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INFINITELY MANY SOLUTIONS FOR A PERTURBED
NONLINEAR FRACTIONAL BOUNDARY-VALUE PROBLEM

CHUANZHI BAI

ABSTRACT. Using variational methods, we prove the existence of infinitely
many solutions for a class of nonlinear fractional boundary-value problems
depending on two parameters.

1. INTRODUCTION

In recent years, some fixed point theorems and monotone iterative methods
have been applied successfully to investigate the existence of solutions for nonlinear
fractional boundary-value problems, see for example, [2 [3, 4, [5, [7, 8 @ 23, 26
277, [B1), 32, B3] and the references therein. But till now, there are few results on
the solutions to fractional boundary value problems which are established by the
variational methods. It is often very difficult to establish a suitable space and
variational functional for fractional boundary value problem for several reasons.
First and foremost, the composition rule in general fails to be satisfied by fractional
integral and fractional derivative operators. Furthermore, the fractional integral is
a singular integral operator and fractional derivative operator is non-local. Besides,
the adjoint of a fractional differential operator is not the negative of itself. Recently,
by using critical point theory, Jiao and Zhou [24] studied the fractional BVP

+DF(oDgu(t)) = VE(t,u(t)), ae. tel0,T],
u(0) =0, wu(T)=0,

where (Df* and ;D are the left and right Riemann-Liouville fractional derivatives
of order 0 < a < 1 respectively, F': [0,7] x RV — R is a given function satisfying
some assumptions and VF(t, z) is the gradient of F' at x.

In [6], by using a local minimum theorem established by Bonanno in [I6], we
provided a new approach to investigated the existence of solutions for the following
fractional boundary-value problem

d

= (oDp 7 GDFu(t) — DF T (EDFu()) + Af(u(®) =0, ae. tE[0,T)

u(0) =0, u(T)=0,

2000 Mathematics Subject Classification. 5805, 34B15, 26 A33.

Key words and phrases. Infinitely many solutions; fractional boundary value problem;
critical point.

(©2013 Texas State University - San Marcos.

Submitted January 18, 2013. Published June 20, 2013.

1



2 C. BAI EJDE-2013/136

where a € (1/2,1], oD~ ' and ;D3™" are the left and right Riemann-Liouville
fractional integrals of order 1 — « respectively, §Dy* and D% are the left and right
Caputo fractional derivatives of order 0 < o < 1 respectively, A is a positive real
parameter, and f : R — R is a continuous function.

The purpose of this article is to establish the existence of infinitely many solutions
for the following perturbed nonlinear fractional boundary value problem

D7 (0 D7 u(t)) = Aa(t) f(u(t) + pg(t, ult)), ae. t€[0,T],

w(0) =0, u(T)=0, (L.1)

where ¢ Df* and ;D7 are the left and right Riemann-Liouville fractional derivatives
of order 0 < o < 1 respectively, A and p are non-negative parameters, a : [0,7] — R,
f:R—=TRand g:[0,7] x R — R are three given continuous functions.

Precisely, under appropriate hypotheses on the nonlinear term f, g, the existence
of two intervals A and J such that, for each A € A and p € J, BVP (L.1) admits
a sequence of pairwise distinct solutions is proved. Our analysis is mainly based
on a recent critical point theorem of Bonanno and Molica Bisci [10], which is a
more precise version of Ricceri’s Variational Principle [29]. This theorem and its
variations have been used in several works in order to obtain existence of infinitely
many solutions for different kinds of problems (see, for instance, [Il 10 1T, 12
13, 14, 15] and references therein). The technique used in this paper in order to
approach perturbed nonlinearity depending on two parameters has been adopted
first in the paper [17]. Moreover, among authors that follow this technique, we
recall the papers [18| [19] 20} 2T, 22].

This article is organized as follows. In section 2, we present some necessary
preliminary facts that will be needed in the paper. In section 3, we establish our
main two existence results and give an example to show the effectiveness of the our
results.

2. PRELIMINARIES

In this section, we first introduce some necessary definitions and properties of
the fractional calculus which are used in this paper.

Definition 2.1. Let f be a function defined on [a, b]. The left and right Riemann-
Liouville fractional integrals of order « for function f denoted by ,D; “f(t) and
+D, “f(t), respectively, are defined by

Dy ef(t) = ﬁ/ (t—s)*"1f(s)ds, t€[a,b], a>0,

1 b

Dy f(t) = 7/ (s — )% L f(s)ds, t€ [ab], a>0,
’ I(a) J;

provided the right-hand sides are pointwise defined on [a,b], where I'(«) is the

gamma function.

Definition 2.2. Let f be a function defined on [a,b]. For n — 1 <y < n(n € N),
the left and right Riemann-Liouville fractional derivatives of order « for function f
denoted by ,D{ f(t) and ;D f(t), respectively, are defined by

dr 1 ar
2 — y—n —
aDt f(t) - dtnaDt f(t> F(’ﬂ _ ’Y) dtn

/ (t—s)"" 7" f(s)ds, t€ [a,b]
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and

D) = (1 L S

’ —y—1
dtint F(n—v)dt"/t (S — t) v f(S)dS, te [CL, b]

According to [25, 28], if f € AC"([a,b],RY), then by performing repeatedly
integration by parts and differentiation, for n — 1 <~ < n, we have

Dy~ f(t) =

o _ 1 A C) _ Fl) i=v
DO = =) [, Gt T R e
and
, s D A AR & (LI iy
(D} f(t) = Fin _) - /t = t)7(+)1_n ds + ;o w(b —tTY, (22)

where t € [a, b].
From [25], [30], we have the following property of fractional integration.

Proposition 2.3. If f € LP([a,b],RY), g € LY([a,b],RY) and p > 1, ¢ > 1,
Up+1/g<l+ryorp#1,q#1,1/p+1/g=1+7, then

b b
/umﬂmmwm:/hmﬂmwwa,v>a (2.3)

By properties (2.1)—(2.3)), one has (see [24])
Proposition 2.4. If f(a) = f(b) =0, f' € L*([a,b],RY) and g € L'([a,b],R"),
or g(a) = g(b) = 0, g € L>([a,b], RY) and f € L'([a,b],RY), then
b

b
[ LDiswlaat= [ LDpg) sd 0<a<i @)

a

To establish a variational structure for BVP (1.1f), it is necessary to construct
appropriate function spaces.

Definition 2.5. Let 0 < aw < 1. The fractional derivative space E§ is defined by
the closure of C§°([0,T],R) with respect to the norm

T T
ludla = (| oDputPar+ [

It is obvious that the fractional derivative space E§ is the space of functions
u € L?[0,T] having an a-order fractional derivative ¢D&u € L2[0,T] and u(0) =
u(T) = 0.

1/2
|u(t)|2dt) . Vue Eg.

Proposition 2.6 ([24]). Let 0 < a < 1. The fractional derivative space ES is
reflexive and separable Banach space.

Proposition 2.7 ([24]). Let 1/2 < o < 1. For all u € E§, we have
(i)

(63

< ——||o DY . 2.
= F(a+1)HO itu”L2 ( 5)

[l 2
(i)
Ta—l/?
(@)(2(a = 1) + 1)1/

lullo = max fu(t)] < & lo D ull 2 (2.6)

te[0,T)
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By ([2.5)), we can consider E§ with respect to the norm

T 5\ 1/2
o = ([ lDfuPde) " =lDfulss, Vue B (@7)
0
in the following analysis.

We are now in a position to give the definition for the solution of BVP (|1.1)).

Definition 2.8. A function w : [0,7] — R is called a solution of BVP (L.1) if
(i) +D3  (oDgu(t)) and oD u(t) exist for almost every ¢ € [0, 7], and
(ii) u satisfies (1.1)).
By using (2.4]) and Definition we can give the definition of weak solution for
BVP (L.1)) as follows.

Definition 2.9. By the weak solution of BVP (L.1)), we mean that the function
u € Eg such that a(-) f(u(-)) € L'[0,T), g(-,u(-)) € L'[0,T] and satisfies

| D) - 0DF o) = da(t)£(u(t) - o0) = gt u(®) - wle)]at = 0
for all v € C§°([0,T], R).
By [24, Theorem 5.1], we have

Theorem 2.10. Let 0 < o <1 and u € E§. If u is a non-trivial weak solution of

(1.1), then u is also a non-trivial solution of (1.1)).

Our main tools is an infinitely many critical points theorem [I0] which is recalled
below.

Theorem 2.11. Let X be a reflexive real Banach space; ®,¥ : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous, and coercive and ¥ is sequentially weakly upper
semicontinuous. For every r > infx ®, let us put

su “1(—sor) ¥(v) — U(u
e SPaeiien YO) )
u€d=1(]—o0,r) r <I>(u)

and
= lim inf 0 = liminf .
7 = liminf o(r), iminf o(r)

(1) If v < +oo then, for each \ €0, %[, the following alternative holds: either
the functional ® — AU has a global minimum, or there exists a sequence {un} of
critical points (local minima) of ® — AV such that lim,_ 4o P(u,) = +00.

(2) If § < +oo then, for each A €0, %[, the following alternative holds: either
there exists a global minimum of ® which is a local minimum of ® — AV, or there
exists a sequence {un} of pairwise distinct critical points (local minima) of ® — A\,
with limy, 400 ®(uy,) = infx @, which weakly converges to a global minimum of ®.

3. MAIN RESULTS

We define the functional ®, ¥ : E§ — R by setting, for every u € Ef,

D(u) = gl (31)
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U(u) = /0 [a(t)F(u(t)H%G(t,u(t))} dt, (3.2)

where F(u) = [, f(s)ds and G(t,u) = [;' g(t,z)dz. Clearly, ® and ¥ are Gateaux
dlfferentlable functlonal whose Gateaux derivative at the point u € Ef are given
by

T
(o= [ oDfult) -oDfu(t)at,
0

V(o = [ (a0 + fottu®)) v

for every v € E§. Hence, a critical point of Iy = ® — AP, gives us a weak solution
of (L.1)), which is also a solution of (I.I)) by Theorem [2.10]
If & > 1/2, by Proposition and (2.7)), one has

T 1/2
Julle <21( [ loDFute)de) " = Mo, we Eg, (33)
0

where
1

M= e . (3.4)
T(a)y/2(a—1)+1

Given a constant 0 < h < 1/2, put

L [L4h%20 4 (1 —h)S—2
A — |: T3720¢
(k)= o 320
T T
_ 2/ ot — (1= h)T)dt — 2/ £t = hT) Tt
(1—h) rT
T
Y T —
(1—h)T
1-h)T
P2 -aw) h(T ) a(t)dt (3.5)
p— T °
2M2A(a, h) fo a(t)dt
A(Oc7h) (5)
. T2 (2=a) [0 DT a(t)dt-limsupe o Fs(zg) , if hmsupgﬂJroo 2 < +00, (3.6)
0, if lim SUP¢ 4 o0 Fg(2§) = 400
1
Ay = , (3.7)
M2 fo t)dt - liminfe_ 4 5(25)
where M as in (3.4)).

Theorem 3.1. Let 1/2 < a<1,0<h<1/2,a:[0,T] >R and f: R — R be
two nonnegative continuous functions, and assume that

F(§) (6

0 < liminf —* < K limsu ,
§—+oo 52 §H+o<£) 52

(3.8)
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where K is given in (3.5)). For every A € A :=|A1, A2 (A1 and Ao are given in (3.6)
and (3.7) respectively) and for every g € C(]0,T] x R) such that

G(t,u) >0, V(t,u)€[0,T] x [0, +o0],

T
G(t,z)dt (3.9)
Go = 122?015 Jo maXlegzé (t,x) < too,
if we put
1 T R A (3
= ———(1—2M3?\ t)dt -1 f ,
K 2M2GOO( /0 a(t) lmgiﬂm €2 )

with . = +o0o when Goo = 0, then (L.1)) possesses an unbounded sequence of
solutions in E§ for every p € J := [0, |-

Proof. Our aim is to apply part (1) of Theorem Let ®, ¥ be the functionals
defined in and respectively. By the Lemma 5.1 in [24], ® is continu-
ous and convex, so it is weakly sequentially lower semicontinuous, moreover, ® is
continuously Gateaux differentiable and coercive. The functional ¥ is well defined,
continuously Géateaux differentiable and with compact derivative, hence it is se-
quentially weakly upper semicontinuous. It is well known that the critical point of
the functional ® — AV in E{ is exactly the solution of (L.I).
Let p,, be a sequence of positive numbers such that lim,_, ., p, = +0c0 and

F(pn, F
lim ('Z ) = lim inf (26) .
n—oo pn E—+4o0 §

Let r, = 27&2 for all n € N. By (3.3), for all v € E§ such that ®(v) < r,, one has
[lv]|oo < ppn. Thus,

su ~H(]—oo,r \IJ v)— \IJ u
o(rn) =  inf Pvea—1(] ;nD (v) — ¥ (u)
u€®—1(]—o0,rn ) T (I)(u)

1 v
<Supv€<1> (]—00,mn]) (v)

Tn

T
< 2M2/ a(t)dt -
0

T
Flpn) | 2M?p Jy maxjg<,, G(t.)dt

I3 A I3
So,
T 2
; : . . F(&) 2M=*u
<1 f < 2M? -1 f .
V= 1mnin+oo<,0(rn) < /0 a(t)dt im_inf e + \ Goo < 400
Thus, it is easy to verify that when G, > 0, for every u € J,
T 2
L F(E) | 2MPp. 1
<2M2/ t)dt - liminf —>> G =7,
7 | alt)dt-Hminf == 4 == X
while, when G, = 0, we have by A €]\, \o[ that,
T
B 1
<2M2/ t)dt - lim inf <<
gl i a(t)dt - lim nf ZR

Thus, we conclude that
1
A C]Ov 7[7
Y
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by the definition of A. Now, we claim that the functional & — AV is unbounded
from below. Let {n,} be a positive real sequence such that lim,, ., 1, = +o0o0. We
consider a function v,, defined by setting

LEodmny, t € [0, hTT,
vp(t) = ¢ T(2 — )y, t € [hT, (1 — h)T], (3.10)

Lecahe (T —4), ¢ €](1— )T, T),

where 0 < h < 1/2. Clearly v,(0) = v,(T) = 0 and v, € L?[0,T]. A direct
calculation shows that

Pt t e [0, hTY,
oDfvn(t) = 4 5 (170 = (t = hD)' 7)), t € [hT, (1 — h)T),
o (e — (t—hD) " = (t— (1= h)T)'"*), t€)(l—h)T,T]
and
T
| oD oyar

hT (1=h)T T
:/ +/ +/ (oD§ vy, (t)dt
0 hT (1—h)T

2 T T
T [/ t2(1—a>dt+/ (t — hT)2(1=) gt
0 hT

= n2r2

T
+ / (t— (1 —h)T)*=gt
(1—h)T

T T
—2/ tl_”‘(t—hT)l_‘“dt—2/ %t — (1 = h)T) ~dt
hT (1=h)T

+2 /(T (t— WD) (t — (1 — h)T)l—adt}

1-h)T
_ n [1 + h372 4 (1 — )32 T3-20a
- h2T? 3—2a
T T
— 2/ ot — (1 — h)T) ~dt — 2/ 7t — hT) " at
(1-h)T hT

T
+2 /(1_h)T(t —RT)Y(t — (1 — h)T) —adt}

= 2A(a, h)n2,

for each n € N. Thus, v, € Ef, and

1
®(vn) = 5 llvalla = Ale, ). (3.11)
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Putting together (3.9) and the nonnegative of f, one has

T
¥(o,) = [ a0 (en0) + 5 Gt va(0)]

T
> [ atF. )
0
hT (1-R)T
B I'2—a)n,
- /0 a(t)F(Tt)dt + /hT a(t)F(F(2 - a)nn)dt (3.12)
T
F(2 — 04)7771
+/ a(t)F| ————(T —t) |dt
e SOF (S ))
(1-R)T
> Fre-am) [ al
KT
Therefore, from (3.11)) and (3.12)) we achieve
(1—R)T
B(0,) = N(v,) < Al = AF (02 - ayna) [ alt)dr
hT
From (3.8)), we know that \; < A\s. Let
B = limsup F(Qf) (3.13)
A(a,h
If B < +o0, we set € € |0,B — SYRIEE };EITJL)T T [, then from (3.13) there
exists N7 such that
F((2-a)n,) > (B-el%(2—a)n?, VYn> Nj.
Hence,
(1-m)T
B(vn) — MU(vn) < A(a, B)n2 — A(B — eT2(2 — a)n;i/ a(t)dt
KT
o (3.14)
_ (A(a, h) — \(B — e)T2(2 - a) / a(t)dt),
RT
for n > Nj. From the choice of ¢, we have
lim (®(v,) — A¥(vy,)) = —o0.
n—-+oo
A(a,h)

On the other hand, if B = +o00, we fix © >
(3-13) there exists Ng such that
F(T'(2 —a)n,) > 6r%*(2 —a)n?, VYn> Ne.

AT2(2—a) [{5MT a(t)dt’ then from

Therefore,
(1-h)T
D)~ AV(o,) < Al B = AP (@@ =) [ alt)ie
hT
(1-m)T
< A(a, h)n? — XOT?(2 — a)ni/ a(t)dt
AT
(1—h)T

— 2 (A(a, h) — AOI'2(2 — a) /

a(t)dt), n > Ne.
hT
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Taking into account the choice of ©, one has

ngrfoo(fl)(vn) —AU(v,)) = —0c0.

By Theorem the functional ® — AW admits a sequence u,, of critical points
such that lim,, o ®(u,) = +o00. It follows from (3.1 that

unlla = V/2®(un),

which implies lim,— 4o ||tn]la = +00. This completes the proof in view of the
relation between the critical points of ® — AW and the solutions of problem (1.1)
pointed out in Theorem [2.10 O

In the following, arguing in a similar way, but applying case (2) of Theoremm
we can establish the existence of infinitely many solutions of (1.1)) converging at
zero. For convenience, let

A(a,h) F(&)

B 1 a(t)d F ) 1f ]. <
)\3 ( a) f}i 2 ( ) t.]imsup o (@) 1ms pf ( )
1f llm Supé 0 (g)
a t dt 1] E 3.
M fO ( ) mui ff 0 F( )

Theorem 3.2. Let 1/2 < a<1,0<h<1/2,a:[0,T] >R and f: R — R be
two nonnegative continuous functions, and assume that

F F
0 < liminf (25) < K limsup (5)7
£—0+ £—0t 5

where K is given in (3.5)). For every A € Ay :=|A3, \a[ (A3 and Ay are given in
(3.15) and (3.16) respectively) and for every g € C([0,T] x R) such that

G(t,u) >0 for all (t,u) € [0,T] x [0, 7], for some T > 0,

T
max|,<¢ G(t, z)dt (3.18)
Go = ligni%lip ) | ‘?j t,2) < 400,

(3.17)

if we put

- 2M2G0 £—07t 52
with pi. = +00 when Go = 0, then (L.1) admits a sequence {u,} of solutions such
that un, — 0 strongly in ES for every p € J := [0, ps].

Proof. Fix A € Ay, and pick p € [0, u[. We want to apply Theorem 2), with
X = E§, and ®, ¥ be the functionals defined in (3.1) and (3.2)) respectively. Let
k, be a sequence of positive numbers such that lim,, .., k, = 0 and

M = lim inf F(e)

m — -
n—oo k2 e—o+ &2

T ! (1 - 2M2)\/T a(t)dt - lim inf F(E))’
0

Putting r,, = 2’;\;2}2 for all n € N and working as in the proof of Theorem [3.1] it
follows that & < +o00, where ¢ is as defined in Theorem and also Ay C |0, 5[

Now we claim that

® — AU does not have a local minimum at zero. (3.19)
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Let {n,} be a sequence of positive numbers in |0, n[ (n > 0) such that 7, — 0, and
{vn} be the sequence in E§ defined in (3.10). From (3.18) and the nonnegative of

f one has that (3.12) holds.
By condition (3.17]), we know that Az < A\q. Let
F
B; = limsup (25) (3.20)
£—+40t é‘
For the case : By < 400, one has (3.14]) holds. From the choice of €, we have
lim (®(v,) — A¥(vy,)) < 0= ®(0) — AT(0).

n—-+4oo

for each n € N large enough, which implies (3.19)) holds in view of fact that ||v,| —
0. Similarly, for the case By = 400, one has (3.19)) holds.

Observing that miny ® = ®(0), the conclusion follows from Theorem case
(2). O

Finally, we give an example to show the effectiveness of the results obtained here.

Example 3.3. Let « = 0.8 and T = 1. Consider the following boundary-value
problem

DY (0 DY u(t)) = Aa(t) f(u(t)) + pg(t,u(t)), ae. t€[0,1],
u(0) = u(1) =0,
where a : [0,1] > R, f: R — R and g : [0,1] x R — R are the nonnegative and
continuous functions defined as follows

(3.21)

5 te 0,3

)= =12 -3 4§, ve 1]
=t te[2,1],

)

) 1z[(3 4+ 2cos(In(|z|)) — sin(In(|z]))), 2 #0
o -{ o

24+t <1
otay= 3TV .
t+ £(3+2sin(Inz) 4 cos(Inx)), x> 1.

Then, for every A €]5.4503,5.4911] and p € [0,0.8132(1 — 01821\)[, BVP (3.21)
admits an unbounded sequence of solutions in EJ-8. In fact, we have

2%(2 + cos(Inz)), x>0
F(x) =X, =0
—2(§ + cos(In(|z]))), = <0,
and 4 3, 4
G(t,ﬂ?) = {i)x_—’—t:fi;’_’_ ﬁ(ﬁ + Sin(]nx)) i i 1
3 1 5\2 ’ )

It is easy to verify that
FE 1 FE) 5

lim inf = —, limsu = -,
e e Ty P Te T

fol max,<¢ G(t, 2)dt 1
§——+o0 52 2
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Moreover, it is easy to calculate that M = 1.1089, A(«, h) = A(0.8,1/3) = 1.2762
(here h =1/3) and

i > T2(1.2) [*/3 a(t)dt
liminfe—o0 FIO/E 5 2015 = 0.2 [ya (1) ~ K,
lim supe_ ;o F'(§)/¢ 2M2A(0.8,1/3) [, a(t)dt

which implies that condition (3.8) holds. Obviously, condition (3.9)) holds. Thus, by
Theorem [3.1] for each A €]y, A2[=]5.4503,5.4911[ and p € [0, 0.8132(1 — 0.1821\)[,
the problem (3.21)) has an unbounded sequence of solutions in E§-5.
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