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ALMOST AUTOMORPHY FOR BOUNDED SOLUTIONS TO
SECOND-ORDER NEUTRAL DIFFERENTIAL EQUATIONS
WITH PIECEWISE CONSTANT ARGUMENTS

CHUAN-HUA CHEN, HONG-XU LI

ABSTRACT. By introducing the method of decomposition of almost automor-
phic sequence, we give some results on the almost automorphy of bounded
solutions for the second-order neutral differential equations with piecewise con-
stant argument

(x(t) +pa(t —1))" = qz([t]) + f(t), tER,
where [-] denotes the greatest integer function, p, g are nonzero constants, and
f(t) is almost automorphic. Some examples illustrate our results.

1. INTRODUCTION

Differential equations with piecewise constant argument (EPCA) describe hybrid
dynamical systems (a combination of continuous and discrete dynamics). These
equations have the structure of continuous dynamical systems within intervals and
the solution is continuous, and so they combine the properties of both differential
and difference equations. The study of EPCA was initiated by Cooke, Busenberg,
Wiener and Shah in the early 1980’s [3] [4, 20, 24]. Then there are many results
concerning EPCA (see e.g. [B 2, @, 3], 22] and references therein). However, there
are only a few works on the almost automorphy of solutions of EPCA. To the best
of our knowledge, only Minh et al [I8] in 2006 and Dimbour [§] in 2011 studied
in this line. They give sufficient conditions for the almost automorphy of bounded
solutions to some first-order EPCA.

The purpose of this paper is to give some results for the almost automorphy of
bounded solutions to second-order EPCA

(@(t) + pa(t — 1))" = qu([t]) + £(2), (1.1)
where p and ¢ are nonzero constants, f : R — R, and [-] denotes the greatest
integer function. Some results on the existence and the spectrum inclusion of
almost periodic solutions to were obtained in [I9, [IT] 12} 23]. For the studies
of equations of almost automorphy we refer the readers to [16, 17}, 2T [6], [7), [15] 25]
and the references therein.
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The standard method to deal with EPCA such as (1.1)) is as follows. First, get
the solution of the corresponding difference system which is given by a series in the

form
u(n) =Y X" k(m) or u(n)=— Y X" k(m), (1.2)
m<n—1 m>n
where A is an eigenvalue of some matrix of the difference system. The convergence
of the series is guaranteed by |A| # 1 which was always assumed. Then construct
the solutions of the differential equation inductively by

() = {— Sy (p) et m), [pl > 1,
Y om—o(=p)"w(t —m), pl <1,

where |p| # 1 and w(t) is a function in terms of u(n) and f(t) (see e.g. [T}, 26}, 27]).
In this paper, we present a result on the almost automorphy of bounded solutions
to for this case (see Theorem [3.5)).

However, for the case when |p| = 1 or |A| = 1, the problem becomes much differ-
ent, the series in and may not converge. This is the main difficult in the
study of for this case. To overcome this difficult, a valid method — decompo-
sition of almost periodic sequence — was introduced in [I1} [14]. Motivated by this
decomposition, we introduce the decomposition of almost automorphic sequence in
this paper. By using this decomposition method, we give some results on the the
almost automorphy of bounded solutions to for the case [p| = 1 or [A| =1
(see Theorem [3.6] 3.8)).

This article is organized as follows. In section [2] some preliminary results and
notation are presented. In section[3] we first transform the corresponding difference
system of to some vector forms in subsection Then we state our main
results in subsection [3.2] Section |4 is devoted to the proof of our main results.
Finally, some examples are given to illustrate the main results in section

(1.3)

2. PRELIMINARIES

Throughout this paper, N, Z, R and C denote the sets of natural numbers, inte-
gers, real and complex numbers, respectively. X stands for the N-dimensional Eu-
clidean space R or C endowed with Euclidean norm |- |. Moreover, let BC(R, X)
be the space of bounded continuous functions f : R — X and let C(R,X) be the
space of continuous functions from R to X.

2.1. Almost automorphic function.

Definition 2.1. A measurable bounded function f : R — X is said to be almost
automorphic if for any sequence of real numbers {s/,}, there exists a subsequence
{sn} such that

lim lim f(t+ s, — sm) = f(t)

m—00 N—00

for any ¢t € R. Denote by AA(X) the set of all such functions.
This limit means that
g(t) = lim f(t+sn)
is well defined for each t € R and
ft) = lim g(t— s,)

n—oo

for each t € R.
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It is clear that the function g in Definition 2:1]is bounded and measurable. Some
properties of the almost automorphic functions are listed below.

Proposition 2.2 ([16, [I7]). Let f, f1, fo € AA(X). Then the following statements
hold:

(i) f —|—ﬁf2 € AAX) for o, € R.

i) f fr fC+7) € AAX) for every fized T € R.

(iii) f = f(-) € AAX).

(iv) The range Ry of f is precompact, so f is bounded.

(v) If {fn} C AA(X) such that f, — [ uniformly on R, then f € AA(X).

By Proposition (v), AA(X) is a Banach space equipped with the sup norm
[fIl = supser [f ()]

2.2. Almost automorphic sequence. Let {*°(X) be the space of all bounded
(two-sided) sequences z : Z — X with sup-norm, and ¢y be the Banach space of all
numerical sequences {a,}°; such that lim,_, a, = 0, equipped with sup-norm.

Definition 2.3. A sequence z € [°°(X) is said to be almost automorphic if for any
sequence of integers {k, }, there exists a subsequence {k,} such that

lim lim zpyp
m—00 N—00

:ij

7l_k7n
for any p € Z. Denote by aa(X) the set of all such sequences.

This limit means that
Yp = nlggo Lp+k,
is well defined for each p € Z and
zp = lm ypp,

for each p € Z.
It is obvious that aa(X) is a closed subspace of [°°(X), the range of an almost
automorphic sequence is precompact, and {z(n)} € aa(R) if z € AA(R).

Lemma 2.4 ([10]). Let B be a bounded linear operator in X with or(B) (the part of
the spectrum of B on the unit circle of the complex plane) being countable, and let X
not contain any subspace isomorphic to cy. Assume further that v = {z,} € [*°(X)
satisfies

xn—&-l :B$n+yna TLEZ)

where {yn} € aa(X). Then z € aa(X).

Let 29¢X) = {U : U C aa(X)} and E be the set of all sequences in X. For
the decomposmlon of almost automorphic sequence, we define three functions D,
aa(X) — 299X) for y =1 or —1, ¢p : aa(X) — E and 1y : aa(X) — E for 6 € (0, 7)
by

Dyfa(n)} = {{b(n)} € aa(X) : a(n) = b(n + 1) +7b(n),n € Z},

Sl a(m) cos(n —m — 1)8), n >0,

pofa(n)}(n) = {0, n=0,
—> 0 _ ja(m)cos(n—m—1)0, n <O,
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and
E:;_:lo a(m)sin(n —m — 1)6, n >0,
Yofa(n)}(n) = 10, n=0,

— > __ya(m)sin(n —m—1)0, n <0,
respectively, for {a(n)} € aa(X). Let {a(n)} = {(a1(n),az2(n),...,an(n))"}
aa(X). It is clear that D,{a(n)} # 0 if and only if D,{a;(n)} # 0,i =1,2,...,
We note that aU + gV = {{c(n)} : ¢(n) = aa(n) + pb(n),n € Z,{a(n)}
U {b(n)} € V} for o, € R, U,V C aa(X), and D% is the k-th power of D,
for k € N.

Now we give some basic properties of the decomposition of almost automorphic
sequences.

Proposition 2.5. Let {a(n)}, {b(n)} € aa(X). Then the following statements hold:
(i) Let p= ¢g or 9(0 < 0 < m),a € X\ {0}. Then
Dy{aa(n)} = aDyfa(n)},  Dy{a(n)} + Dy {b(n)} C Dy{a(n) +b(n)},
plaa(n)} = apfa(n)},  pla(n)} + pfb(n)} = p{a(n) +b(n)}.
(ii) Zv{a(n)} # 0 implies that D {Aa(n)} # 0 for any real or complex matriz

S
N.
S

(iii) D‘V{(—’y)"c} #0 force X if and only if c=0
(iv) If {b(n)} € DE{a(n)}, k €N,

D},j{a(n)} = {{b(n) + (—y)"c} : c € X}. (2.1)

Furthermore, there is at most one {b(n)} € D,’j{a(n)} such that D {b(n)} #
0.

Proof. Statement (i) follows immediately from the definitions of the functions D,
@9 and 1y, and (ii) follows form (i).

(iii) It is obvious that D~{0} # 0. Meanwhile, suppose that there exists {b(n)}
D{(=7v)"c}. Then (—vy)"c = b(n + 1) + vb(n),n € Z. This implies that b(n)
(—=y)"tnc + (—)"b(0), which yields that ¢ = 0 since {b(n)} is bounded. So (iii
holds.

(iv) Suppose that {b(n)} € D,{a(n)}. It is easy to see that {b(n) + (—v)"c}
D.{a(n)} for any ¢ € X. On the other hand, if {b(n)} € D,{a(n)}, then a(n)
b(n + 1) +vb(n) = b(n + 1) + vb(n) for n € Z. This implies that b(n) = b(n)
(=)™(b(0) — b(0)),n € Z, that is, {b(n)} € {{b(n) + (—y)"c} : ¢ € X}. Hence (2.1)
holds for £ = 1.

Let D {a(n)} = {{b(n) + (—y)"c} : ¢ € X}, and assume that D,{b(n) +
(—y)™c} # 0 for some ¢ € X. Then by (i), we have 0 # D, {b(n) + (—7)"c} —
D, {b(n)} C D,{(—v)"c}. This implies that ¢ = 0 by (iii). So (iv) holds for k = 1.

Suppose that (iv) holds for k = I. Let {d(n)} € D!{a(n)} be the only one
such that D {d(n)} # 0. If {e(n)} € D " {a(n)}, {e(n)} € D,{d(n)}. By the
same argument as in the proof of (iv) for k = 1, we can prove that D{d(n)} =
{{e(n) + (=1)"c} : ¢ € X} and there exists at most one {¢/(n)} € D,{d(n)} such
that D, {e’(n)} # 0. So (iv) holds for k = [ + 1 since D,{d(n)} = D" {a(n)}, and
then (iv) holds. O

Remark 2.6. Let {a(n)} € aa(R"™). Denote by S, = D,{a(n)} for {a(n)} re-
garded as a sequence in RY and S, = D.{a(n)} for {a(n)} regarded as a sequence

\/”m

+Hm
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in CNV. Then S, C S.. On the other hand, if {b(n)} € S. , by Proposition
(iv) we have S. = {{b(n) + (—y)"c} : ¢ € CV}, and it is easy to see that
S, = {{Re(b(n)) + (=y)"c} : c € RN}, where Re(b(n)) is the real part of b(n). So
S, # 0 if and only if S, # 0.

3. STATEMENTS OF MAIN RESULTS

3.1. Transform of the corresponding difference system of (|1.1)).

Definition 3.1. A function z(¢) on R is said to be a solution of (1.1)) if

(1) «(t) is continuous on R.

(2) The one sided second derivatives of z(t) + px(t — 1) exist everywhere, with
the possible exception of the points n(n € Z), where one-sided second
derivatives exist.

(3) x(t) satisfies forallt e R, t#n € Z.
We can rewrite as the system
(x(t) + pa(t = 1)) = y(),
y'(t) = qu([t]) + ().
The solution (z(t),y(t)) of can be defined similar to Definition Denote
w(t) = z(t) + px(t — 1), it is easy to see that

w(t):x(n)—i-pa:(n—l)—l—y(n)(t—n)—i—296 //f drds (3.2)

for t € [n,n+1]. As in [19] 1T 12], let

<1>—/n+1/ frydrds, &= /n 1f(8)ds.

By a process of integrating (3.1)), we can see that, if (z(t),y(t)) is a solution of
3-1), {(z(n),y(n))} is a solution of the difference system

2(n+1) = az(n) + y(n) + pr(n — 1) + fiV,
y(n+1) = gz(n) +y(n) + £,
where a = 1 — p+ ¢/2, and this can be also expressed equivalently as

Upt1 = Avp, + hy, n€ezZ, (3.3)

(3.1)

with vy, = (2(n),y(n),2(n — 1N, hy = (£, £2,0)T and

a 1 p
A=1q 1 0
1 0 0

In the following, A;,i = 1,2, 3 denote the three eigenvalues of A. Then there exists
a nonsingular matrix P = (p;j)sxs such that

PAP™! = A, (3.4)

where
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with /\z 75 )\j if ¢ 7é j, /\1 7é /\2 = /\3 or )\1 = )\2 = /\3, and can be written in
the form
Upt1 = Nuy + kny, (3.5)
where u, = (u1(n),us(n),uz(n))? = Pu,, k, = (k1(n), k2(n), ks(n))T = Ph,, for
n € Z.
For the eigenvalues of A, we have the following results.
Lemma 3.2 ([II, Lemma 1.1)). The following three statements are equivalent.
(1) One of the eigenvalues of A has absolute value 1.
(2) —1 is an eigenvalue of A.
(3) p=1
Furthermore, if one of the above three statements holds, we have

(i) Ifg< —8 orq¢ >0, 14+ (¢t /q*> + 8¢)/4 € R are the other two eigenvalues
of A, which have absolute values different from 1.
(ii) If —8 < q < 0, the other two eigenvalues of A are €’ and e~ with 0 <
0 <.
(iii) If ¢ = —8, all the eigenvalues of A are —1.

We assume that f € AA(R) throughout the paper without any further mention.
Lemma 3.3. {f,(ll)}, {fr(f)} belongs to aa(R).

Proof. {fr(bz)} € aa(R) is given by [18, Lemma 3.2]. Since f(t) is almost automor-
phic, for any sequence {n}}, there exists a subsequence {n;} and a measurable
function g(t) such that

e f(t4ng) = g(t),  lim g(t —ni) = f(t), tER.

Consequently, it follows from the Lebesgue dominated convergence theorem that,
for each n € Z,

1 n+l4ny s n+1 s
,(H)nk / / f(r)drdSZ/ / f(r+ng)drds
n+ng n+ng n n
n+1
— / / r)dr ds £ g,
n+l—nyg n+1 s
Gn—ny, / / r)drds */ / g(r —ng) drds
n+1
—>/ / f(rydrds = fV,

askﬂoo.So{fn}EaaR). O
Lemma 3.4. Ifz(t) is a bounded solution of (L.1)), {v,} = {(z(n),y(n), z(n—1))T}

is an almost automorphic solution of (3.3).

Proof. By the boundedness of x(t) and f(¢), it is easy to see that z(t) + pz(t — 1)
and (x(t) + px(t — 1))” are bounded. This implies that y(t) = (z(t) + pz(t — 1))’
is bounded (say, by the well known Landau-Hadamand inequality). Then {v,} is
a bounded solution of (3.3). By Lemmaﬂ 3.3l {hnt = {(£7, 2,007} € aa(R3).
Meanwhile, it is clear that R? does not contain any subspace 1somorphic to cg, and
the bounded linear operator A on R3 has finite spectrum. So Lemma implies
that {v,,} € aa(R3?). O
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3.2. Statements of the main results. The following assumptions will be used
later:

(H1-) there exists g € AA(R) such that {g(n+4d)} € D_1{f(n+9)} for 6 € [0,1).
(H14) there exists g € AA(R) such that {g(n + )} € D1{f(n+§)} for 6 € [0,1).
(H2) D2{fY £0,i=1,2.
(H3) DMy #£0,i=1,2.
(He) D"} # 0, p{ £} € aa(X) and Dy{u{fi"}} # 0.i = 1,2, where js = &y
or ¢, 0 < 6 <.

Now we are in a position to give the main results in this article, which will be
proved in the next section.

Theorem 3.5. If |p| # 1, every bounded solution of (1.1)) is almost automorphic.

Theorem 3.6. If p = —1 and (H1-) holds, every bounded solution of (L.1) is
almost automorphic.

Theorem 3.7. Suppose that p =1 and (H1+) holds. Let x(t) be a bounded solution

of and {v,} = {(z(n),y(n),z(n — 1))} be as that in Lemma . Then
x € AAR) if

Dy{v,} # 0. (3.6)
If p = 1, for the solutions {v,} of (3.3) satisfying condition (3.6)) we have the
following result.
Theorem 3.8. Ifp =1, the following statements are true:

(I) If g < =8 or g > 0, and (H2) holds, then (3.3 has a unique solution {v,}

such that (3.6]) holds.
(II) If ¢ = —8 and (H3) holds, then (3.3) has a unique solution {v,} such that

(13.6) holds.

(II) If —8 < q < 0 and (H4) is satisfied for 6 given in Lemma(3.9 (ii), then (3.3)
has a solution {v,} = {(2n,Yn,Tn_1)T} such that (3.6) holds. Moreover,
the set of solutions of (3.3) such that (3.6) holds is that

S= {{'En} = {(jnagnyfn—l)T}
= {v, + A"C' : C = (c1,¢2,¢3)T € R3, —2¢; 4 ¢ + 2¢3 = 0}.

4. PROOFS OF MAIN RESULTS
Lemma 4.1. Lets € Z,p € R {xm}, {ym}, {zm} € aa(R),g € AA(R) and
Qc{p: Tm, Yms 2m, 91 (1)
(4.1)
2

fort € [n,n+1),n € Z. Then Qc{p, Tm, Ym, 2m, 9} € AA(R). Moreover, denote
QAp, T, Ym, 2m» g} by Qe for simplicity, we have

Qc(t) =Qep1(t—1), teR. (4.2)
Proof. Equality (4.2)) follows from (4.1]) directly. To prove Q. € AA(R), the proof

for the case ¢ # 0 is similar to the case ¢ = 0. So we only consider the case ¢ = 0,
and this is completed by the following two steps.

t ps
= Tntc + PTnte—1 + Ynto(t —n) + gszrc(t - n)2 + / / g(r+<)drds
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Step 1. For any {n}.} C Z, there exists a subsequence {n} of {n}.}, two sequences
{Z,}, {Un} and a function g : R — R such that
lim zy4pn, =2pn, lm Zp_p, =2x,, nELZ,
k—o0 k—o0
thm Yntny, = Uns hm gn—nk =Yn, NEL
> (4.3)

lim zp4n, = Zn, hm Zn—ny = Zn, N ELZ,
k— oo )

k—oo
klim g(t +ng) = g(t), khm gt —nk) =g(), teR.
Let

O(t) = Zp + pEp_1+ Gn(t —n) + %Zn(t —n)? + / /SQ(T) dr ds (4.4)

for t € [n,n+1),n € Z. Noticing that g and § are bounded measurable, by (|4.3)
and (4.4)),
Q0 (t +ni) — @(t)]

< ‘xn+nk zn‘ + P|33n+nk 1~ Tp— 1| + ‘yn+nk Un (t - ”

q t+ng
+f|zn+nk72n|(tfn)2+‘/ / drdsf/ / drds
2 n+ng n+nk

< ‘xn+nk — Zn| + p|xn+nk—1 — Tn1|+ ‘y’ﬂ“rnk — Unl

t s
4 Lfewns = 2l [ [ 1ot m) = gl dr s
—0 ask — oo

Similarly, we can show that limy_,cc @(t — ny) = Qo(t) for each t € R.

Step 2. We consider the general case where {s}}rez may not be an integer
sequence. Let nj, = [s}] and t}, = s}, —nj, € [0,1) for each k. Then by Step 1, there
exist subsequences {ti},{sx} and {ng} of {t}}, {s}} and {n}}, respectively, such
that ty = sk, — g, k € Z, limg oty =1 € [0,1], . ) holds and for each t € R,

klim Qo(t +t+mng) =0t +1), klim Ot +t—ng) = Q(t+7), (4.5)

—00 —00

where @ is given by (4.4). Let @1 = @(- + o). Then it is sufficient to prove that
klim Qo(t+ sx) = 01(¢), klim 1 (t — sk) = Qo(t), for each t € R. (4.6)

Now there are two cases to be considered: ¢+t > [+ ¢] and ¢ +t = [t + ¢].
Assume that ¢ +¢ > [t +t]. Then [¢ 4 {] = [t + t] for sufficiently large k. Noticing
the boundedness of g(t), {z,} and {y,}, for sufficiently large k,

[Qo(t + s) — Qo(t + T+ ng)|
= Qo (t + tx + ng) — Qo(t +t + ni)|

— q —
< |ytesem e =1 + lemmnkll(t e = [t ) = (= [+ 1)

tttit+ng s tHitne s
+ ‘/ / r)drds — / g(r)drds
[t+tp]+ng [t“rtk]"!‘nk [t+t]+ng J[t+E]+ng

1 q
<Y |lte — 1 + §|Z[t+ﬂ+nk| |(2t +tg + 1 —2[t +1])(tx — 1)
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t+tr s
+/ / lg(ng + )| drds
t+t [t+12]

—0 ask— 0.

This together with implies that limy o Qo(t + si) = @1 (t).

Assume that t +t = [t +1], that is t+1 € Z. If t +t5, > t+14, can be proved
by an argument similar to the above one, and we omit the details. If t + 1, <t -+,
[t+tr] =t+1t—1 for sufficiently large k and ¢+t — [t +tx] — 1 as k — oco. Notice
also that

Qo(m) = xm—1 + pTim—2 + Ym—1 + gszl + / / g(r)drds
m—1Jm—1

for any m € Z. Then for sufficiently large k,
|Q0(t + si) — Qo(t + €+ ny)l
= |Qo(t + tr +ni) — Qo(t + 1+ ny)|

— q —
< Jyri-remlfte =8+ Slzeeioapn, (B — T+ 1) = 1]

t4+ti+ng s t+t4+ng s
+ ‘ / / g(r)drds — / / g(r)drds
[t+te]+ng J[t+tg]+nk t+t—1+ng Jt+t—1+ny

. q _
S Yttt 4 [t — T + §|zt+ffl+nk| (tr — 4+ 1)* — 1]

t+ty

S
+ / lg(r + ng)| dr ds
t+f  Jtri-1

—0 ask — oo.

This together with (4.5)) leads to limg_,o Q0o (t + sk) = ©1(¢).

Similarly, we can prove that limy_,oc @1(t — s) = Qo(t) for each ¢ € R, and then
(4.6) is true. O
Proof of Theorem[3.5. Let z(t) be a bounded solution of (1.1)), and w(t) = z(t) +
px(t — 1) be given by (3.2). Then w = Qo{p, z(m),y(m),z(m), f}. By Lemma [4.1]
w € AA(R). Tt is easy to obtain that

l‘(t) N Z;.r?:l(_p)imw(t + m)7 ‘p| > 1,
Yom—o(=p)"w(t —m), |p| <1.
Therefore x € AA(R) by Proposition This completes the proof. O

Proof of Theorem[3.6. Let x(t) be a bounded solution of (L.I). Then {v,} =
{(z(n),y(n),z(n —1))T} € aa(R3) is a solution of (3.3) by Lemma We first

prove that
D_1{v,(n)} # 0. (4.7)

By Lemma 3.3 {h,} = {(£", £2,0)T} € aa(R?). So {kyn} = {Ph,} € aa(C?).
By (H1-), it is easy to see that D_1{f7(lj)} #0,7=1,2. Then D_1{h,} # 0. It
follows from Proposition (ii) that

D1 {kn} = D1 {Phy} #0. (48)

Since p = —1, it follows from Lemma that |A;] # 1 for ¢ = 1,2,3. Let o, 3 be
two constants defined such that, if all the eigenvalues of A are simple, « = § = 0;
if one of the eigenvalues of A is double, without loss of generality Ao = A3z, then
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a =0, 8 = 1; if the eigenvalue of A is triple, « = § = 1. Then it is easy to see that
the solution {u,} = {(u1(n),us(n),us(n))?} of (3.5) can be uniquely given by

ul(n) _ ngn—l A?imilkl(m)a |)‘1| < 1a
=Xz AU (), [Nl > 1

UQ(’I’L) — {ngn—l )\g—m—l(k2(m) + aul(m)), |>\2‘ < ].,
= m>n A kg (m) 4+ aug (m)), | Aa| > 1,
us(n) = {ngn—l Ay (kg (m) 4 Bus(m)),  |As| <1,
= sn A5 (ks (m) + Bua(m)), A > 1.

Moreover7 it is easy to verify that {u,} 6 aa((C3) by Propositionand D_{u,} #
. Since the solution {u,} of (3.5) is unique, the solution {v,,} = {P~tu,}

of 1-) is also unique. Then by Pr0p081t10n( i), D_1{vn} = D_1{P tu,} # 0,
holds.

By (4.7) and Remark we can choose
{(@*(m),y"(m), 2" (m = 1))} € D_1{vm} C aa(R?),
and let Q. = Q {O x(m — 1),y*(m),z*(m), g} with g given by (H;). By (3.2),

[@13), @2) and (Hy), for t € [n,n+1),n € Z,
a(t) —x(t - 1) = w(t) = Qo{=1,2(m),y(m), z(m), f}(t)

= an) 20— 1)+ y(n)(t — n) + La(u)(t —n)? +/nt /:f(r) dr ds
=z(n) —z(n—1)+ (y*(n+1) —y"(n))(t —n)

+ L@ 4+ 1) — 2" ()t —n)? + t/s(g(l—kr)—g(r))drds
Q) = Qlt) = () = Qult—1).

Then

z(t)=U@)+z(t—n)—Q({t—n), t€nn+1l),ne’Z.
Notice that (z(t —n) — Q1(t —n)),t € [n,n+1),n € Z is a periodic function, then
it is in AA(R). Meanwhile, Q; € AA(R) by Lemma [{.1} Therefore z € AA(R) by
Proposition (i). This completes the proof. |

Proof of Theorem[3.7 Let x(t) be the bounded solution of (L.1)). If (3.6) holds, we
can choose {(z*(m),y*(m),z*(m —1))T} € D_ 1{vm} and let Q = QA{0,z(m —
1),y*(m),z*(m), g} with g given by ( H+ . By (3.2 , , ) and H+ for
ten,n+1),nez,

x(t)+x(t—1) =w(t)

= Qo{1,z(m),y(m),z(m), f}(#)

=z(n)+z(n—-1)+yn){t—n)+ %x(n)(t —n)? —|—/ /S f(r)drds

L

5 z*(n+1)+2*(n))(t —n)?

=z(n)+zn—1)+Er+1)+y*n)t—n)+

// (L47)+g(r)) drds
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=i (t) + Qo(t) = N (t) + At —1).
Then
z(t) =N () + (-1)" (@t —n) =% (t—n)), tenn+1l),ncl

Now by an argument similar to the end part of the proof of Theorem we can
get that x € AA(R). This completes the proof. O

Proof of Theorem[3.8, By (H2) or (H3) or (H4), as to obtain (4.8, we can obtain
that

Di{kn} = D1 {Phy} # 0. (4.9)

(I) By Lemma (1), we may assume that [Ao| > 1, [A3| < 1if ¢ > 0, and

|A2] < 1,]A3] > 1if ¢ < —8. By (H2) and Proposition (iv), we let {gs)} € aa(R)
be the only one in Dy{f”} such that

Di{g"} #0, i=1,2. (4.10)
Define {un} = {(u1(n), uz(n), us(n))"} by

ui(n) = Pllggll) + p129£2),
up(n) = 4 _2om=n T ha(m), g >0, (4.11)
ngn )‘gika(m - 1)a q<-8, .
us(n) = YimenXs "ha(m —1), ¢ >0, (4.12)
- ZmZn )\g_m_lki}(m)ﬂ q< 787

with p11,p12 two elements of the first row of matrix P given in . Then it is
easy to verify that {u,} € aa(R?) and is a solution of (3.5)). Moreover, D {u,} # 0
by and .

Assume that {u,} = {(i1(n),ds(n),u3(n))T} is a solution of such that
Dy{u,} # (). Notice that the last two components us(n) and ugz(n) of solution w,, for
(3.5) is uniquely determined by and , respectively. Then s (n) = ua(n)
and 3(n) = us(n). By (3.5), we can get that uy (n+1)+ui(n) = @ (n+1)+a1(n) =
k1(n),n € Z. This means that @;(n) = ui(n) + (=1)"(21(0) — u1(0)), n € Z. Then
by Proposition (i) and (iil), D1{a1(n)} # 0 if and only if u1(0) — @1(0) = 0.
This implies that Di{ai(n)} # 0 if and only if ui(n) = @1 (n),n € Z. That is
has a unique solution {u, } satisfying Dq{u,} # 0. Therefore (I) holds, since
Up = P u,,n € Z.

(IT) By Lemma (iii), all the three eigenvalues of A are —1. By Proposition
(iv) and (Hy), let {ay) (n)} be the only one in D{{féz)} such that

Di{a"}#0 i=1,2,j=1,23 (4.13)

Then {ag.i) (n)} € D{{f,(f)} = Dl{a(i)l} for i = 1,2,5 = 2,3. By a fundamental

j_
calculation as in [I1l Section 3], P can be chosen as

-2 1 2
P={1 0 1
0 01

Define {un} = {(ul(n)’UQ(n)7u3(n))T} by
ur(n) = —2a{" (n) + a{? (n),
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us(n) = —2a5" (n) + a$ (n) + a{" (n),

uz(n) = —2a5" (n) + af (n) + o (n).

It is easy to verify that {u,} € aa(R®) and is a solution of (3.5). Moreover,
Dl{un} 7£ (Z) by '

Assume that {u,} = {(i1(n),d(n),u3(n))T} is a solution of such that
D{iu,} # 0. By an argument similar to prove ui(n) = @;(n),n € Z in the proof
of (I), we can prove that u;(n) = 4;(n),n € Z for ¢ = 1,2,3. That is, has
a unique solution {u,} satisfying Di{u,} # 0. This implies that (II) holds since
Up = P lu,,n € Z.

(ITI) It follows from Lemma (ii) that the eigenvalues of A are —1, ¢ and
e~%. By (H3) and Proposition [2.5( (iv), we can get a sequence {gg)} € aa(R) which
is the only one in Dl{f,(f)} such that holds, i+ = 1,2. By a fundamental
calculation as in [I1} Section 3], P and P~! can be chosen as

-2 1 2

P=|e?—-1 1 1-e], (4.14)
e -1 1 1—¢¥
—1/(2cosf +2) —oet? o
Pt = (cos§ —1)/(cosf+1) 1/(cosf+1) 1/(cosf+ 1) (4.15)
1/(2cosf + 2) —0 oet?

with o = 1/((e?? +1)(e™" — €%)). Define {u,} = {(u1(n), u2(n),us(n))”} by
ur(n) = —295" + 97,
us(n) = (¢ = 1) (@ { £V} (n) +ivo{ [V () + b { £} (n) + ioe{ f1P} (),
ug(n) = (¢ = 1) (@ { £V} (n) = iva{ f{V}(n)) + do{ £} (n) — ivoa{ [P} (n).

It is easy to verify that {u,} € aa(C?®) and is a solution of (3.5)). Moreover,
D1{u,} # 0 by (H4) and (4.10]). Then (3.3)) has a solution {v,} = {(2p,Yn,2z,)T} =
{P71u,} € aa(C?) such that (3.6)) holds. Moreover, by (4.14)), (4.15) and a long-

winded but fundamental calculation, we can verify that v, € R n € Z.

Now we prove that S is the set of all the solutions {7, } of such D1{v,} # 0.

If {v,} = {(Zn, Uns Tn—1)T } € aa(R?) is a solution of such that Dy {9, } # 0,
D1{P(v, —vs)} # 0 by Proposition (i), and it follows from (3.3 that v, =
vy + A"C,n € Z with C = (c1,¢2,¢3)T = 99 — v9 € R3. Noticing , the first
component of vector P(0,, — v,) = PA"C = A"PC is (—2c¢1 + ca + 2¢3)(—1)™.
Then D1{(—2¢1 + c2 + 2¢3)(—1)"} # 0, which implies that —2¢; 4 ¢2 + 2¢5 = 0 by
Proposition [2.5| (iii). That is, {v,} = {v, + A"C} € S.

On the other hand, assume that {v,} = {Zn, ¥n, Zn_1)T} = {v, + A"C} € S.
Then —2¢1 + co + 2¢3 = 0. It is easy to verify that {o,,} is a solution of . Let
Bj = pjic1 + pjaca + pjscs, j = 2,3. By ([{.14),

PAMC = A"PC = (O7 6262'0n7 ﬂsefiHn)T
for n € Z. Since 0 < 6 < 7, cos(6/2) # 0. Define u*(n) = (uj(n),us(n),us(n))T by

ui(n) =0,

« o i(n—1/2)0 —1_—i(1/2)8
_ nn -1 n ()
) = oo (¢ +(1e ),
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Bs ( —i(n—1/2)6 —1i
* _ —1)" 1(1/2)9)
u3(n) 2 cos(0/2) ¢ () ’

for n € Z. It is not difficult to check that {u*(n)} € aa(C3) and PA"C = u*(n +
1) +u*(n),n € Z. That is D;{PA"C} # 0, and then D1{A"C} # 0 by Proposition
(ii). Now by and Proposition 2.5 (i), D1{v,} = D1{v, + A"C} # (). This
completes the proof. O

5. EXAMPLES

In this section, we illustrate our main results. For this purpose, it suffice to use
a function f € AA(R) such that:
(1) if p = —1, (H1-) holds;
(2) if p=1, (H1+4) holds. Moreover, (H2) holds if ¢ < —8 or ¢ > 0; (H3) holds
if ¢ = —8; (H4) holds if -8 < ¢ < 0.
By the same argument for the proof of [I1, Proposition 2.2] and [12], Proposition
1.1], we can get the following result (we omit the details of the proof).

Proposition 5.1. Suppose that o, € R. Then the following statements hold.
(i) For a # 2km,k € Z,

sin(a(n —1/2) + 5)
{ 2sin(a/2) } € D-1{cos(an + 9},

{ B cos(a(n —1/2) + )
2sin(a/2)
(ii) For o # (2k + 1)m, k,l € Z,1 > 0,

} € Dy {sin(an + 8)}.

cos(a(n —1/2) + f3)
(2 cos(a/2))t
{sm( an—=1/2)+p
(2 cos(a/2))!
(iii) Assume that o # (2k + 1)w and « # 2km £ 0 for 0 < 0 < 7,k € Z, then
p{cos(an+B)} € aa(R), pfsin(an+5)} € aa(R), D {jufcos(an-+B)}} £ 0
and Di{u{sin(an + B)}} # 0 for p = ¢y or 1y.

Example 5.2. Let aj,a},ﬂj,ﬂé,’yj,’y;» € R and

} € D! {cos(an + )},

) } e D! {sin(an + £)}.

Z v; cos(at + B;) + 7j sin(ajt + 55)).

Jj=1
Then f € AA(R).
(1) Assume that p = —1 and oy, o} # 2km,k € Z, j =1,2,...,n. Let

o sin(a;t + B — o /2) ,cos(a~t+/6’»—o/./2)
7= (s demta D) Y 2Jsin(oz2/2)j ):

j=1
Then f* € AA(R), and by Proposition [2.5) n and [5 - , we can check easily that
{f*(n+8)} e D_1{f(n+ )} for each 6 € [0 1). Hence condition (H1-) holds.

(2) Assume that p =1, aj,a; # 2k +1)m, k€ Z, j = 1,2,...,n. Let

( cos(ajt + B — laj /2) ,sin(alt + B — loz;»/2))

2 2cos(a;/2))! 1T 2cos(al/2))!
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for I > 0. It follows from Proposition (i) and (i) that {ff(n + d)} €
Di{f(n+6)} for 6 € [0,1),1 > 0, and then we can check easily that conditions
(H1+4), (H2) and (H3) are satisfied.

Assume that —8 < ¢ < 0, and in addition, o, a; #£2knt+0,k€Z,j=1,2,....n
Here (0 < 6 < 7r) is given in Lemma (ii). It follows from Proposition (i)
and Proposmon 1] (iii) that Di{u{f(n)}} # @ for 4 = ¢g or 1y, and we can check
easily that u{fn } € aa(R) and Dl{,u{fr(f)}} # () for i = 1,2,4 = ¢ or 1Py. So
condition (H4) is satisfied.

It is easy to see that the function f(¢) in Example is almost periodic. For
the case when f(¢) is almost automorphic but not almost periodic, an example is
given below.

Example 5.3. Denote «(t) = 3/(1 + costcosnt) with 8 # 0 a real constant.
(1) Assume p = —1. Let
f(t) =sina(t+1) —sina(t), f(t) =sina(t).

Obviously, f, f € AA(R) are not almost periodic, and {f(n+68)} € D_1{f(n+6)}
for each 6 € [0,1). That is (H1-) holds.

(2) Assume p = 1. Let

fi(t) =sina(t) + 4sina(t + 1) + 6sina(t + 2) + 4sina(t + 3) + sina(t + 4),

fa(t) = sina(t) + 3sina(t + 1) + 3sin a(t + 2) + sin a(t + 3),
f3(t) =sina(t) + 2sina(t + 1) + sina(t + 2),
fa(t) =sina(t) + sina(t + 1),
f5(t) = sina(t).

Obviously, f; € AA(R), i = 1,2,3,4,5 are not almost periodic, and {f;(n+ )} €
Dy{fi—1(n+8)} for 6 € [0,1),7 = 2,3,4,5. Then it is easy to verify that (H1+)
holds for f = fi1, fa, f5 or fa; (H2) holds for f = f1, fo or f5; (H3) holds for f = f.

If -8 <qg<0,let f=f3and §=2(1—-cosl)r/(l+ cosl). Then it is easy to
check that f4(0) = 0 and {¢e{fs(n)}(n)}, {pe{fs(n)}(n)} € aa(R). Moreover, for
n >0,

Yo{fa(n)}(n+ 1) + Po{fa(n)}(n)

*Zﬁl sin(n —m Z m)sin(n —m — 1)0

= £4(0) sinnf + Z (fa(m +1) + fi(m))sin(n —m — 1)0
m=0
= i fa(m)sin(n —m —1)0
m=0
= to{fs(n)}(n).

Similarly, we can prove that ¥y{ fs(n)}(n + 1) +Yo{ fa(n)}(n) = o{ f3(n)}(n) also
holds for n < 0. This leads to Dj{tg{ £ 1} # (0. Furthermore, we can prove

similarly that Dl{q’)g{fn )}} # (. So (H4) is satisfied for f = f3.



EJDE-2013/140 ALMOST AUTOMORPHY FOR BOUNDED SOLUTIONS 15

(1]

2]
(3]

(4]

(5]

(9
(10]
(11]
(12]
13]
(14]
[15]
[16]

[17]
(18]

(19]
[20]
(21]
(22]

23]

24]
[25]

[26]

REFERENCES

E. Ait Dads, L. Lhachimi; New approach for the existence of pseudo almost periodic solutions
for some second order differential equation with piecewise constant argument, Nonliear Anal.
64 (2006), 1307-1324.

M. U. Akhmet; Nonlinear Hybrid Continuous/Discrete-Time Models, Atlantis Press, Ams-
terdam, Paris, 2011.

S. Busenberg, K. L. Cooke; Models of wvertically transmitted diseases with sequential-
continuous dynamics, in: V. Lakshmikantham(Ed.), Nolinear phenomena in Mathematical
Science, Academic Press, New York, 1982, pp. 179-187.

K. L. Cooke, J. Wiener; Retarded differential equations with piecewise constant delays, J.
Math. Anal. Appl. 99 (1984), 265-297.

K. L. Cooke, J. Wiener, A survey of differential equations with piecewise continuous argu-
ments, in: Delay Differential Equations and Dynamical systems, in: Lecture Notes in Math.
Vol. 1475, Springer-Verlag, 1991, pp. 1-15.

T. Diagana, G. M. N'Guérékata, N. V. Minh; Almost automorphic solutions of evolution
equations, Proc. Amer. Math. Soc. 132 (2004), 3289-3298.

H. S. Ding, J. Liang, T. J. Xiao; Almost automorphic solutions to nonautonomous semilinear
evolution equations in Banach spaces, Nonlinear Anal. 73 (2010), 1426-1438.

W. Dimbour; Almost automorphic solutions for differential equations with piecewise constant
argument in a Banach space, Nonlinear Anal. 74 (2011), 2351-2357.

J. L. Hong, R. Obaya, A. Sanz; Almost periodic type solutions of some differential equations
with piecewise constant argument, Nonlinear Anal. 45 (2001), 661-688.

B. M. Levitan, V. V. Zhikov; Almost periodic Functions and Differential equations, Moscow
Univ. Publ. House, 1978. English translation by Cambridge University Press, 1982.

H. X. Li; Almost periodic solutions of second-order neutral delay-differential equations with
piecewise constant arguments, J. Math. Anal. Appl. 298 (2004), 693-709.

H. X. Li; Almost periodic solutions of second-order neutral equations with piecewise constant
arguments, Nolinear Anal. 65 (2006), 1512-1520.

H. X. Li; Almost periodic weak solutions of neutral delay-differential equations with piecewise
constant argument, Nonlinear Anal. 64 (2006), 530-545.

H. X. Li; Almost periodic solutions of second-order neutral equations with piecewise constant
arguments, Nonlinear Anal. 65 (2006), 1512-1520.

J. Liang, J. Zhang, T. J. Xiao; Composition of pseudo almost automorphic and asymptotically
almost automorphic functions, J. Math. Anal. Appl. 340 (2008), 1493-1499.

G. M. N'Guérékata; Almost Automorphic and Almost periodic Functions in Abstract spaces,
Kluwer, Amsterdam, 2001.

G. M. N’Guérékata; Topics in Almost Automorphy, Spring-Verlag, New York, 2005.

N. V. Minh, T. Dat; On the almost automorphy of bounded solutions of differential equations
with piecewise constant argument, J. Math. Anal. Appl. 236 (2007), 165-178.

G. Seifert; Second-order neutral delay-differential equations with piecewise comstant time
dependence, J. Math. Anal. Appl. 281 (2003), 1-9.

S. M. Shah, J. Wiener; Advanced differential equations with piecewise constant argument
deviations, Int. J. Math. Math. Sci. 6 (1983), 671-703.

W. Shen, Y. Yi; Almost automorphic and almost periodic dynamics in skew-product semi-
flows, Mem. Amer. Math. Soc. 647, 1998.

R. Yuan; The existence of almost periodic solutions to second-order neutral differential equa-
tions with piecewise constant argument, Sci. Sinica A 27 (1997), 873-881.

L. Wang, R. Yuan, C. Y. Zhang; A spectrum relation of almost periodic solution of second
order scalar functional differential equations with piecewise constant argument, Acta Math.
Sin. 27 (2011), 2275-2284.

J. Wiener; Pointwise initial value problems for functional-differential equations, Differential
Equations, North-Holland, Amsterdam, 1984, pp. 571-580.

T. J. Xiao, X. X. Zhu, J. Liang; Pseudo-almost automorphic mild solutions to nonautonomous
differential equations and applications, Nonlinear Anal. 70 (2009), 4079-4085.

L. L. Zhang, H. X. Li; Weighted pseudo almost periodic solutions of second-order neutral-
delay differential equations with piecewise constant argument, Comput. Math. Appl. 62
(2011), 4362-4376



16 C. H. CHEN, H. X. LI EJDE-2013/140

[27] L. L. Zhang, H. X. Li; Weighted pseudo almost periodic solutions of second order neutral
differential equations with piecewise constant argument, Nonlinear Anal. 74 (2011), 6770-
6780.

CHUAN-HUA CHEN
DEPARTMENT OF MATHEMATICS, SICHUAN UNIVERSITY, CHENGDU, SICHUAN 610064, CHINA
E-mail address: chenchuanhua8@163.com

Hone-XUu L1
DEPARTMENT OF MATHEMATICS, SICHUAN UNIVERSITY, CHENGDU, SICHUAN 610064, CHINA
E-mazil address: hoxuli@sina.com



	1. Introduction
	2. Preliminaries
	2.1. Almost automorphic function
	2.2. Almost automorphic sequence

	3. Statements of main results
	3.1. Transform of the corresponding difference system of (1.1)
	3.2. Statements of the main results

	4. Proofs of main results
	5. Examples
	References

