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BLOW-UP AND GENERAL DECAY OF SOLUTIONS FOR A
NONLINEAR VISCOELASTIC EQUATION

WENYING CHEN, YANGPING XIONG

ABSTRACT. In this article we investigate a nonlinear viscoelastic equation that
admits blow-up and decay. First, we establish blow-up results for this equation,
even for vanishing initial energy. Then, we show that the solutions decay under
suitable conditions.

1. INTRODUCTION

In this article, we consider the viscoelastic equation
t
U — AU +/ g(t — 7)Au(r)dr 4+ up = ulu|P™t,  (z,t) € Q x (0,00),
0

u(z,t) =0, x€dQ,t>0, (1.1)
u(z,0) = uo(z), u(x,0) =ui(r), =€

where ) is a bounded domain of R™ (n > 1) with a smooth boundary 99, p > 1,
and g is a positive nonincreasing function.

There have been extensive studies on some special cases of this equation and
the physical background is also given in these works; see [3 4 1l [9] [7, 8 10, [5]
12], 2, T4] and references therein. For instance, the equation without u; is studied
in [3], the local existence theorem is established, and for certain initial data and
suitable conditions on g and p, that this solution is global with energy which decays
exponentially or polynomially depending on the rate of the decay of the relaxation
function g. In the absence of the viscoelastic term (g = 0), for instance, the equation

uge — Au+ auglug|™ = bulul?,  (x,t) € Q x (0,00), (1.2)

we know that the source term bu|u|”(y > 0) causes finite-time blow-up of solutions
with negative initial energy when a = 0, cf. [I]. The interaction between the
damping and the source terms was first considered by Levine [7], [§] for the linear
damping case (m = 0). He showed that solutions with negative initial energy blow
up in finite time. Recently, In [14], it is proved that the solution blows up in finite
time even for vanishing initial energy. Another case with time dependent damping
b(t)uy is studied in [II]. Georgiev and Todorova [5] extended Levines result to the
nonlinear damping case (m > 0). In [4], it is showed that the solution blows up in
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finite time even for vanishing initial energy. We mention the work of Liu and Zhou
[9], the equation

g — Au=a Ful?,  (z,t) € R" x (0,00), (1.3)

is studied, it is proved that the solutions blow up in finite time with more relaxed
initial data and extended index 7.

For the problem in R™, Mohammad Kafinia and Salim Messaoudib in [6]
give a finite-time blow-up result under suitable conditions on the initial data and
the relaxation function, this work extend the result of [13], established for the wave
equation, to the problem in R™. In this paper we improve the result of blow-up
in [6], and discuss the phenomenon of decay for the solution of equation . This
is an important breakthrough, since it is only well known that the solution blows
up in finite time if the initial energy is negative from all the previous literature.

Now, we list some notation that will be used in our paper. Use || - ||, to denote
the LP(R™) norm. Throughout this paper, C' denotes a generic positive constant
(generally large), it may be different from line to line.

The remainder of the paper will be organized as follows. In the next section,
we review some preliminaries that will be used in the proof of our main theorems.
Then, the blow-up phenomenon will be considered in Section [3] In the last Section,
we discuss the decay of the solution to equation .

2. PRELIMINARIES

In this section we review some preliminaries that will be used in the proof of our
main theorems. Throughout this paper,

n+2 oo, n=1,2,
=2y 2> 3.

The relaxation function g satisfies:
(H1) ¢: R4 — Ry is a differentiable function such that

g(0) > 0, 1—/ g(r)dr=1>0, t>0.
0

(H2) There exists a positive differentiable function £(¢) such that
g'(t) < =€()g(®), t=0.

and

Remark 2.1. Since ¢ is nonincreasing, then £(t) < £(0) = M.
The embedding Hg () — L4(Q) for2< ¢ < 2% ifn >3 and ¢ > 2,if n =1, 2;
L7(9Q) — LI(Q) for ¢ < r; that is to say, there exists a constant C., such that
[ully < Cel[Vull2, lullg < Cellul- (2.1)

These two inequalities will be used frequently in this article.
We define the energy corresponding to problem (|1.1]) as

1 1 t 1 1
E(t) = §||ut||§ + 5(1 - /0 Q(T)dT) IVul3 + 5(9 o Vu)(t) — m”u\ iﬁ, (2.2)
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here
(gov)(t) =/O g(t = 1)|lv(t) —v(7)|lzdr .

By a direct calculation we obtain

(¢’ o Vu)(t) < 0. (2.3)

N

1 1
E'(t) = 59" o Vu)(t) = 59(t)[Vull3 — [lu 3 <

Hence, we can deduce that E(t) < E(0) for ¢ > 0.

Remark 2.2. The largest 7" for which the solution exists on [0,T) x R™ is called
the lifespan of the solution of . The supremum of the T’s is denoted by T% .
If T* = oo, we say the solution is global while T < oo we say that solution blows
up in finite time.

Lemma 2.3. If p satisfies p < [n”fzi , then there exists a positive constant C' > 1,
such that
lullyr < © (Iull3 + ullft)  with2<s<p+1, (2.4)

for any u being a solution of (L.1) on [0,T). Consequently,

lullppr < C (H(#) + uel3 + (g0 Vu)(t) + [|Vull3)  with2<s<p+1, (2.5)

on [0,T) and here H(t) := —E(t).

Proof. If |ullp1 < 1, the estimate [Jull5,; < [[u]?; < B?||Vull3 is true.

p+1

If lul[p+1 > 1, we have [ull;41 < [lull,1;. Combining the two inequalities we
obtain .

Note that follows from and the definition of energy corresponding to
the solution. O

3. BLOW-UP PHENOMENON

Theorem 3.1. Assume that (H1), (H2) hold, 1 < p < ﬁ, IS g(n)dr <

% and E(0) < 0. Then the solution blows up in finite time.

Proof. From the definition of H(t), we have
! 1 ’ 1 2 2
H'(t) = —5(9' o Vu)(t) + 5o)[Vull3 + ul}3 >

and

1 +1
0< H(0) < H() < —— ully 3

Moreover, we define

L(t) = H™(t) + e/ uu d,
Q
p—1

here € small to be chosen later, 0 < o < PICESYE
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By differentiating the above equality, we have

L't)=(1-a)H *t)H'(t) + ; |ut|2dx—|—€/ﬂuuttdx

—_

= (1 - ) (1)~ 5(g' o Vu)(t) + 59(0) |Vl + ucl3)

[\

t (3.1)
+ ellug||? — €| Vul|3 + e/ Vu(t)/ g(t — 7)Vu(r) dr dz
Q 0
_ e/ uugdr + e||u|\§ﬁ
Q
Using Young and Schwarz inequality, we obtain

/Vu(t)/ g(t — 7)Vu(r) dr dx
@ 0 (3.2)

2 1 ! ‘ 2
> _
> 319l - 35( [ awir) (g Tuo) + ( [ atrar) 1vul,
52 , 072 9
wndz < % ul + 53 (33)
Q
Inserting (3.2) and . into , we deduce

V()= (1-aH o)~ %(g’ o Vu)() + 3o(t)IVull3 + el + el

+ ( -4 /Otg(f)dT)enwng - 466(/;9(7)(17) (g0 Vu)(t)

€d? €2 1
-5 13 — 5 ——llll3 + ellulp i

If we set 62 = kH®, 6 2=k 'H~“, k > 0 and we have

B0l < Ol 5.
Then
)z (1-a- g H Ol + [p+1- 5 () e
- [ o) -o- ()
25t - g [ atmar =5 (1) oo vy
[ =5 () etz

According to the hypothesis in Theorem 3.1 and take & and ¢ to be small enough

such that
p;l(l—/(fgw )i G) e

p+1 1 [* kC( 1 )a
2 4 5 ) 7Y
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Choose € (k is fixed) small enough such that

1—a—i >0, L(0) :Hl_“(0)+e/ uourdr > 0.
2k Q

Then, we can deduce that
L'(t) 2 CIH(t) + [Juel3 + [ Vull3 + (g 0 Vu)(t)]-
Thanks to Holder and Young inequality, we obtain

1/~ « (1—w) (1—a 1 —a
‘AWM Y <l Y < Ol e

< C(lullisy + udl2) (34)
< C(H() + Juell3 + (g0 Vu)(t) + [|Vull2)

_ 2
where 2 < s = =5~ < p+ 1. Hence,
LY=oty = (Hl_“(t) + e/ uurde
Q

1/(1-a)
< 91/(1=0) (H(t) + ‘ / uutdx‘ )
Q

< C(H@®) + w3 + (g0 Vu)(t) + | Vull3) ,

which implies that L’(t) > AL'/(1=®)(t), where ) is a constant depending on C, p,
«a and €. Therefore

>1/<1fa>

—a —Q 11—«
L) > (LT« (0) + ——At)” "= .
1) > (L5 0) + %)
So L(t) approaches infinite as ¢ tends to (1 — a)/(aALT=% (0)). This completes the
proof. O

To obtain another blow-up result we first give the following lemma.

Lemma 3.2. Assume that (H1), (H2) hold, additionally, assume that
=2 1 1 =2etl)
luollp+1 > Ao = BF, Mm<EV:@f;IQay .
Then
—(p+1)
llullp+1 > Ao, [|Vulla > By ™", forallt>0,

where By = ll% for |lullp+1 < BJ||Vul|z2.

Proof. From ([2.2) and the hypothesis, we know that

1, p 1 t 1 1 pi1
B() = gluld+ 5 (1= | o) IVl + 50 Vu)(t) = llullh

1 ! 1
250—AgmmeM———wwﬁl
! 2 +1 +1
> 19l = gt > gl - Sl
Set (&) = 21193 £ — p+1§p+1 £ > 0. Then h(€) satisfies
e h(§) is strictly increasing on [0, A\g);
—2(p11)
e (€ takes its maximum value (3 — ﬁ)Bo P at Ag;
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o h(&) is strictly decreasing on (\g, 00).
Since Ey > E(0) > E(t) > h(||ul|p+1) for all ¢ > 0, there is no time ¢* such that
llu(-, t*)|lp+1 = Ao- By the continuity of the ||u(-,t)||p+1 — norm with respect to the
time variable, one has

—y
lu(-,t)|lpe1 > Ao =B§~" forallt >0,

and consequently,
1 —(p+1) —(p+1)

[Vu(-, )2 > m““( Ollp+1 > ll/gB o> By

This completes the proof. (I

Theorem 3.3. Suppose that(H1), (H2) hold, 1 < p < [”Jr?

> (p+1)(p-1)
/o 9T < T D1

lwollp+1 > Ao and E(0) < Ey. Then the solution of (L.1) blows up in finite time.
Proof. Set G(t) = Eog + H(t), then

1 1
G'(1) = ~5 (g o Vu)(t) + 59()IVulld + w3 > 0,

from which we obtain

1 1 —2(p+1)

t)=Eg+ H(t)= (= — ——)By " +H(t
0<G(1) o+ H(t) (2 p+1) 0 + H(t)
1 1
< (3= 53 )IVull + HO) < CUVal} + 7 (1)
and
0 < G(t)
~ Sl = 3 (1= [ o) IVull - (00 V@) + Al
0 tl2 o g(r 2 g P+l p+1
1
SEOfi(l—/o D)) [Vl + 5l
L1 e 11 e o
SGop)B T (g B el
—— [l
Let

Q) =G () + e/ uude,
Q
with € small to be chosen later, 0 < o < Trll

By the same process as in the proof of Theorem [3.1] deduce that

Q'(t) = CH(t) + [[uell3 + [Vull3 + (g 0 Vu)(?)]-
Thanks to , we obtain

1/(1-a)
Ql/(l—a) (t) = (Gl—"(t) + e/ uutd96>
Q
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1/(1-a)
< 9t/(1=) (G(t) + ’ / uutdx’ )
Q
< C(H(t) + luell3 + (g0 Vu)(t) + [ Vul3)

which implies that Q'(t) > AQ'Y/(1=®)(t), where ) is a constant depending on C, p,
«a and e. Therefore

_l-a
a .

Qt) = (Q75(0) + 7==)

So Q(t) approaches infinite as ¢ tends to —2=%—. This completes the proof. [

ar@ 1=« (0)
4. DECAY SOLUTIONS

The purpose of this section is to give a decay result of the solution. Set

t
1t = (1- / g()dr )| Vull§ + (g 0 Vu)(t) — lul21],
As in [I0], to give our decay result, we first prove the following lemmas.

Lemma 4.1. Suppose that (H1), (H2) hold, p < [n"j&i, and (ug,u1) € HE(Q) x
L?(Q) such that

5= Ccrti (Q(p + I)E(()))(P*l)/2
l (p—1)
then I(u(t)) > 0, for allt > 0. Here C, is given in .
Proof. Since I(ug) > 0, there exists T,,, < T, such that
I(u(t)) >0, Vte[0,Th],

<1,I(ug) >0, (4.1)

which gives

L1 [ o@ar)ivul + Lgo vurn — iz
2 0 219 p+1 p+1

p—1 ¢ 9 1
= st (1 [ ain)Ivuli + (oo Tu0)] + =510
p—1 t
> 5t (1= [ aman)19ull + oo vue)]
So we have
Uvul < (1~ [ atryar)ivalg < 225 Vg < 225 b0, )

By using (H1), (4.1) and (4.2)), we obtain
t
[l < Cor vzt < B vall < (1 -/ gmdr) IVl
0

Hence,

1) = (1 -/ gde) [9ul3 + (g 0 Va)(5) — [lulZE > 0, Vi € [0, T,

By repeating this process, and using that
Ccrtt (2(p + 1) E(u, uy) ) (p=1)/2

lim
(p—1)

t—Tm l

<p<1,
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we show that T, is extended to T. O

To establish the decay rate, we use the functional
F(t)=E@t)+ e ¥(t) + ea®(t), (4.3)

where €; and €5 are positive constants and

W(t) = £() /Q wupdz,  B(t) = —£(t) /Q uy /O ot — ) (u(t) — u(r)) dr da.

This functional, for £(¢) = 1, was first introduced in [3] and [2]. Now, let us consider
some useful properties of this functional.

Lemma 4.2. Assume that u(x,t) is the solution of (1.1 and that (4.1) holds.
Then there exists k1 < 1 and ko > 1 such that

ki E(t) < F(t) < ks E(t). (4.4)

Proof. Using Young, Schwarz and Poincaré inequality, we obtain

< gf 2 L 2
unede < = |Vull3 + 4 e, (45)
Q

¢ 1 1
e [ ot =)~ u()drde < Sl + 50 -DC3g o VuO). (46
0
Using (4.5) and (4.6)), we have

ko E(t) — F(t) > {(1@2_1 - ];2;11)z - ElcQM}

IVull3

1 ko —
g {ke = 1= (e + e2) M3 + ;+ - Lr
kQ_]. kQ—]. 62(1—1)CEM
+{ 2 p+1 2 ](gov“)(t)'
Similarly,
1— kl 1-— k‘1 610 M
_ > _ _
F(t) - kB () > [( T ) JIvul3
30—k~ (o + )Ml + L1
2 1 1+ € tl2 1
11—k 11—k (1—lO2
+{ B _p-l-l — ]goVu)(t).
By choosing €; and €3 small enough, such that ke E(t)—F(t) > 0 and F(t)—k1 E(t) >
0, we complete the proof. O

Lemma 4.3. Let (H1) and (H2) hold, and p < [n"_gi. Assume that (ug,u1) €

HY(Q) x L*(Q) and u is the solution of (1.1). Then

() < (1 + LERRERCN g + 1 Lettg o va)

- ,5 IVl + () ully iy

(4.7)
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Proof. By a direct computation, we have

¥(0) = €0) (Jull + Jull = 1913 + [ Vu) [ (e = 7)Vu(r)drds

/ 4.8
—/Quutdx) —I—f(t)/ﬂuutda: (4.8)
= €(0) (Nuel3 + el = 19l + Ar = A2 ) +€/(1)As.

By Young, Schwarz and Poincaré inequality, we have

Ay < GIVulE+ 5014+ ) (1= Dlgo V) + 50+ m(1 - DI Tul,  (@9)

1
Ay < aCZ(|Vull3 + £ [lu3. (4.10)
Combining and with yields
1—-k 1 1
W(E) < (L R )Em el + 5 (14 )1 - DE@) g0 Tu)()

2
L QDT gac?] ey val + 0l

We choose n =1/(1 — 1) and a = 1/(4(1 + k)C?); then (4.7) is true. O

Lemma 4.4. Let (H1) and (H2) hold, p < [n":;ir, (up,u1) € HE(Q) x L2(Q) and
u 18 the solution of (1.1)). Then

¥/(0) < 8[1+20 - 17+ o2 (20 EDEO)  evulg

9(3)50* §((g' 0 Vu)(t) + [ (20 + 2%)(1 . w

< €t)(go V) + [52+ 8 [ a(ryareolul

Proof. Straightforward computations show that

(1) = £(1) /Q Vu A ot — ) (Vult) — V(7)) dr da

] (4.11)

—&(t) /Q ( /0 glt = m)Vu(r)ar) /0 t g(t = 7)(Vu(t) = Vu(r))dr )do
+§(t)/ﬂut/otg(t—7')(U(t)—u(T))dex

—f(t)/ﬂu\uw—l/o g(t — 7)(u(t) — u(r)) dr dx

—) [ [ g =)~ u)arde— o) [ arrar)
—f’(t)/ﬂut /Otg(t—T)(U(t)—u(T))dex

=eW[h+ bt T+ L+ T - (/tg(f)dr)nuzeé} ¢ (O
’ (4.12)
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By Young and Poincaré inequality, we have

11
L < 0 Vull3 + =5~ (g 0 Vu)(®), (4.13)
1

I < (25 + E) (1= 1)(g o Vu)(t) + 20(1 — 1)2[| Vul)2, (4.14)
C2(1—1

1 < el + 8D (o wuyo), (1.15)

2(p+ 1)E(0)\r-1 ,  (1=1)0C?
< 2p A .

L o0 (S =) IVl + =5 (g0 Vu)0) (4.16)
0)C?

15 < a3~ 2% (g7 0 w0, (117)

Combining (4.12)-(4.17), we have the required estimate (4.11)). O

We are ready to give our decay result.

Theorem 4.5. Suppose that (H1), (H2) and (1) hold, p < 22—, (ug,u1) €

[n—2]4’
H}(2) x L3(). Then there exists positive constants o and \ such that the solution

of (1.1)) satisfies

E(t) < ae#‘ffto 5(T)d77 t>to.
Proof. Since g is positive, continuous and g(0) > 0, then for any ¢y > 0, we have
/Otg(T)dT > /Ot(J g(T)dr = g9 >0, Vt>to. (4.18)
Combining , , , and , for t > tg, we have
#(t) < ~{ealgo — 62+ B) — 1 (14 L0 IR ey

{
{9 o120 - p 4 oo (CEEDEONTI gy g
{

l(p—1)
9020, (204 L)a—p+ EERO=DC 0 vuy

25 46
1 e9(0)C2M +1
+ (5 - T)(g’ o Vu)(t) + er£(t) |2t

= —J1€(t)Juell3 — Jo£(t)]|Vull3 + J3E(£)(g 0 Vu)(2)
+ Ju(g' o V) () + e €(8) |21

+ 21

(4.19)
We choose suitable constants €; and e; satisfying
_ 2
€ (1 + (1 Ic)(}-‘rk)C*)
go — 6(2 + k)

€1l

46[1+2(1—1)2 + cgp(%)wl]

< €r <

and ¢, €; small enough, such that
1
907(2+k)5>§go, Jp >0, Jo>0, ksg:=J4—J3>0,

which imply
Ja(g' o Vu)(t) + J3€(t)(g o Vu)(t) < —ks&(t)(g o Vu)(t).
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Applying and yields
F'(1) < —96(B(1) < T EDF().

Therefore, after integrating the above inequality and using (4.4]) again, we obtain
the desire result. (]

Acknowledgments. This work is partially supported by grant T200905 from the
Zhejiang Innovation Project, and grant 11226176 from the NSFC. The authors want
thank the anonymous referee for the careful reading of the original manuscript and
the helpful suggestions.

REFERENCES

[1] J. Ball; Remarks on blow up and nonexistence theorems for nonlinear evolutions equations,
Q. J. Math. Oxford 28 (1977) 473-486.
[2] S. Berrimi, S. A. Messaoudi; Ezponential decay of solutions to a viscoelastic equation with
nonlinear localized damping. Electron, J. Differential Equations 2004 (2004) no. 88, 1-10.
[3] S. Berrimi, S.A. Messaoudi; Ezistence and decay of solutions of a viscoelastic equation with
a nonlinear source, Nonlinear Anal. 64 (2006) 2314-2331.
[4] W. Chen, Y. Zhou; Global nonezistence for a semilinear Petrovsky equation, Nonlinear Anal.
70 (2009) 3203-3208.
[5] V. Georgiev, G. Todorova; Ezistence of solutions of the wave equation with nonlinear damping
and source terms, J. Differential Equations 109 (1994) 295-308.
[6] M. Kafini, S. A. Messaoudi; A blow-up result in a Cauchy viscoelastic problem, Appl. Math.
Lett. 21 (2008) 549-553.
[7] H. A. Levine; Instability and nonexistence of global solutions of nonlinear wave equation of
the form Pus = Au + F(u), Trans. Amer. Math. Soc. 192 (1974) 1-21.
[8] H. A. Levine; Some additional remarks on the nonezistence of global solutions to nonlinear
wave equation, SIAM J. Math. Anal. 5 (1974) 138-146.
[9] X. Liu, Y. Zhou; Global nonexistence of solutions to a semilinear wave equation in the
Minkowski space, Appl. Math. Lett. 21 (2008) 849-854.
[10] S.A. Messaoudi; General decay of the solution energy in a viscoelastic equation with a non-
linear source, Nonlinear Anal. 69 (2008) 2589-2598.
[11] K. Nishihara, J. Zhai; Asymptotic behaviors of solutions for time dependent damped wave
equations, J. Math. Anal. Appl. 360 (2009) 412-421.
[12] Y. Xiong; Blow-up and polynomial decay of solutions for a viscoelastic equation with a non-
linear source, Z. Anal. Anwend. 31 (2012), no. 3, 251-266.
[13] Y. Zhou; Global existence and nonexistence for a nonlinear wave equation with damping and
source terms, Math. Nachr. 278 (2005) 1341-1358.
[14] Y. Zhou; A blow-up result for a nonlinear wave equation with damping and vanishing initial
energy in RN | Appl. Math. Lett. 18 (2005) 281-286.

WENYING CHEN
COLLEGE OF MATHEMATICS AND STATISTICS, CHONGQING THREE GORGES UNIVERSITY, CHONGQING
404000, CHINA

E-mail address: wenyingchenmath@yahoo.com

YANGPING XIONG
DEPARTMENT OF MATHEMATICS, ZHEJIANG NORMAL UNIVERSITY, JINHUA 321004, CHINA
E-mail address: xiongyangping@gmail.com



	1. Introduction
	2. Preliminaries
	3. Blow-up phenomenon
	4. Decay solutions
	Acknowledgments

	References

