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ASYMPTOTIC STABILITY OF TRAVELING FRONTS IN
DELAYED REACTION-DIFFUSION MONOSTABLE EQUATIONS
ON HIGHER-DIMENSIONAL LATTICES

HAI-QIN ZHAO

ABSTRACT. This article is concerned with traveling wave fronts for spatially
discrete delayed reaction-diffusion equations on higher-dimensional lattices.
Under the monostable assumption and some reasonable conditions, we prove
the globally asymptotic stability of traveling wave fronts in the sense of phase
shift by using the comparison principle and the squeezing technique.

1. INTRODUCTION

In this article, we study the globally asymptotic stability of traveling fronts of
the general delayed reaction-diffusion equation on higher-dimensional lattices,

uy (t) = D(Apu)y + f (un(t), uy (t — 7)), (1.1)

wheren € Zy, n € Z",t >0, u,(t) € R, D > 0,7 > 0 are constants, (A,u), is the
standard n-dimensional discrete Laplacian; i.e.,

Aoy = 35 [un () —u@®)].
lm—nll=1,mez"
Here the reaction function f satisfies the following assumptions:
(A1) f € C?([0, K]%,R), £(0,0) = f(K,K) =0, f(u,u) > 0 for all u € (0, K),
and 01 f(K, K)+ 02 f (K, K) <0, where K > 0 is a constant;
(A2) 02 f (u,v) >0, and f(u,v) < 81 £(0,0)u + daf(0,0)v for (u,v) € [0, K]?;
(A3) For any 6 € (0,1), there exist a = a(d) > 0, a = a(d) > 0 and 5 = 5(d) > 0
with a + 8 > 0 such that for any @ € (0,6] and (u,v) € [0, K]?

(1—@)f(u,v) — f((1—@)u, (1 —wv) < —awouvP.

From (A1) and (A2), we can see that (1.1)) has two equilibria 0 and K, and
01f(0,0) + 92 £(0,0) > %f (%, %) > 0. We would like to point out that (Al) is
a standard monostable assumption, (A2) is a quasi-monotone and sub-tangential
condition, and (A3) is not a more restrictive condition. Indeed, the assumption (A3)
is a convex condition and in general, monostable nonlinearities satisfy it, see Section

4 for applications. We are interested in traveling wave solutions of (|1.1)) that connect
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the two equilibria 0 and K. Throughout this paper, a traveling wave solution always
refers to a trinity (U, ¢, o), where U = U(+) : R — [0, K] is a function, ¢ > 0 is a
constant and ¢ € R™ is a unit vector, such that u,(t) := U(n - o + ct), is a solution

of , and

U(—o0) := Elim Ul =0, U(+o0):= glir+n U =K. (1.2)
The vector o represents the direction of the wave. We call ¢ the wave speed and U
the wave profile. Moreover, we say U is a traveling (wave) front if U(-) : R — R is
monotone.

For some special cases of , many well-known results on the traveling wave
fronts have been obtained under the monostable assumptions. Some of them can
be summarized as follows:

(i) fn =1 and f(u,v) = —du + b(v), d > 0 is a constant and b is a function,
then reduces to the 1-D lattice differential equation with delay

wj(t) = Dluiy1(t) + uim1(t) — 2u;(t)] — du(t) + b(ui(t — 7)), i€ Z, t>0. (1.3)

Ma and Zou [10] proved the existence, uniqueness and stability of traveling wave
fronts of by considering a related continuum equation.

(i) If n =2 and f(u,v) = —dyu+ wb(v), then reduces to the 2-D delayed
lattice differential equation

w; ;(t) = Dty j(t) +wim1 (1) + wijpa(t) +wij—1(t) — duy j(t)]

o (1.4)
— du j(t) + wb(ui j(t — 7)), i,j €L, t>0,

which was derived for a single species in a 2-D patchy environment. Cheng et al
[4] studied the existence of the minimal wave speed and spreading speed. In [5],
they further proved that the traveling wave front of (1.4) with “large speed” is
exponentially stable, when the initial perturbation around the wave is sufficiently
small in a weighted norm. In particular, the following equation is a special case of
(LD):

wj (t) = Dluiyj + wic1j + i g1 +wij1 — 4w 5] + g(ui (1)), (1.5)
for i,j € Z, t > 0. Guo and Wu [7] considered the existence, uniqueness, mono-
tonicity and asymptotic behavior of traveling wave fronts of (|1.5]).

(iii) If f(u,v) = (1 — u)v, then becomes

up (t) = D(Dnu)y + up(t —7)[1 —uy ()], neZ", (1.6)

which was derived from branching theory in [9]. Zou [16] established the existence
of traveling wave fronts of by constructing a pair of sub- and super-solutions.

It should be mentioned that the traveling wave solutions of delayed lattice dif-
ferential equations has been studied by many researchers; see e.g., [4, 2 3] 10, 111
8, 14}, [16], [18]. In [16], Wu and Zou studied the existence of traveling fronts of
with n = 1 and general delay. Zou [I8] considered the existence of the traveling
fronts of with general dimension n. More precisely, he reduced the existence
of the traveling fronts to that of an admissible pair of sub- and super-solutions
by establishing a monotone iteration starting from a supersolution. Wu and Liu
[T7] further considered the monotonicity, uniqueness, periodicity, and symmetry of
traveling wave fronts of .

However, to the best of our knowledge, there has been no results on the stability
of traveling fronts of . Although the weighted energy method is efficient for
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solving the wave stability, there are some unavoidable shortcomings. In particular,
as mentioned before, this method can only prove the stability of traveling fronts
for large wave speeds and small perturbations. In the present paper, we shall use
the comparison principle and squeezing technique to prove the globally asymptotic
stability of traveling fronts of with speed ¢ > ¢, (Theorem , where c,
is the minimal wave speed. We point out that although the technique used here
are similar to these in [I} [2, M0, 12, [15], the technique details are different. For
example, for the 1-D discrete equations, the proof of stability theorem of traveling
wave fronts [I0] is through a related continuum equation by extending the spatial
variable from j € Z to x € R. But, here we shall only use the original equation
to prove the stability result of traveling wave fronts.

The rest of this paper is organized as follows. In Section 2, we first introduce
some known results on the existence of traveling fronts. Then, we state our main
result on the globally asymptotic stability of traveling fronts of . The proof
of the main result; i.e., Theorem is given in Section 3. In Section 4, we apply
our results to two specific biological models and obtain some new results which
essentially improve and complement the results obtained in [5 [10, 17, [18].

2. PRELIMINARIES AND MAIN RESULTS

Substituting U(§), € = n- o + ¢t into (1.1]), we obtain the corresponding wave
equation

cU'(€) = E[U](€) + f(U(E),U(¢ — 7)), (2.1)
where
E[U](€) := DY _[U( +0x) + U(E — a%) — 2U (€)). (2.2)
k=1

For ¢ > 0 and A € C, we define

Ae,\) =cA= DY [X + e = 2] = 91 £(0,0) — D2 (0,0)e .
k=1

The following observation is straightforward.

Proposition 2.1. For any fived 0 € R™ with |o| = 1, there exist Ay := A(0) > 0
and ¢, := ci(0) > 0 such that

0
A, M) =0, =Ny, =0.
(cey Ae) =0 o5y (cay A) o, 0

Furthermore,

(i) f 0 < c<ci and A >0, then A(e, \) < 0;
(ii) if ¢ > cs, then the equation A(c,\) = 0 has two positive real roots Ai(c)
and Az(c) with A1(c) < A < A2(c) such that

Alen) <0 For AER\ (@), Xa(c),
) >0 for A e (A(c), A2(c)).

The following result can be found in [I7].
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Proposition 2.2. Let o € R™ be a given unit vector. For every ¢ > c., (1.1) has
a traveling wave front (U(-),c,o) with U'(§) > 0 for all £ € R. Moreover, for any
¢ > ¢y, U(&) satisfies

lim UE)e MO8 =1, lim U'(€)e M8 =\ ().

£——o0 §——o0
Now, we state our main result in this article.

Theorem 2.3. Assume that (A1)—(A3) hold. For any fized o € R™ with |o] = 1,
let (U(+),c,0) be the traveling wave front of (1.1)) with direction o and speed ¢ > ¢,

given in Proposition[2.3 If ¢ = {¢n}yezn with @, € C([—,0],[0, K]) satisfies
liminf ¢,(0) >0, liminf max | |<pn(s)e*>‘1(c)”'” - poe’\l(c)“’ =0, (2.3)

n-0—+o00 n:0——00 s€[—7,0

then the unique solution {u,(t)},eczn of (L.1) with initial data ¢ satisfies

) uy(t)
lim su 1 -1 =0, 2.4
t—>+ooneZBL‘U(77'O'—|—Ct+§0) | ( )

where & = In(po) /M1 (c).

Remark 2.4. Zou [18] reduced the existence of the traveling fronts of to
that of an admissible pair of sub- and super-solutions. Wu and Liu [I7] further
considered the monotonicity and uniqueness of traveling wave fronts of . Here,
we obtain the stability of the traveling wave fronts. So, Theorem [2.3] complements
the results in [I7, [I8].

We also mention that Cheng et al [5] studied the stability of traveling wave
fronts of by using the weighted energy method. However, if not impossible,
it is difficult to apply the weighted energy method to the n-dimensional delayed
reaction-diffusion equations . On the other hand, the weighted energy method
can only be used to prove the stability of traveling wave fronts for large wave speeds
and small initial perturbations. Clearly, our result on the stability of traveling fronts
in Theorem is valid not only for large initial perturbations but also for small
wave speeds. Thus, Theorem essentially extends the results in Cheng et al [5].

3. ASYMPTOTIC STABILITY OF TRAVELING FRONTS

3.1. The initial value problem. To study the stability of traveling fronts, The-
orem we first consider the initial-value problem

uy(t) = Flul(n,t), ne€Z", t>0,

uy(s) = py(s), nez", sel-r0]. (3.1)

Here and in the sequel, 3, _,,_, denotes the sum over i, € Z" with [jn; —n[| = 1,
and

Flu)(n,t) :=D Z [“m (t) — un(t)] + f(u,,(t),un(t — 7')), neZ", t>0.
ln1—nll=1

To take advantage of our estimates for sub- and super-solutions, we make the
following extension for the function f. Define function f : [0, K] x [0,2K] — R by

f(u ’U) _ f(u,v), for (u,v) c [07[(]27
) flu, K)+ (v—K)daf (u, K), for (u,v) € [0, K] x [K,2K].
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Clearly, 81f(u, v) is continuous on [0, K2, an(u, v) is continuous on [0, K] x [0, 2K].
For convenience, we will denote ]?by f in the remainder of this paper. In the sequel,
we also denote L; = max(y v)ejo,x]2 |0if(u,v)|, i = 1,2.

For the existence and positivity of solutions of , we have the following result.

Lemma 3.1. For any ¢ = {¢y}nezn with ¢, € C([-1,0],[0,K]), (3.1) admits a
unique solution u(t) = {uy(t)}yezr on [0,+00) satisfies u, € C([—7,+00),[0, K]).
Moreover, for any i € {1,...,n},

Ut jp; (t) > Do (0) e Fat2nDIt /51y e 70 j e NU{0}, t >0,  (3.2)

where p; is the vector in Z" whose i — th component is 1 and all other components
are 0. In what follows, we denote p; = (0,...,0,1;,0,...,0).

Proof. We define Fi[u](n,t) = D37, _—q U, (t) + Liuy(t )+ f(un(t), uy(t —7)).
Clearly, Fy[u](-) > Fi[v](-) for 0 < v(-) < u(-) < K, and (3.1)) is equivalent to

t
wu>=w4me*h+%mt+/°éh+mm“*naww%@w. (3.3)
0

The existence of solutions then follows by Picard’s iteration and the monotonicity
of the operator F}, see also Ma and Zou [I1, Lemma 4.1].
Form (3.3), we have w,(t) > ¢,(0)e”L1+22D)t and for any i € {1,...,n},

t
%mzfew“wW”ﬂmwmm
0

¢
2 D/ ellatznD)(s=0 [untp: (5) + up—p,(s)]ds.
0

Therefore, by an induction argument, (3.2)) holds. The proof is complete. O
Definition 3.2. A sequence of continuous functions {v, (t) },ez», t € [-7,b), b > 0,

is called a supersolution (a subsolution) of (3.1)) on [0,b) if vy, (t) > (<)F[v](n, 1),
a.e. for t € [0,b).

Theorem 3.3 (Comparison Principle). Assume {u} (t)},ezn and {u, (t)}nezn are
a pair of sub- and super-solutions of on [0,00) with 0 < u, (t),u,} (t) < K for
ne€Z" andt € [-7,00), and u}(s) > u, (s) forn € Z" and s € [-7,0]. Then the
following hold:

(i) wh(t) > wu, (t) forn € Z™ and t > 0.
(ii) If there exists no € Z™ such that u} (0) > u, (0), then u}(t) > u, (t) for
neZ” andt > 0.

Proof. The conclusion (i) can be easily verified by using a method similar to that
of [10, Lemma 4.2], so we omit it here.

Let wy(t) = ut(t) — u, (t), then w,(t) > 0 for n € Z" and t > 0. By the
definition of the sub- and super-solutions of ., we have, for any 7 € {1,...,n},
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t
) = Q)= ErenDIy [ st [p ST ()

0
[l —nll=1

+ Liwy(s) + f(u;;'(s),uf;(s —7)— f(u;(s),u;(s — T))}ds )
> wn(o)ei(LlJran)t +D /t elbatanD)(s=0) [Wi+p, (8) + wy—p, (s)]ds
0

t
ZD/e““w“”mHM$+wwmwmzm
0

where p; = (0,...,0,1;,0,...,0).

Suppose on the contrary that there exist " € Z" and ¢’ > 0 such that w,,(t') =
uj{, (t') = u,, (') = 0, then from (3.4), we have wy 4, (s) = 0 for any s € [0,¢'],
i€ {l,...,n}and j € N. Noting that ny = n’'+X(&p;), we obtain wy, (0) = 0, which
is a contradiction. Therefore, .t (t) > u, () for n € Z", t > 0. This completes the
proof. O

Lemma 3.4. Let K = Ly + Ly and u’(t) = {uf (t)}yezn, i = 1,2, be two solutions
of (3.1) with u717, u127 € C([-7,4),[0,K]). Then fort >0,
sup {u}](t) - ufl(t)} < sup {max {u}?(s) — u%(s), 0}}ekt. (3.5)
nezLr nezr, se[—r,0]

The proof of the above lemma is similar to that of [I0, Lemma 4.4] and is omitted.
Now, we construct a few of sub- and super-solutions for initial-value problem ({3.1)).

Lemma 3.5. Assume that ¢(§) : R — [0, K] is continuous. Then wy(t) = ¢(n -
o+ ct) is a super-solution (resp. a sub-solution) of (3.1]) on [0,00) if H.[¢](§) >0
(resp. <0) a.e. on R, where

H[8)(§) = ¢/ (€) = DY _[$(€ + a%) + &€ — k) — 26(6)] — f(4(€), (& — e7)).

k=1

Lemma 3.6. For anyd € (0,1), there exist p > 0, v > 0 such that for each e € (0, ]
and for any €= € R, the functions u(t) = {u,(t)}yezn and w(t) = {u,(t)}yezn
defined by

Uy (t) = min{(1 + e ”)U (n-0 +ct + & —yee ) K}
and
u,(t) = (L —ee™™)U (n -0 +ct+ €& +yee™)
are a sub- and super-solution of (3.1)), respectively.

Proof. Tt is easy to see that 0 < U(-) < K and U’(:) > 0 on R. We first show that
U, (t) is a supersolution of (3.1). In view of

li 0 PTo.
(u,v,r,s,p)—)(IyP,K*,K*,K,O) [ 1f(u, U) te 2f(7’, S) + p]

= 81f(K7K) +82f<K7K) <0,
there exist p; € (0,1) and 6 € (0, %) such that
alf(uv ’U) + epT82f(r7 S) < —p (36)
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for p € (0, p1], and (u,v,r,s) € [K —0,K|x [K—0,K|x [K —0,K]x [K —0, K +9).
Since limg_, — oo U(€)e™1(9¢ = 1 and limg_, _o U’(€)e (¢ = )\;(c), we can take
& € R such that for any £ < &,

1 1
5 SU)e Mg < ‘;’ Fh(e) < U'(&)e M8 < gAl(C). (3.7)

Fixed 0 < p < p; such that §K(e?™ — 1) < 6, de’™ < 1, and
pK —aU®(£)UP(& — er) + Lo(e’™ — 1)K <0, (3.8)

where a = a(§), « = a(d) and § = B(0) are determined in (A3).
Choose & € R sufficiently large such that

U()>K—0, V&>&—ecr (3.9)

Set o = min{U’(§) : & < € < &} > 0. We can take v > 0 sufficiently large such
that

3 1 3 3
2 - — 2L — 2 LoefT —Xi(c)er > 1
2,0—|—2’yp/\1(c) 5L1 = 5LaeTe >0, (3.10)
—Kp+vypo— L1 K — Lse?" K >0, (3.11)
3 1-6 3
“p— —=PM() + S Lo = e MO <. (3.12)

If w,(t) = K, then it is easy to verify that @, () — F[a](n,t) > 0, so we only
consider the case U, (t) = (1 +ee " )U (n- 0 + ct + £ — yee™*").
Let £ =n-0+ct+ & — yee P Noting that w,(t — 7) < 2K, then
a,(t) — Fu(n, t)
= —pee PU(E) + (14 ee ") (c + vepe ") U'(€)

n

—D(1+ee ") Z[U(g +ok) + U(E — or) = 2U ()] — f (@, (), Ty (t — 7))

k=1
= —pee P'U (&) + vep(1 + ee ")e U’ (€)
+ 1+ 6fﬁ_pt)f( (€), U&= cr)) = f(@y(t), Ty (t — 7))
> —pee P'U (&) + vep(1 + ee " )e U (&) + (1 + ee ) f(U(€),U(§ — c7))
—f ((1 + eefpt)U(E), (1+ eefp(th))U(f - CT)) .
(3.13)

We distinguish among three cases.

Case (i): £ > &. By (3.13), and (3.9), we have
, (t) — F[a(n,t)
> —pee”""U(&) +vepe U (€) + f(U(€), U (§ — 7))
—f(A+eePYUE), U —cr)) + f (1 +eeP)U(E),U(§ = c7))
— 1 (e U(©), (1 + e U — 7))
= —pee” PU(€) +yepe U (€) — ee "1 f (1 + Oree ") U(E), U (€ — 7)) U ()
—ee P, f ((1 +ee PYU(E), (1+ Gzeefp(th))U(ﬁ - cr)) U —cr)

> ee { — pU(€) +7pU"() — |01 (1 + ree™ YU (€), U (€ ~ c7)
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+ e’ 0o f ((1 + ee_pt)U(ﬁ), (1 + Ggee_p(t_T))U(f — CT)) }U(f)}
> ee™ [ = pU(&) +7pU' () + pU ()] > 0,
where 6; € (0,1), i = 1,2, and we have used the estimate
(1+ Ggeefp(th))U(f —e7) < (L+ee PYU(E) +ee (7 —1)U(E) < K + 6.
Case (ii): £ < &, it follows from (B.13), and that
w (1) - Flal(n, 1
> —pee U () + vepe U (€) + f(U(€), U(E — 7))
_ ((1 +eePYU(E), (1 + ee "= U (€ — cr))
> —pee” PPU () +vepe PU(€) — Liee U (€) — Loee P DU(E — er)

3 1 3 3
> e Pleti (€8 [— 2P + 5’70)\1(0) — §L1 — iLgepTe_)‘l(c)CT] > 0.

Case (iii): & << &, by and (3.11), we obtain
@, (t) — Fla](n,t)
> —pee”PU(E) +vyepe™ "U' () + f(U(E), U(§ — c7))
—f ((1 +ee PU(E), (1+ ee_"’(t_f))U(f - CT))
> —pee 'K + yepe U (€) — Liee 'K — Lyee P K
> ee P[~Kp+ypo— L1 K — Lae’" K| > 0.

Therefore, U, (t) is a supersolution of (3.1
Similarly, by virtue of (3.12) and (3.8)), we can show that w,(t) is a subsolution
of (3.1) under the assumption (A3). This completes the proof. O

3.2. Proof of Theorem [2.3l We need to establish several technical lemmas.

Lemma 3.7. For any e > 0, there exists £1(g) < 0 such that, for E =n-0+ ct <

51 (6)7
U(E+60-22) < jnf uy(t) < sup uy(t) <UE+E+20), (3.14)

Proof. Let 1 = pg (e/\l(c)E — l)e_Al(C)” > 0. Then by (2.3)), there exists T (g) < 0
such that for -0 < £*(e) and s € [—7,0],
y(s)e MM < poet (e 4y
< poe)\l(c)cs + po (6)\1(0)6 - 1)6)\1(5)05 _ poe)\l(c)cse)\l(c)67
it follows that ¢, (s) < eM()motestéote)  Gimilarly, one can verify that there exists
¢ (g) < 0 such that ¢, (s) > eM(@rotestéo=e) for .o < () and s € [—7,0].
Let x1(g) := min{¢*(g),€ (¢)}. Then, for any - o < z1(¢) and s € [T, 0],
e>\1(6)(n~(r+cs+§o—6) < 907](3) < e)q(c)(n~cr+cs+§o+s).
Set
¢~ (€) = max{0, eM () (EFeo—e) _ jeri(e)(Etéo—e)y
where v = £ (1+min {2 22(c) }) and I > max {Q(c, v), e~ (DM@ Ho—een) ],

> Ai(c)
Then, by Lemma ¢~ (n- o+ ct) is a subsolution of (3.1]).
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Noting that eM()(notestéo=e) _jerra(e)notestio=e) < ( for - ¢ > x1(¢) and
s € [—T,0], we have, for n € Z™ and s € [—7,0],
©n(s) > max {O, er(e)motestéo—e) _ le”’\l(c)(""’+cs+fo_e)} )
Thus, by Theorem for n € Z™ and t > —,
’U,n(t) Z 6)\1(0)(7’]-U+Ct+§076) o lel/)\l(c)(n»a+ct+§075).
Since limg_, oo U(€)e™1(®)€ = 1, there exists 24(¢) < 0 such that for & < x5 (e),
MOEH€-9) _ orM(@EH0—) 5 [(¢ 4 € — 22).
Therefore, for £ =7 -0+ ct < x9(e),
i > () (E+80—e) _ jorhi(e)(§+Eo—e) _
tlzn—fr uy(t) > e le > U(E+ & — 2¢).
Set ¢t (¢) = min {K, et (OEFEote) 4 jerri(@E+eo+e) L we can similarly show
that there exists x3(e) < 0 such that for £ =7 -0 + ¢t < x3(e),
sup u,(t) < eM@EFte) 4 jerhi(@Etiote) (g 4 ¢y + 2¢).

t>—7

Take &1(¢) = min{xza(e), x3(¢)}, then the assertion of the lemma follows. O

Lemma 3.8. There exist 6 € (0,1), p >0, v > 0 and 2o > 0 such that forn € Z"
andt>1,

(1- 567p(t7177))U(Tl co+ct+& — 2+ 766*”(“1*7))

(3.15)
< uy(t) < min { (14 6¢ "YU (5 0 + et + & + 20 — y0e "), K }.
Consequently, fort>1,
1— e PU=1=7) < inf () sup 10 <1+de P, (3.16)

TeeRU(E+8 —20)" eer U(€+ &+ 20)
where £ =n -0+ ct.

Proof. In view of (3.14)), we have u,(1+7+3s) > U(n-o+c(l+7+s)+& —2)
forn-o <&(1) —c¢(l+7) and s € [-7,0].

Since lim inf,.; 400 ¢ (0) > 0, there exists §; > 0 and x4 > 0 such that ¢, (0) >
6y for n- o > x4. Fix a positive integer N > [z4 — & (1) + ¢(1 + 7)] /04, where
,,,,, nfoi} > 0. Ifn-o>&(1) —c(l+7), then (n+ Np;,) - 0 > 24,
and hence, it follows from Lemma that

up(l+74+5s) = U(n+Npiy)—Npi, (I+7+s)
>DN(1+7+ S)thn+1vp,-0 (0)67(L1+2"D)(1+T+5)/N!
> DN g (FatmDIA+T) /NI > (1 - §)K,
forn-o>&(1)—c¢(l+7), s €[—7,0] and some 6 € (0,1). Thus, for any p > 0 and
v >0,
uy(L+7+38)>1-8)U(n-o+cl+7+s)+&—2)
>(1=0e P U(n-o+c(l+7+s)+E& —2— 6ye’T + dye #?),
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for n € Z™ and s € [—7,0]. Choose p small enough and ~ large enough, respectively,
such that the conclusion of Lemma holds. Consequently, we have, for n € Z"
and t > —7,

uy(1+74+1) > (1=0e PYU(n-o+c(l+7+1t)+& —2— 6ye’™ + dve ™),
Then, for n € Z™ and t > 1,

up(t) > (1 — 5e_p(t_1_T))U(r] cotct+& — (24 0veT) + 676_'°(t_1_7)). (3.17)

Again, in view of (3.14), u,(s) <U(n-oc+cs+& +2) for { =n-0 < & (1) and
s € [-1,0]. Also, for § given in the above estimate and sufficiently large x5 > 0
satisfying U(&,(1) —er+ a5+ & +2) > K/(1+6), we get for £ =n-0 > & (1) and
s € [—7,0], uy(s) < K < (14+0)U(n-o+cs+ x5 + & + 2). Thus, for n € Z" and
s € [—7,0], we have

uy(s) < (14+0)U(n-o+cs+as + & + 2)
<1+ P)U(n- o+ cs+ x5+ & + 2+ dye’™ — dye #°).
Hence, for n € Z™ and s € [—7,0],
up(s) <min{(1 + e " )U(n-o +cs+ x5 + & + 2+ dve’™ — dye ), K}.

Using the comparison principle, we obtain, for all n € Z™ and t > —7,
uy(t) < min {(1 8 PYU (n- 0+ ct + x5 + &0 + 2 + 67’7 — Me‘f”),K}. (3.18)

Let zo = x5 + 2 + dvef™, then (3.15) follows from (3.17) and (3.18]), and (3.16)
is a direct consequence of (3.15)). This completes the proof. ([l

Lemma 3.9. There exists My > 0 such that for € € (0,8] and & > My + o,
(1= U(§+3eve’™) <UE) < (14 €U (& — 3eye’T). (3.19)

The proof of the above lemma is similar to that of Ma and Zou [10, Lemma 5.3]
and is omitted.

In the sequel, the constants §, p,, zo, My are fixed as in Lemmas [3.8] and [3:9
Consider the continuum version of (1.1f) for the moment

up(x,t) = DY [u(z+pi,t)+u(z—pi,t) = 2ula,t)] + f(u(z,t), u(z,t—7)), (3.20)
i=1

where z € R”,¢ > 0, and p; = (0,...,0,1;,0,...,0). One sees that if u(x, s)|p=yp =
uy(s), for n € Z™ and s € [—7,0], then u(x,t)|z=, = uy(t), for n € Z" and ¢t > 0.
Also, the corresponding wave equation of (3.20]) takes the form (2.1)).

Lemma 3.10. Let z, My and T be any given positive constants and u™(x,t;T) be
solutions of (3.20)) with initial values

u+(ﬂc,s;T):U(J:-0+cs+cT+§0—|—z)§(m~o+cs+cT+M1)

+U(@-o+ces+cT+E& +22)[1 —((x-0+cs+cT + M),
(3.21)

u (2,5T)=U(z-0+cs+cT +& —2)((z-0+cs+cT + M)

+U(@-o+es+cT+E& —22)[1—C(x-0+cs+cT + M),
(3.22)
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for x € R™ and s € [—7,0], respectively, where ((y) = min{max{0, —y},1} for
y € R. Then there exists € € (O,min {5/2, ze*pT/(3fy)}), depending on z and M (
independent of T), such that for any x - o+ ¢T > —M; and s € [—T,0],

ut(@,1+7+5T)<(1+eU(z-o+c(T+1+7+s)+E& + 22— 3eve’),
(3.23)

uw (@ 1+7+5T)>2(1—eU(z-0+c(T+1+7+s5)+E& — 22+ 3eve’).
(3.24)

Proof. We consider only u™, since the inequality for 4~ can be proved similarly.
In view of ut(z,8;T) < U(z -0+ cs+ T + & + 2z) for z € R" and s € [—7,0],
and ut(z,,T) =U(x-0c+cs+ T +& +2) <U(x-o+cs+cl + & + 22) for
x-0 € (—o00,—M; —1—¢T] and s € [—7,0]. Using a comparison principle for the
continuum equation (3.20)) (see e.g., [I0, Lemma 4.3]), we obtain for z € R™ and
t>0,ut(z,6;T) <U(z-0+ct+ T + & + 22), which implies that for z € R” and
s € [-7,0],
u (@, 14+74+8T)<U(x-o+c(T+ 147+ s)+ & + 22).

Case (i): T € [0,co), where ¢o := 2. Then, by the uniform continuity of u™ and
U, there exists € € (0, min {§/2,ze7"7/(3v)}) such that for any T € [0, co),

ut (@, 1+74+T)<U(z-o+c(T+1+7+s)+& + 22— 3eye”™),  (3.25)

forx-o+ T € [-My, My — 2z] and s € [—7,0].
Case (ii): T > cg. There exist k € N and Ty € [0,¢9) such that T = Ty + kco.
From (3.21)), we obtain, for 2 € R™ and s € [—T, 0],

ut(z,57)
=U((x+ ko) -o+cs+cTy+ & +2)C((x+ ko) - o+ cs + Ty + My)
+U((x+ ko) o+cs+cTo+ & +22)[1 = (((z + ko) - 0 + cs + Ty + My)]
=ut(z+ ko, s;Tp).
(3.26)

Hence, ut(z,t;T) = u™(x + ko,t;Ty), for v € R® and t > 0. For x -0 + T €
[—My, My — 2z], let & = 2’ — ko, then -0 + ¢T = (' — ko) -0 + c(Tp + ki) =
x' - o+ Ty € [-My, My — 2z]. Hence, by (3.8) and (3.25)), we obtain

ut (2, 14+ 7+5T)=ut (2, 14+7+sTp)
<U(@  o+c(To+1+7+5)+E& + 22— 3eve’)
=U(z-o+c(T+1+7+s)+E& +2z— 3eve’).
Furthermore, from Lemma for x -0+ T € [My — 2z,+00) and s € [—7,0],
ut (@, 1+74+T)<U(z-o+c(T+1+7+s)+& +2z)
<SA+eU(z-o+c(T+147+s)+& + 22 — 3eye’).
Therefore, holds, and this completes the proof. ([l

The following result is a direct consequence of Lemma [3.10)
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Corollary 3.11. Let z, My and T be any given positive constants and uff (t;T) be
solutions of (1.1) with initial values

uf/(s;T):U(n-U+cs+cT+£o—|—z)<(n-a—|—cs+cT—|—M1)
+U(T]‘0'+CS+CT+§O+22)[17((77'O'+CS+CT+M1)]7

u;(s;T):U(n~a+cs+CT+§0fz)C(n~0+cs+cT+M1)
+U(77~J+cs+cT+§0—2z)[1—C(n'a—l—cs—l—cT—i—Ml)],

(3.27)

(3.28)

form € Z" and s € [—T,0], respectively, where {(y) = min{max{0, —y},1} for
y € R. Then there exists € € (O,min {5/2,26*“/(37)}), depending on z and M,
(independent of T), such that for anyn-o+ T > —M; and s € [—T,0],

uf(1+7+8T) < (1+e)U(n-o+c(T+1+7+s)+E& + 22 — 3eve’T),
Uy (1+7+8T) > (1L=e)U(n-o+c(T+1+7+s)+E& — 22+ 3eye’T).
Proof of Theorem[2.3. Define

t)

Foinf{zize '), A= {z>0:lmsupsup —— 2D <1y,
@ =inffz:zedl {22 0 sup oup G e sy = Y
z=inf{z:2€ A7}, A" ={z>0:liminf inf () > 1},

t—+oo eeR U (€ + & — 22)
in which £ = n -0 + ¢t. By Lemma we see that %zo € A% and hence z* are

well defined and z* € [0, %zo]. Furthermore, as lim._.q U[(]:')E ) =1 uniformly on R,
we see that z* € A* and A* = [z, +00).
Thus, to complete the proof, it is sufficient to show that z+ = 2= = 0. First,

we prove that z+ = 0 by a contradiction argument. On the contrary, suppose that
2T > 0. We fix 2 = 2" and M; = —51(%) and denote by € the resulting constant
in Corollary Since 2zt € AT, limsup,_,, ., Supgcr lm#ﬁgzﬂ < 1. It then
follows that there exists T' > 0 such that for s € [—7,0],

un(T + s) ~
sup ——————F— < 1+ ¢€/K,
geg U(§+& +2z7) /
where { =n-0+¢(T+s) and € = eU(—M1 + & —3e'yepT)e’K(1+T), K =Ly + Lo.
Thus, for any n € Z" and s € [—7,0], uy(T+s) <U(m-o+c(T+s)+& +22T) +€
From (3.27), we obtain u, (s;T) = U(n -0 + (T 4 s) + & + 2zF) for n- o €
[-M; — ¢s — T, +0). Then, for n-o € [-M; — ¢s — T, +0),

un(T +s) < U(n~o—|—c(T—|—s)+§0—|—2z+)+€=u:7r(s;T)—|—’€.
Forn-o € (—oo, =My —cs—cT| = (foo,ﬁl(%)fcsch], by (3.14) and definition
of u;t (s;T), we have uy(T'+5) <U(n-o+c(T+s)+&+21) <uf(s;T). Thus, for

any n € Z" and s € [—7,0], u, (T + s) < u_,J;(s;T) + ¢ By Lemmas we obtain
ug(T+1+7+s) <ut(l+7+5T) + €e®(47) which implies
un(T+ 147+ 5) Su;;'(l—&—T—i-s;T)—i—?ek(H'T)
=u  (14+748T)+eU(— M +& — 3eve’T).
Then by Corollary [3.11} we obtain, for n- o + ¢I' € [-M;,+00) and s € [—7, 0],
Ug(T+1+7+8)<(A+e)U(m-o+c(T+1+7+s5)+E& +227 — 3eye’)
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+ eU( — My + & — 36’}/€pT)
<A+20U(n-o+c(T+14+7+s)+& + 227 — 3eve’).
Again by and 3yee”” < 2T, we obtain, for n-o+c(T+1+7) < 51(%) =M
and s € [—7,0],
Ug(T+14+7+8)<Umn-o+c(T+1+7+3s)+&+27)
<S(A+20U(m-o+c(T+1+7+s5)+E& +227 — 3eve’).
Thus, for n € Z™ and s € [—7,0],
ug(T+1+7+5) <(1+20)U(n-0+c(T+1+7+s)+227 +& — 3eve’)
< (14 2ee™ %)
xUm-o+c(T+1+7+s)+ & +221 — ey — 2e7e ).
Hence, for n € Z™ and s € [—7,0],
uy(T+14+7+5)
<min{(1+2ee ) U(n-o+c(T+14+7+5)+& + 227 — ey — 2eye™ ), K}
It then follows from Theorem and Lemma [3.6] that, for all n € Z" and ¢t > 0,
uy(T+1+7+t) <min{(1+2ee ")U(n-o+c(T+1+7+t)
+&+22T —ey — 26’)/6_pt),K};
that is,
u,(t) < min{(1 + QEe_p(t_T_l_T))U(n co+ct+ &
+22F —ey — 26767P(t7T*177)),K}.

which implies

lim sup sup Un () <1
ttoo ek U(E+ &+ 22 —ey) =

where £ = 7+ 0 + ct. Thus, 27 — ey/2 € AT, which is a contradiction, and hence
2T = 0. Similarly, we can show that 2~ = 0. This completes the proof. O

4. APPLICATIONS

In this section, we apply our results developed in Sections 2 and 3 to the models
[3) and (T3).

Example 4.1. Consider the equation
w; (1) = Dyfwig () 4+ wim () 4 wi jy1 () 4 wij—1(t) — 4u; j(1)] (1)
— dmt () + @b (us ;i (t — 7). .
Assume that
(B1) b € C%([0,K],R), b(0) = wb(K) — dp K = 0, and b(v) > 0 for v € (0, K),
wb(K) < dp, b'(v) > 0 and b(v) <V (0)v for v € [0, K], where K > 0 is a
constant;
(B2) For any d € (0,1), there exist a = a(d) > 0 and 5 = $(J) > 0 such that for
v € (0,6] and v € [0, K], (1 —y)wb(v) — wb((1 — y)v) < —ayvP.
Let f(u,v) = —d,u+ wb(v), one can easily verify that (A1)-(A3) hold.

From Theorem the following result holds.
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Theorem 4.2. Assume that (B1l), (B2) hold. For any fixed 6 € R, let U be the

unique traveling front of (4.1) with direction 6 and speed ¢ > c., where ¢, is the

minimal wave speed. If ¢ = {; j}a jyezz with @; ; € C([—7,0],[0, K]) satisfies
lim inf ©n(0) >0

i cos 047 sin 0——+oo
and

e*Al(C)(i cos0+jsinf)

lim inf max ’cp”(s) 906A1(6)63| =0,

i cos 0+j sin 0——oo s€[—7,0]

then the unique solution {u; ;(t)} jyeze of (4.1)) with initial data ¢ satisfies

lim sup | Ui (1)
oo (; ez U(icosf + jsing + ct + &)

1| =0,

where & = —)\11(6) In pg and A1 (c) is the smallest root of the equation
e\ — Dm[e)\cose + e—)\cosa + e)\sine + e—)\sin9 _ 4] +d,, — b/(o)e—)\CT = 0.

Remark 4.3. Cheng et al [5] proved the stability of traveling fronts of (4.1) for
large wave speeds and small initial perturbations. Clearly, our result on the stability
of traveling fronts in Theorem [4.2]is valid not only for large initial perturbations but

also for small wave speeds. Thus, Theorem complements the result in Cheng et
al [5].

Example 4.4. Consider the equation

up (t) = D(Anu)y + up(t —7)[1 —uy(t)], n € Z™. (4.2)

The results in [I§] show that for any fixed 0 € R™ with |o] = 1, there exists
a number c¢,(c) > 0 such that for each ¢ > c¢.(0), has a traveling front
(U(&),c,0) connecting 0 and 1. Wu and Liu [I7] further obtained the monotonicity
and uniqueness of the traveling wave fronts. However, there has been no results on
the stability of the traveling fronts of .

Let f(u,v) = (1—u)v, then (A1)~(A3) hold. Theorem [2.3]implies that the travel-
ing front (U (&), ¢, o) with direction o and speed ¢ > ¢, (o) is globally asymptotically
stable with phase shift. Obviously, this result complements the one established by
17, 18]
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