. (2.42)
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Step 3. We show that if wy € F; then wg is continuous and either positive,
negative or identically vanishing in Q. As in Lemma %(x, uo(x)) is of Kato’s
class. Using and results of [33, sections 2 and 3], we see that wi and wy
are continuous functions. If wy vanishes in ) then this step is done. Now suppose
that wo(z1) # 0 for some z; € Q. If wy(z1) > 0, by Lemma [2.8) we see that wg is
positive. Thus wo(z) = wg (z) > 0 for all z € Q. If wy(x1) < 0, a similar argument
shows that wo(z) < 0 for all  in .

Step 4. Finally, we show that 0 is a simple eigenvalue of B. Indeed, let w; and
ws be two distinct elements of E such that wy(zg) # 0 for some xg € Q. Put

A= :;gg; and wy = wy — AMwsy. Then Bwz = 0 and ws(xg) = 0. Thus wy = 0 and

therefore w; = Aws or 0 is simple. O

Lemma 2.15. J, and J_ satisfy the Palais-Smale condition.

Proof. We only give the proof for J;, because the case of J_ is similar. Let {u,,}
be a sequence in H such that ||[DJ (up,)|| < L for any n. We prove that {u,,} has
a converging subsequence. Because D.J, is of class (S); it suffices to show that
{um} is bounded in H. For any m in N and any ¢ in H

_ 1
(DI ()il = | [ [V ¥ = (i) + Vi@l )ehde] < ol (243
Using ¢ = u,, in , by (|1.6), we obtain
1
Collinll? < [ [V ? = Vi@l Pldo < - |
Q m

Thus lim,, ¢, = 0 in H. Thus there is a sequence of positive real numbers
{em} converging to 0 such that

| [V 06 = St )olds] < enllel Vo€ . (241
Q

Let vy, and wy, be in Y and Z respectively such that u}, = v, +w,, for any integer
m. Put a,, = |Ju || for every positive integer n. Suppose by contradiction that

lim_ [ = i (o + [wm]2) = oo.

m—00
+
Replacing {u;},} by its subsequence, by (F3), we can assume that {7=}, {7=} and

{¥=} converge almost everywhere on 2, and there is a measurable function g such

m

that Leml 4 loml |M < g and Vag?, Vzg? and Vg% are integrable on Q. Put
Am Am Ay —

D = {z € Q:sup,, u;, (z) < co}. We have

ut
lim (z)=0 VaxeD, (2.45)

m—00 am

2 2 + _ +
i |vma$nwm| (#) = Tim_ %W@) < lim_ Qg(w)%(x) =0 VreD.
(2.46)
v — Wi 2

%(z) <2¢°(z) VzeD. (2.47)
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Using ¢ = w,, and v,, in , by (L.3), (L.7) and (L8], we have

Em || W |
/nw%ﬁ @uﬂwﬂm
Sl (1))
2
= /' wwmda -
w%n—/wwdxt/%w@%/f i
2 f(’im 2 de — fvim o
zwmw+4m- el K;ummqu“
and
5m||vm||
*/ﬂWMF*ﬂ%ﬁMMM
“llonl? = [ Vavkidel + [ Vi, dm—-7grg))u$vmdx (2.49)
flauk Fla
z@mmﬂljﬁgﬁmm@m+ﬁ<ﬁkyuwmm

Put v = min{C}, Cs} > 0. Using the orthogonality of v,, and w,, in H, by (1.4),

(2.48]) and (2.49]), we obtain

2o _
A
02
/Vg —rdr — /f mda: /V4 —rdr + ff;g(x 7: x
w2 w2 02 f w2 02
- J o= vilgin s [ Vil - G —/ Mg
P -l o ;mm@m
o\D uh (z) um () aj,
fl@,uf (2) wp v
> Vv, — LN TmA\) g Eme Zma g
/D[ 4 u%(.ﬁ) Magn a2 ] €z
f(@,u, (@) ;
+/ [ n — Vi 2tdx
O\D UE(@ =
(2.50)
By (2.46] , , ., Lebesgue’s dominated convergence theorem and Fatou’s
Lemma as in l , we have
flx,ut (z), w2, 02
n}gnoo D[V4 - T(;)][ﬁ - ﬁ]dﬂf =0, (2.51)
+ 2
hminf/ [f(m’fm(x)) - W]Uﬂdx
m—o Jo\p  um () 2
(2.52)
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Combining (2.50)), (2.51)) and (2.52), we obtain a contradiction, which implies the
boundedness of {u; }. Therefore, {u,,} is bounded in H and we have the conclusion.
O

Lemma 2.16. (i) If R is sufficiently large then DJ; and DJ_ have no solution
outside Br(0), and (ii) deg(DJs, Br(0),0) = deg(DJ_, Bg(0),0) = 0.

Proof. Using Lemma we obtain (i). It suffices to prove (ii) for J,. Let 7; and
12 be two positive numbers such that n; < A\; < A < 12 < Ag41. For any u in H,
by the Riesz representation theorem, there is a unique m(u) in H such that

(m(u), @) = / [VuVe —noute +mu~plde Ve € H.
Q

It is easy to prove that 7 is a compact-vector field on H. Arguing as in [8, Lemma
3.1] we see that 0 is the unique zero of 7 and deg(w, B,0) = 0 if B is a ball in H
containing zero. Put
h(s,u) = sDJy(u) + (1 —s)w(u) V(s,u) €]0,1] x H.
By the homotopy invariance of topological degree of S, operators, it is sufficient
to show that there exists a sufficiently large R such that h(s,u) # 0 for all sin|0, 1]
and v € H \ Bgr(0). Suppose by contradiction that there exist a sequence {un,} in
H and a sequence {s,,} in [0, 1] such that {s,,} converges to s in [0, 1], ||um|| > n
and
Sm DIy (um) + (1 = sp)7(um) =0

/ Vumvwdx—/{[Smf(fmUL)+(1—8m)n2u;}—[smVl(x)ﬂL(l—sm)m]u;}s&dx =0
Q Q

for any m € Nand ¢ € H.

Arguing as in the proof of Lemma with [y, f(z,uf) 4+ (1 = spm)meu™] and
[smVi(x) + (1 — s;,)m1] instead of f(z,u,) and V;i(x) respectively , we obtain a
contradiction. O

Lemma 2.17. (i) ug is a critical point of J4 (respectively J_) if and only if ug is
a nonnegative (respectively non-positive) critical point of J.

(i) Moreover if ug is a common isolated critical point of both J and Jy (respec-
tively J_ ), then i(DJ,ug) = i(DJ4,ug) (respectively = i(DJ_, ug)).

Proof. (i) Suppose that ug is a critical point of Jy; i.e.,
/Q[VUOV<P = f@,ug )¢ — Vi(z)ug pldz = 0¥y € H.
Choosing ¢ = u; , we have
196 = Valug Pide = o.

By , we have u;, = 0 and thus ug > 0.

(i) Let up be a common isolated critical point of J and Jy. Choose r > 0 such
that J and J4 have no any other critical point inside B,(ug). By the homotopy
invariance property of topological degree for operators of class (S), it is sufficient
to show that: there exists r; < r such that sDJ(u) 4+ (1 — s)DJ,(u) # 0, for all
s € [0,1] for any w in By, (ug) \ {uo}. Assume by contradiction that there exists
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a sequence {(Um, Sm)} in B.(ug) x [0,1] such that u,, # ug, ty, — ug in H and
S DI (Uum) + (1 — 8y )DJ 4 () = 0. For any ¢ in H and m in N we have

/ (Vu Vo — [f(z,u)) + smf(z,u,) + (1 = s,)Viu, |o)dx = 0. (2.53)
Q
Choosing ¢ = u.,,, we obtain
/{|Vu:n|2 — smf(z,uYu, — (1= s,)Vi(@)|u,[*Ydz =0 VneN.  (2.54)
Q

Since {u,,} converges to ug in H and ug > 0, {u,,} converges to 0. Using Rellich-
Kondrachov’s theorem and Egorov’s theorem , we can suppose: for any positive
real number ¢, there is a measurable subset D, such that the Lebesgue measure of
Q\ D. is less than € and {u;,} converges uniformly to 0 on Dx.

We claim that u;, # 0 for every n in N. If w,, = 0 for some n, then u,,
is nonnegative and DJ(un,) = DJ4(um). Thus DJ(upm) = $mDJ(um) + (1 —
Sm)DJ 4 (um) = 0, which contradicts the choice of r.

Put ap, = ||u,,|| > 0 and v, = a,'u,,. We can assume that v,, — vy in H and

then s,, — s in [0,1]. By (1.6) and (2.54) we have

0= /{|va|2 - smwvfn -(1- sm)Vlvfn}d:r
Q

AmUm

:/(|va\2—V1vi)dx—sm/(M—Vl)v?ndx
Q Q

AmUm

> Co+ 5 / L@ ey g / (L@ amm) o
D Um O\D. AmUm

€

(2.55)
Since {u;,} converges uniformly to 0 on D,, we see that {w — V4 } converges
uniformly to 0 on D, and

i [ (Fm)

m—oo [p Um

— Vi)l dr = 0. (2.56)

Since r > & there is ¢ in the interval (1,00) such that % +1+ 822 =1 By (L2)
and Holder’s inequality, we have

f(x,amvm) _ 2
| / ) il

Uy Uy

<2 W2 dx

O\D.
1) 1r 2N =
< 2(m(Q\ D)) q{ Wrd;z:} { |Um|N—zdx} 0 ase— 0.
Q\D. Q\D.
(2.57)

Combining ([2.55)), (2.56) and (2.57)), we find a contradiction, which completes the
proof of the lemma. ([l

Lemma 2.18. Let ug be an isolated critical point of mountain-pass type of Ji
(respectively J_ ). Then it is also an isolated critical point of mountain-pass type of

J.
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Proof. 1t suffices to prove the lemma for the case ug is an isolated critical point of
mountain-pass type of Jy. We shall find a neighborhood U of ug such that for all
open neighborhood Vo C U of ug, the set V N J~1(—o0, J(ug)) is nonempty and
not path-connected. By calculations, we have
Ji(u) = J(uh) + %/ ([Vu™(2)* = Vi(2)|u (z)|*]dz  Vu € H. (2.58)
Q
Since ug is a critical point of J;, ug is nonnegative by Lemma [2.17] Therefore,
up = ug and
J(uo) = J(ud) = T (ug).
Put 4 = J(up) = J4+(up). By definition, there exists a neighborhood Ey of ug
such that the set £ N J+71(foo,u) is nonempty and not path-connected for all
open neighborhood E C Fy of ug. By Lemma [2.13] we can choose an r such that
J(w™) > 0if |Ju™| <r. Since

lu = uoll = | (u™ —uo) +u™[| < [lu* —uoll + lu~]],
there exist 6 € (0,r) such that
U={u:l|ut —ugl| <d|u"|| <3} C Ep. (2.59)
We see that U is an open neighborhood of ug and
ut +tu” € UVt € [0,1], (2.60)
Jw)=Jw) +Jw) > Ju) = J (u") Yuel. (2.61)

Let V be an open neighborhood of ug in U. As in (2.59)), there is a §; € (0, ) such
that

Up={u:|lut —up| <81, |lu"|| <&} V. (2.62)
We accomplish the proof by following steps
Step 1. We show that V N J~!(—o0, ) is nonempty. If s >t > 0, by (2.58) and
(1.6) we have
Tt su7) = Tyt 4 ) = (5= ) [ (90 @F = Vila)lu (@) Pldo > 0.

Q
(2.63)
Since ug € Uy C Ey and U; is open, the set Uy N J, (=00, i) is nonempty. Pick
an element v in this set. By (2.63), we have J(vt) = Jy(vF) < Jt (vt +0v7) =
Jy(v) < p, and hence v* € J~(—o0,n). Furthermore, by (2.62), vt € Uy. It
follows that Uy N J~1(—o0, 1) is nonempty, then V N J~1(—o0, i) is nonempty.
Step 2. We show that S = V N J~!(—o0, ) is not path-connected. Assume by
contradiction that it is path-connected. Put
Wy ={u" +tu :ucUut eVnJ (—oo,p)tel0,1]},
Wy ={u"+tu” :uecVnJ(—oo,pu)tec(01]},
W3 = {’LL : ||’LL+ — UOH < 51, ||’LL_H < (51},
Wo =Wy UWyU Ws.

It is clear that Wy, W5, W3 and Wy are open sets in Ey, W3 = Uy and ug € W3 C
Wo. We will show that G = Wy N J+_1(—oo,u) is path-connected, which yields a
contradiction.

For any v and w in G, we say v ~ w if and only if there exists a continuous
mapping ¢ from [1,2] into G such that ¢(1) = v and ¢(2) = w.
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Let wy and wy be in G. If wy and wsy are in Wi, then by definition we see that
wy ~ w, we ~ wy, and wi” and wy are in S. Since S is path-connected, there
exists a continuous mapping ¢ from [1,2] into G such that ¢(1) = w] and ¢(2) =
wy . By definition ¢(t,€) = (4(t))T + e(¢(t))~ € Wy for all (t,¢€) in [1,2] x (0, 1].
By (2-61), we obtain (¢(¢))" € J4 (=00, it). Hence, by the continuity of J* and
the compactness of ¢([1,2]), ¢(t,€) is in G if € is sufficiently small for any ¢ in [1, 2].
Note that ¢(1,¢) = w; and p(2,€) = wy. Thus, wi ~ wi which gives w; ~ wy.

If wy and ws belong to W3 then w; ~ wy, wy ~ w3, and wy and wy are in S.
Arguing as above we have w; ~ ws.

If w; and we are in Wy then w; = uf + tiu; and we = ug + tou, where
t1,to > 0, and u; and us in S. As in the first case, there is a positive real number
g0 such that (uj + euy) ~ (ui + euy) for any ¢ in [0,69]. On the other hand
we have wy ~ (u] 4+ euy) and wy ~ (ug + euy) for any e in (0, min{eq, t1,%2}].
Therefore w; ~ wy. Similarly w; ~ wsy for other cases. Thus we have shown that
Wo N JJrfl(—oo7 1) is path-connected, contradicting the way we choose U™T. Thus
V N J~Y(—o0, ) is not path-connected. This completes the proof. ([

Proof of Theorem[I.1. We use the following steps
Step 1. Note that a weak solution u € H of is a critical point of J and
vice-versa. Moreover, it suffices to consider the case in which the set of solutions of
is finite. In this case, all critical points of J are isolated. Since f(z,0) =0, by
Lemma, u1 = 0 is a solution of . On the other hand, since ¢ is positive
in Q, by (ii) of Lemma[2.9] we have

lim J*(nep) = mlgnoo J(np1) = —oo.

m—00

Thus by [16, Theorem 1] and Lemmas[2.13} [2.15] 2.17|and [2.18] J has a nonnegative
critical point of mountain-pass type uz. Similarly J has a non-positive critical point
of mountain-pass type us. Let J be the reduction function of J as in Lemma @L
Then it follows from (ii) of Lemma that limyey,|y|—oo J(y) = —o0. Hence J
has a global maximum at yo and us = yo + ¥ (yo) is a critical point of J. By (iv) of
Lemma and Definition we see that ug & {ug,us}. By Lemma J has
a strictly local minimum at 0, which shows that J has a strictly local minimum at
0. Hence uy4 is not equal to 0. Thus we have found four distinct solutions wy, ug, us3
and uy4 of .
Step 2. Choose a sufficiently large real number R such that all critical points
of J,Jy,J_ and J lie in Br(0). We can find four open subsets Uy, Uz, Us and
Uy in Bg(0) such that Uy N DJY(0) = {w1}, U2 N DJ71(0) = {u > 0,u # 0},
Us N DJY0) = {u < 0,u # 0}, and Uy N DJ1(0) = {uy}. Moreover, we can
assume that Uy, Uy and Uj are disjoint.

Now we consider the case in which k is even. By Corollaries 2.1 and 2.2 in [14],

Lemma Lemma and Lemma we have
deg(DJ,Uy,0) =1,
deg(D.J, Br(0),0) = deg(V.J, Br(0),0) = (—1)* =1,
deg(DJy, Br(0),0) = deg(DJ_, Br(0),0) = 0.

Thus by Lemma [2.17] and the excision property of the degree,
deg(DJ7 U2a 0) = deg(DJ+7 U27 0) = deg(DJJrv BR(O)7 0) - deg(DJJra U17 0) = -1,
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deg(DJ,Us,0) = deg(DJ_,Us,0) = deg(DJ_, Br(0),0) — deg(DJ_,Us,0) = —1.

Since yp is a global maximum point of J and hence a global minimum point of —J. ,
it follows from [I4} Corollary 2.2] that i(V.J,yo) = (—1)* = 1. Thus, by Lemma

v,
deg(DJ,Uy,0) = 1.

If uy is not in Uy U Uz, we may assume Uy N (U3_,U;) = (. Thus, by Proposition

2.2

4

deg(D.J, Br(0) \ UL, U;,0) = deg(D.J, Br(0),0) = Y deg(DJ,U;,0) =1,
i=1
which implies that J has a sign-changing critical point us & {uy, us, us, us}. There-
fore has two sign-changing solutions uy and us. If uyg is in Up U Us, we can
assume that uy € U. By Lemma J satisfies (®) at ug, and by Proposition
we have i(DJ,us) = —1. Let Us be an open neighborhood of us in H containing
no other critical point of J then deg(DJ,Us,0) = i(DJ,us) = —1. Thus, by the
additivity property of the degree,

deg(DJ, Uy \ Uy U Us,0) = deg(D.J, Us,0) — deg(DJ, Uy, 0) — deg(DJ, Us, 0) = —1.

By the normalization property of the degree, there is a solution wus of (1.5) in
Us \ Uy UUs. Hence (1.5)) has three solutions wug, uyg, us of the same sign. Moreover,
by Proposition and the excision property of the degree, we have

3
deg(DJ, Br(0) \ UL, Ui, 0) = deg(D.J, Br(0),0) — ) deg(DJ, U;,0) =2,
i=1
implying that (1.5)) has a sign-changing solution ug & {u1,us, us, ug, us}.
Next, suppose that k is odd. If uy & Uy U Us then the proof is similar to that of
the case k is even. It remains to consider the case uy € Uy U Us. We can assume
uy € Us. Let Us be as above. Arguing as above, we have

deg(DJ,Uy,0) = i(VJ,y0) = (—1)F = —1,
deg(DJ,Us,0) = i(DJ,ug) = —1,
deg(DJ,Us \ Uy UUs,0) = deg(DJ, Uy, 0) — deg(DJ, Uy, 0) — deg(D.J,Us,0) = 1.
Thus, by the normalization property of the degree, there exists us € Uy \ Uy U Us

with DJ(us) = 0. Thus, (1.5 has five solutions uy, us, us, us and us, where ug, uy
and us are of the same sign. The proof is complete. (I

3. APPENDIX

In this section, we extend the results of Hofer [I6] on the index at a critical point
of mountain-pass type of a functional whose gradient is a compact vector field to
the case where the gradient is an operator of class (5);. Throughout this section,
the dual space H* is identified with H. Our main result of the appendix is the
following theorem.

Theorem 3.1. Let 2y be in H, and let j be a C?-real function on H such that Dj
is of class (S)4+ on H and xg is an isolated critical point of mountain-pass type of
j. Assume that D%j(x0) is of class (S)y and j satisfies (®) at xo. Then

Z(Dj, ,CC[)) = —1.
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To prove the above theorem, we need the following lemmas.

Lemma 3.2. Let A be a bounded self-adjoint linear operator of class (S)+ on H
and'Y be A=Y({0}). ThenY is finite dimensional and there exist a positive number
C and vector subspaces X and Z of H such that X is finite dimensional and

(i) XY @ Z is an orthogonal decomposition of H,
(ii) X, Y and Z are invariant under A,
(iil) the restriction of A on X @ Z is a one-to-one mapping from X & Z onto
itself,
(iv) (Az,z) < —C||z||?® for allz € X,
(v) (Az,2) > C||2||? for all z € Z.

Proof. Let {ym,} is a sequence in Y and weakly converges to y in H. Since
limsup,, o < AYm),ym —y >= 0 and A is of class (S), {ym} converges strongly
to y. Thus Y is locally compact. It implies Y is finite dimensional.

Put £ = Y. We see that (Au,v) = (u, Av) = 0 for all u € E, v € Y. Therefore,

A(F) C E. Denote by B the restriction of A on E. We see that B is a bounded
self-adjoint linear operator on F. It is clear that B is one-to-one.
We shall prove that B(E) is a closed subspace of E. Let {x,,} be a sequence in
E such that {B(x,,)} converges to y in E, we will prove that y € B(E). First,
we show that {x,,} is bounded. Suppose by contradiction that {||z,,||} tends to
00. Put vy, = (||zm|| + 1)~ a,, for any integer n, then {|v,,||} converges to 1 and
{B(vm)} converges to 0. Without loss of generality, we can (and shall) suppose
that {vy,} converges weakly to a vector vg in E. Since A is of class (5)4, and

lim sup(A(vp,), vm — vo) = limsup(B(vy,), vm — vo) = 0,

the sequence {v,,} converges to vg. Thus, ||vg| = 1 and A(vg) = 0, which is a
contradiction. Therefore {x,,} is bounded and we can suppose that it converges
weakly to a vector z in E. Since {A(z,,)} converges to y, by the definition of class
(S)+, the sequence {z,,} converges to zg in E. Therefore A(zo) = y and B(E) is
closed.

Next we show that B(E) = E. Otherwise, there is a vector x in E \ {0} such
that

(B(z),z) =0 or (z,A(z))=0 VzeE.
Thus, A(z) is in Y. It implies that A(A(z)) is also in Y and
(A(z), A(z)) = (2, A(A(x))) = 0.

It follows that x is in Y N E, then x = 0, which is impossible. This contradiction
shows that B(E) = E.

We have proved that B is an one-to-one mapping from E onto E. Thus, by
the open mapping theorem, B is an invertible self-adjoint bounded operator on E.
By a result on self-adjoint operator (see [I8, p. 172]), there exist a positive real
number C' and an orthogonal decomposition X @& Z of E such that X and Z are
A-invariant closed subspaces of E and

(A(z),z) < —Clz||* Vre X, (3.1)
(A(z),z) > C|lz|> Yz € Z. (3.2)
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Finally we prove that X is finite dimensional. It is sufficient to show that X is
locally compact. Let {x,,} be a sequence weakly converging to x in X. We see that

lim < A(x),xp — 2z >=0. (3.3)
On the other hand, by (3.1)),
(A(xm — ),z —2) <0 VneN. (3.4)

Combining (3.3) and (3.4)), we have limsup,,_, .. (A(zm), m — x) < 0. Since A
is of class (S)4, {zm} converges to xz. Therefore X is locally compact and finite
dimensional. The proof is complete. ([

Lemma 3.3. Let U be an open subset of a Hilbert space H, and let j be a C?-real
function on U. Suppose that j(0) = 0, 0 is an isolated critical of j, Dj and D?j(0)
are of class (S)y on H. Let X ®Y @ Z be the decomposition of H for A= D?j(0)
as in Lemma[32] Then there exist a homeomorphism G defined on a neighborhood
of 0 in H into H and a C*-map B defined on a neighborhood V of 0 in' Y into
X @& Z with G(0) = B(0) =0 such that

(a) forallu=z+y+2€ XDY & Z with ||u|| sufficiently small,

HGw) = 3 el + Sl + 5y + 5w, (35)
(b) and for ally €Y,

P(Dj(y + B(y))) =0, (3.6)
where P is the orthogonal projection of H onto X & Z.
Moreover,
i(Dj,0) = (=1)"™Xi(Dy,0), (3.7)
where P(y) = j(y + B(y))-

Proof. Using lemma and arguing as in the proof of [16, Theorem 3] we obtain
the existence of functions G and (3 satistying (3.5)) and (3.6). As in the proof of the
cited Theorem, we obtain (3.7) by using the following homotopy in sense of class

(5)+
P(Dj(u)) + Q(Dj(tA(y) + (1 —t)(x +2) +y) t€l0,1]
h(t,u) = § P(Dj(z + 2z + (2 = t)y)) + Q(Dj(y + B(y))) tell,2]
B=t)(P(Dj(z +2)) + (t =2)(—z + 2) + Q(Dj(y + B(y))) te<[23],

where u =z +y+2€ X @Y & Z, and @ is the projection of H onto Y. ([

Proof of Theorem[3.1. Using Proposition and arguing as in the proofs of [16]
Theorems 2 and 3], we obtain the theorem. (]
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