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LYAPUNOV-TYPE INEQUALITIES FOR NONLINEAR SYSTEMS
INVOLVING THE (p1,po,...,pn)-LAPLACIAN

DEVRIM CAKMAK, MUSTAFA FAHRI AKTAS, AYDIN TIRYAKI

ABSTRACT. We prove some generalized Lyapunov-type inequalities for n-di-
mensional Dirichlet nonlinear systems. We extend the results obtained by
Cakmak and Tiryaki [6] for a parameter 1 < pr < 2. As an application, we
obtain lower bounds for the eigenvalues of the corresponding system.

1. INTRODUCTION

In 1907, Lyapunov [9] obtained the remarkable inequality

b
[ 1nslds = . (11)

if Hill’s equation
2 + fi(t)z1 =0 (1.2)

has a real nontrivial solution () such that zi(a) = 0 = z1(b), where a,b € R
with a < b are consecutive zeros and z; is not identically zero on [a,b], where f;
is a real-valued continuous function defined on R. We know that the constant 4 in
the right hand side of inequality cannot be replaced by a larger number (see
[T, p. 345]).

Since this result has proved to be a useful tool in oscillation theory, disconju-
gacy, eigenvalue problems and numerous other applications in the study of various
properties of solutions for differential equations, many proofs and generalizations or
improvements of it have appeared in the literature. For authors, who contributed
to the Lyapunov-type inequalities, we refer to [1-19].

Here, we give some inequalities which are useful in the comparison of our main
results. We know that since the function h(z) = xP*~1 is concave for x > 0 and
1 < pr < 2, Jensen’s inequality h(“F2) > 1[h(w) + h(v)] with w = Ck%a and
v = b_10k for k =1,2,...,n implies

1 1
_|_7

]pk71> 1 1
c.—a b—oc

92— Pk
[ ~ (e —a)pr—1 + (b — cg)pr—1

—mi(er)  (1.3)
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for 1l < pr <2, k=1,2,....n. If pp > 2 for k =1,2,...,n, then the function
h(x) = 2P=~! is convex for & > 0. Thus, the inequality (1.3)) is reversed, i.e.

1 1 1 —1
>92 P[4 = PR 14
(cx —a)pe—t * (b—cp)pre—t — [ck—a+ b—ck] ma(ex) - (14)

for pp, > 2, k=1,2,...,n. Moreover, if we obtain the minimum of the right hand
side of inequalities and for ¢k € (a,b), k =1,2,... n, then it is easy to
see that

a+b 2"
)= (b—a)pe—1

min  m;(ck) = m;( (1.5)

a<cp<b 2

fori=1,2and k=1,2,.
In 2006, Napoli and Plnabco [10] obtained the following inequality

(/ Autsas) ™" ( /f2 /2@_2@):1 (1.6)

if the quasilinear system
—(¢py (21))" = fr(®)|z1|* "2 |2p| 2
(0o (25))" = fo(t)|z1|* 2| 2as
has a real nontrivial solution (x1(t), z2(t)) such that z1(a) = z1(b) = 0 = z3(a) =
x2(b) where a,b € R with a < b consecutive zeros, and zj for k = 1,2 are not
identically zero on [a,b], where ¢, (u) = |u|*"2u, f; and f, are real-valued pos-
itive continuous functions defined on R, 1 < p1,ps < +o0o and the nonnegative
parameters aq, satlsfy L4 0‘2 =1.
In 2010, Cakmak and Tlryakl [ ] obtained the following inequality

n b ak /P n 1 1 ax /o
+ s)as k )
I];[l (/‘1 fk (s)d ) S 1431;[1 [(Ck —a)pr—1 + (b—ck)pk—l] ) (1.8)

where |z (ck)| = max,<i<p |25 (t)| and f;F (1) = max {0, fx(t)} for k=1,2,...,n, if
the n-dimensional problem
~(0p, (21))" = Fr(B)|21]| ™ Paafa2|® . 2

~(pa () = fo ()| 2| P a || ™

QAn

(1.9)

—(Bp, (@) = falt)|w1|* |22|* .. |20 | 22,

has a real nontrivial solution (x1(t), z2(t), ..., 2, (t)) satisfying the Dirichlet bound-
ary conditions

zi(a) =0=x,(b) (1.10)
where a,b € R with a < b consecutive zeros, xz # 0 for £k = 1,2,...,n on [a,b].
Here, n € N, ¢4 (u) = |u|*"2u, f; are real-valued continuous functions deﬁned on
R, 1 < pr < 400 and the nonnegative parameters «y satisfy > ;_, < pk =1 for
k=1,2,...,n. Using in the inequality (1.8 -, Cakmak and Tiryaki [6] also
obtained the inequality

- b SR ok
+ ay/pk 22 k=1
I1( [ ey (w11)

V
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Recently, Yang et al [19] obtained the inequality

9Pk
/ (s e ——____H, (1.12)
where
Mpkfl
Hy, = B 1.13
g gk(MlvMQa"'aMn) ( )
with My = |zg(ck)| = maxgercp |25 (¢)| for & = 1,2,...,n, at least one inequality

in (1.12)) is also strict, if the following nonlinear system involving (p1,p2,- .-, Pn)-
Laplacian operators
(hp, (z1) + Fi(t, 21,22, ...,2,) =0
x5)) + Fy(t,z1,29,...,2,) =0
(0ps (22))" + Fo(t, 71, 72 ) (1.14)

(d)pn( )) -‘v-F(t,l‘h:Eg,...,CL'n):O

has a real nontrivial solution (z1(t), z2(t), ..., z,(t)) satisfying the boundary condi-
tion (1.10), where n € N, ¢ (u) = |u|*"2u, 1 < pp < +oo and F}, € C([a, b] x R™, R)
for k =1,2,...,n, under the following hypothesis:
(C1) There exist the functions fi € C([a,b],[0,00)) and g € C(R™,[0,00)) for
k=1,2,...,n such that

|Fy(t, x1, o, ...y xn)| < fu(@gr(z1, 22, ..., Tp) (1.15)
and
gk (21,2, ..., x,) is monotonic nondecreasing in each variable (1.16)
fork=1,2,...,n

Yang et al [19] claim that the inequality (1.11) with f(¢) >0 for k =1,2,...,n
of Qakmak and Tiryaki [6] can be obtained by using the inequality (1.12) under
the following conditions

Fr(t,x1, w0, ..., 2n) = f(t)gp(z1, 22, ..., 2n), k=1,2,...,n, (1.17)
where g (21, z2,...,2n) = |2k(z1, 22, ..., x,)| With
Zl($1,$2, A 7l’n) = |$1|a172$1‘$2|a2 - |l’n|a"
2a(x1, g,y ) = @ | 22| g | (1.18)
Zn (21, Tay oy ) = |21 | @22 ... |xn|0‘"*2xn,

where aj, > 0 for k = 1,2,...,n such that > ;_, pk = 1. It is easy to see from
that the nondecreasing condltlon on each variable of g, with - for k =
1,2,...,n is not satisfied. Therefore, [I9, Remarks 1-3, Corollary 3] fail. So, [19
Corollary 3] does not apply to this example.
Now, we present the following hypothesis instead of (C1):
(C1*) There exist the functions f; € C([a,b],[0,00)) and g € C(R"™,[0,00)) for
k=1,2,...,n such that

|F(t, x1, 22, ..., 20)| < fu(@gr(lz1], |22, - .-, |2n]) (1.19)
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and gx(u1,us, ..., u,) is monotonic nondecreasing in each variable u;, such
that either gx(0,0,...,0) = 0 or gg(ui,uz,...,u,) > 0 for at least one
u; #0fori=1,2,...,n,fork=1,2,... n.

It is clear that if the hypothesis (C1) is replaced by (C1*) for system (L.14), then
(1.11) with fx(¢t) > 0 for k =1,2,...,n of Cakmak and Tiryaki [6] obtain by using
inequality under the condition o > 1 for k=1,2,...,n.

In this article, our purpose is to obtain Lyapunov-type inequalities for system
(1.14]) similar to the ones given in Yang et al [I9] by imposing somewhat different
conditions on the function Fy for £k = 1,2,...,n, and improve and generalize the
results of Cakmak and Tiryaki [6] when 1 < py < 2 for k= 1,2,...,n. In addition,
the positivity conditions on the function fy for k = 1,2,...,n in hypothesis (C1) are
dropped. We also obtain a better lower bound for the eigenvalues of corresponding
system as an application.

We derive some Lyapunov-type inequalities for system , where all compo-
nents of the solution (x1(t), z2(t),...,x,(t)) have consecutive zeros at the points
a,b € R with a < bin I = [ty,00) C R. For system , we also derive some
Lyapunov-type inequalities which relate not only points a and b in I at which all

components of the solution (1(t), z2(t),...,x,(t)) have consecutive zeros but also
a point in (a,b) where all components of the solution (x1(t),x2(t),...,z,(t)) are
maximized.

Since our attention is restricted to the Lyapunov-type inequalities for system
of differential equations, we shall assume the existence of the nontrivial solution

(21(t), 22(t), ..., 2, (t)) of system ([1.14].
2. MAIN RESULTS

We give the following hypothesis for system ([1.14]).
(C2) There exist the functions fi € C([a,b],R) and g, € C(R™, [0, c0)) such that

Fi(t,x1, 2o, ..., 20)xr < f@)gr(Jz1], |22l - |T0]) (2.1)
and
gr(ui,us, ..., u,) is monotonic nondecreasing in each
variable wu; such that either g¢r(0,0,...,0) = 0 or (2.2)
gr(ut,ug, ..., u,) > 0foratleast onew; #0,i=1,2,...,n,

for k=1,2,...,n.

One of the main results of this article is the following theorem, whose proof is
different from the that of [I9, Theorem 1] and modified that of [I3, Theorem 2.1].

Theorem 2.1. Assume that hypothesis (C2) is satisfied. If (1.14) has a real
nontrivial solution (x1(t), z2(t), ...,z (t)) satisfying the boundary condition (1.10),
then the inequalities

b 1 1
[ stz L

pr—1
M H 2.3
CcL—a bfck] Rk (2.3)

hold, where f; (t) = max{0, fi(t)}, and Hy, My, fork =1,2,...,n are as in (L.13).
Moreover, at least one inequality in (2.3)) is strict.

Proof. Let the boundary condition (1.10) hold; i.e., zx(a) = 0 = zx(b) for k =
1,2,...,n where n € N, a,b € R with a < b consecutive zeros and zj for k =
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1,2,...,n are not identically zero on [a,b]. Thus, by Rolle’s theorem, we can
choose ¢, € (a,b) such that

My, = max |zg(t)] = |zk(ck)| and z}(ck) =0
a<t<b

for k=1,2,...,n. By using z4(a) = 0 and Holder’s inequality, we obtain

Cl Ck 1/ N
oule] < [ lek(o)lds < (e = ) [Tiapras) 2

a

and hence
Ck

x(en)|P < (o — P! / PABILEE (2.5)

a

for k = 1,2,...,n and ¢, € (a,b). Similarly, by using x;(b) = 0 and Holder’s
inequality, we obtain

b
jx(c) P* < (b— e / [ () [P dis (2.6)

for k =1,2,...,n and ¢, € (a,b). Multiplying the inequalities (2.5) and (2.6 by
(b—c)P*~ ! and (cx —a)P*~! for k =1,2,...,n, respectively, we obtain

(b — )P Hag(er)|P* < [(er —a)(b—cp)]P* 71 /Ck | (s) [P ds (2.7)
and
b
(er — a)P*~Hag(er) [P < [(cx —a)(b— Ck)]prl/ |2, (s)|P*ds (2.8)

for k=1,2,...,n and ¢ € (a,b). Thus, adding the inequalities (2.7) and (2.8]), we
have

b
|2k (cr)PE[(b— )P~ + (ex —a)P 7] < [(Ck*a)(b*Ck)]p"”*l/ |27, (s)["*ds (2.9)

for k = 1,2,...,n and ¢ € (a,b). It is easy to see that the functions zx(z) =

(b— )P+~ 4 (2 — a)P*~! take the minimum values at F%; i.e.,
a+b b—a
> mi = =9(—2)pr—1
a() > min oy(x) = () = 2750
for k =1,2,...,n. Thus, we obtain
Pk b—a pe—1 pr—1 ’ ! Pk
|k (er) P [2(—5=)" 7] < {(ew — a)(b — cx)] |y, (s) [ ds (2.10)
and hence
2 b
2MP* = 2o < [ le - @b — )P [ lgPds (211)
a

for k =1,2,...,n and ¢ € (a,b). Multiplying the k-th equation of system (|1.14))
by zx(t), integrating from a to b by using integration by parts and taking into
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account that xp(a) = 0 = x(b) and the inequalities (2.1)) for k = 1,2,...,n, then
the monotonicity of g, yields

b b
/ |x;(s)|Pkds=/ Fi(s, 01(5), 23(5), - - 0 (5))(5)ds

a ab
S/ Tre(8)gr(Jz1(s)], |z2(8)], - - - [zn(s)|)ds

, (2.12)
< / f (8)gr(z(s)]s [z2(s)], - -, [zn(s)])ds
b
:gk(M17M27"'7Mn)/ flj(S)dS
Then, using (2.12)) in , we have
b Dk
2M b—a 1
+ k fos
s)ds > 2.13
/a Ty (s)ds = gk(Ml,Mg,...,Mn)[Q(Ck—a)(b—c;c)] (2.13)
for k =1,2,...,n. Since (z1(¢),z2(t),...,2,(t)) is a nontrivial solution of system
(1.14]), it is easy to see that at least one inequality in ([2.13) is strict, which completes
the proof. 0

Another main result of this paper is the following theorem whose proof is almost
the same to that of [I9, Theorem 1J; hence it is omitted.

Theorem 2.2. Let all the assumptions of Theorem [2.1] hold. Then the inequality

b 1 1
/a fif(s)ds > [(Ck = ck.)prl]M’“H’“ (2.14)

holds, where f,j(t), Hy and My, fork =1,2,...,n are asin Theorem. Moreover,
at least one inequality in (2.14)) is strict.

Remark 2.3. The right-hand side of inequalities in Theorem or in
Theorem shows that ¢, for k =1,2,...,n, cannot be too close to a or b, since
the exponents satisfy 1 < pp < +oo for k = 1,2,...,n. We have f; f,j'(s)ds < 00
for k=1,2,...,n, but

. 1 1 -1
lim ]pk
ck—aT,cp—b— "Cp — Q b— Ck

i 1 1 ]
1m

cp—at, cp—b— (Ck — a)Pk—l (b — Ck)pk_l
for k=1,2,...,n.

Now, according to the value of pj, we compare Theorem with Theorem
as follows.

=00, or

= 0

Remark 2.4. It is easy to see from inequality that if we take 1 < pp < 2, for
k=1,2,...,n, then inequality is better than in the sense that
follows from , but not conversely. Similarly, from inequality , if pp > 2,
for kK = 1,2,...,n, then inequality is better than in the sense that
follows from 7 but not conversely. Moreover, if pp = 2 or ¢, = “7“’ for
k=1,2,...,n, then Theorem is exactly the same as Theorem

By using (/1.5 in Theorem or we obtain the following result.
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Theorem 2.5. Let all the assumptions of Theorem[2.1] hold. Then the inequality

/ fk: 2 )pk ]_Mk‘Hk (215)

holds, where f,j(t), Hy and My, fork = 1, 2,...,n are as in Theorem. Moreover,
at least one inequality in (2.15)) is strict.

Now, we present the following hypothesis which gives the importance of our

theorems for system (|1.9).
(C3) There exist the functions fi € C([a,b],R) and g € C(R™, [0, 00)) such that

Fr(t,x1, 2o, ... xn)xr = fr(®)gr(z1], |22, - - [2a]) (2.16)
and
gk (u1,ua, ..., uy) is monotonic nondecreasing in each
variable wu; such that either g¢x(0,0,...,0) = 0 or (2.17)
gr(ut,ug, ... ,u,) > 0 for at least one w; # 0 for ¢ = '
1,2,...,n
where gi(|z1], [@2],...,|zn|) = @pzr(zi, @2, ..., 2,) with (118) for k£ =

1,2,... nsuchthatak>0and >ore 10"“ =1

It is easy to see that system ([1.14) with hypothesis (C3) reduces to system (1.9).

Since
n

[ my) s /e =1, (2.18)
k=1
we have the following results from Theorems [2.1] and [2.2} respectively.

Theorem 2.6. Assume that hypothesis (C3) is satisfied. If- ) has a real non-
trivial solution (x1(t),z2(t),...,xn(t)) satisfying the boundary condition (1.10),

then
ﬁ ( bf+(s)d5)ak/pk > ﬁ 92 ( L gmenpedm (g )
i a7t T ck—a  b—ocp ’ '
)|

k=1
where |xg(ck)| = maxg<rcp |Tx(t and f,C (t) = max{0, fx(t)} for k =1,2,...,n
Moreover, at least one inequality in 18 strict.

Theorem 2.7. Let all the assumptions of Theorem[2.6 hold. Then the inequality

b a /Dr n 1 1 o /P
li[l (/a f;f(s)ds) > 11 [(Ck — Tt Ck)pk_l] (2.20)

k=1
holds, where ¢ and f,:'(t) fork=1,2,....n are as in Theorem . Moreover, at
least one inequality in (2.20) is strict.

By using (1.5) in Theorem or and (2.18)) in Theorem we have the

following result.

Corollary 2.8. Let all the assumptions of Theorem [2.6 hold. Then the inequality
n b a /DPr 9 k=1 Ok
+ k
H1 (/a fi(ys) T = T (2.21)

holds, where f]j(t) fork=1, 2,...,n is as in Theorem , Moreover, at least one
inequality in (2.21)) is strict.
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Remark 2.9. It is easy to see from (1.3) that if we take 1 < pi < 2 for k =
1,2,...,n, then (2.19) is better than (1.8) in the sense that (1.8]) follows from
(2.19), but not conversely. Similarly, from (L1.4)), if pp > 2 for £k = 1,2,...,n

then (|1.8)) is better than (2.19) in the sense that (2.19) follows from (|1.8)), but not

conversely.

Remark 2.10. Tt is easy to see that inequality (2.20) is exactly the same as (1.8]),
and (2.21)) is exactly the same as (1.11)).

Remark 2.11. When ay = pi for k = 1,2,...,n, and for i # k, a; = 0 for
1=1,2,...,n in system (|1.9)), we obtain the result for the case of a single equation

from Theorems or Corollary

Remark 2.12. Since |f(z)| > fT(x), the integrals off fiE(s)ds for k= 1,2,.

in the above results can also be replaced by fa |fx(s)|ds for k =1,2,...,n, respec-
tively.

3. APPLICATIONS

In this section, we present some applications of the Lyapunov-type inequalities
obtained in Section 2.

Firstly, we give the same example of Yang et al [19] which gives the importance
of our results. Note that our Corollary 2.8 is applicable to the following example,
but [I9, Corollary 3] is not applicable to it, since the nondecreasing condition on
each variable of g for K = 1,2,...,n is not satisfied.

Example 3.1. Consider the quasilinear system
(6, (1)) + f1(t)(3 + sin 2a1) |21 |*1 221 22| 2 ey = 0
(6 (25)) + fo(£)(1 4 sin® 229) |21 |*1 2 |2o|*2 220 = 0,
where ¢ (u) = |[u|*"2u, p1,p2 > 1, a;,as > 0 with % + % =1, f1 and fo
are nonnegative continuous functions on [a,b]. Assume that system has a

real nontrivial solution (z1(¢),z2(t)) satisfying the Dirichlet boundary condition
z1(a) = z1(b) = 0 = z2(a) = x2(b). Since

Fl(t,l‘l,a?g)l‘l S 4f1(t)|$1|a1‘1‘2|a2 and
Fy(t,x1,w0)xe < 2fo(t)|21|* |22]*2,

(3.1)

(3.2)

where gi(u1,u2) = uituy? for k = 1,2 which are satisfied the nondecreasing con-
dition on each variable u; for 7 = 1,2, we have the following inequalities

P2

/ fl dS > ) 1\41}[17 / f2 dS > #MQHQ (33)

with My H; = M{’l‘o‘lMgaz and MoHy = M, “*MY*™** from Theorem
Hence, we have

% 2(x1+a2—ﬁ—1

P2

/fl ds /f2 ds > b= gyetert (3-4)
from Corollary [2.8]
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Secondly, we give another application of the Lyapunov-type inequalities obtained
for system (|1.9). Note that the lower bounds are found by using inequality
in Theorem coincide with that of [6, Theorem 9]. Now, we present new lower
bounds by using inequality in Theorem which give a better lower bound
for the eigenvalues of following system than that of [6, Theorem 9] when 1 < pj < 2
fork=1,2,....n

Let A\p for k =1,2,...,n be generalized eigenvalues of system , and r(t) be
a positive function for all £ € R. Therefore, system with fr(t) = Agagr(t) >0
for k=1,2,...,n and all ¢t € R reduces to the system
|2

|O‘n

—(|z) [P 22)) = Maar(t) |z | e 2| Ly,

—(|lzh|P222h) = Agaor(t)|xy | |z |2 2ay . . |2y

[e29)

(3.5)

_(|x;_b‘1?n—2x;l)/ = )\nan’r(t)lxl‘cu |x2|a2 o ‘xn|an_2$n ]

By using similar techniques to the technique in [6], we obtain the following result
which gives lower bounds for the n-th eigenvalue \,,. The proof of following theorem
is based on above generalization of the Lyapunov-type inequality, as in that of [6]
Theorem 9] and hence is omitted.

Theorem 3.2. There exist a function ki(A1, o, ..., \n—1) such that
A > K1 (As Azs e Ant) (3.6)

for every generalized eigenvalue (A1, A2, ..., An) of system (3.5), where |xg(ck)| =
maxb|:vk(t)\ fork=1,2,...,n and
a<t<

k1(A1, Aa, ooy An—1)
n n—1 b a
{ H 22 pk Ck _ 4+ — )pk—l]ak/m [ H()\kak)ak/pk/ T(S)ds]_l}pn/ .

k=1
(3.7)

Remark 3.3. Let 1 < py < 2 for k = 1,2,...,n. If we compare Theorem [3:2]
with [6, Theorem 9], we obtain ki(A1, A2, ..., An—1) > hi(A1, Ao, ..., A\p—1) since
the inequality (1.3) holds. Thus, Theorem gives a better lower bound than [6]
Theorem 9.

Remark 3.4. Since k; is a continuous function, k1 (A1, A2, ..., Ap—1) — +00 as any
eigenvalue of A, — 0% for k = 1,2,...,n—1. Therefore, there exists a ball centered
in the origin such that the generalized spectrum is contained in its exterior. Also,
by rearranging terms in we obtain

Aak/p 22 pk pk 1 ak/pk |: ak/pk / d :| .
[l mig gt o [l o

e

(3.8)
It is clear that when the interval collapses, right-hand side of (3.8]) approaches
infinity.

Acknowledgments. The authors want to thank the anonymous referee for his/her
valuable suggestions and comments that helped us improve this article.
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